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Preface

Statistical inference is the science of drawing conclusions on the basis of information
that is subject to randomness. Biostatistics is the discipline that underpins the use
of statistical inference in the health and medical sciences. This book presents the
principles of statistical inference from a biostatistical perspective.

The book is intended for students training to become biostatisticians, or as a
background reference for practising biostatisticians. While much of the content is
common to other areas of statistics, it is presented from the perspective of a bio-
statistician, with examples and exercises having a biostatistical flavour. The intention
is to provide a sense of context to the theoretical and conceptual foundations of bio-
statistics.

For over a decade the material in this book has been used as the basis for a one-
semester foundation unit in a Master of Biostatistics program, delivered by a consor-
tium of universities under the banner of the Biostatistics Collaboration of Australia.
The material provides theoretical underpinnings for subsequent units dealing with
core methodologies such as linear models, generalised linear models, survival anal-
ysis, longitudinal methods and randomised trials. Thus, the intention in writing this
book is not to provide a comprehensive review of biostatistical methods, but rather
to lay the conceptual foundation that will prepare the reader for gaining a rigorous
understanding of such methods.

As well as presenting the core principles of statistical inference, the book has
some noteworthy features. Many extended examples are included, each of which
illustrates the key concepts in some depth using a specific biostatistical context. Sim-
ulation is used in both the presentation and the exercises, particularly to reinforce
the repeated sampling interpretation of many statistical concepts. Simple functions
for conducting such simulation studies are provided using the R computing environ-
ment. The intention is to suppress the computational complexities in favour of the
conceptual lessons.

The book will be most useful for graduate biostatistics programs having broad
entry criteria, where students with diverse backgrounds require a solid foundation
in the principles of statistical inference. Accordingly, the assumed prior knowledge
for the book is not extensive, but it does require mathematical aptitude and prior ex-
posure to basic mathematical and statistical concepts. In particular, the prerequisites
for this book are: (i) a basic mathematical background including matrices and calcu-
lus; (ii) an introduction to probability concepts including distributions and random
variables; and (iii) an introduction to basic statistical concepts including descriptive
statistics, confidence intervals and hypothesis testing for means and proportions in
one- and two-sample contexts. Some of this prerequisite material is reviewed and

Xxiii



xiv Inference Principles for Biostatisticians

used as examples in the book, but the intention is to reinforce and build on prior
exposure rather than to present it for the first time. For example, although probabil-
ity concepts are reviewed and standard methods such as ¢-tests are used, some prior
exposure to this material would be expected.

I would like to thank my colleagues in the Biostatistics Collaboration of Aus-
tralia, who have created a successful national consortium for training a new gener-
ation of biostatisticians in Australia. [ would particularly like to thank John Carlin,
who played an important role in the initial development of this material, as well as
those who have helped to further develop and deliver the material in the years that
followed, particularly Patrick Kelly, Adrienne Kirby, Liz Barnes, Rachel O’Connell
and all of my colleagues in the Biostatistics Group at the NHMRC Clinical Trials
Centre. And finally, I thank the many students who have studied this material, partic-
ularly for their feedback that has helped to improve it.

Overall, my primary hope with this book is that mathematically adept students
from diverse backgrounds across the health, medical, social and mathematical sci-
ences can be provided with a common foundation on which to subsequently develop
a rigorous understanding of biostatistical methodology.

Tan C. Marschner
Sydney, Australia



About the author
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1

Probability and random samples

This chapter introduces the basic inference principle that information about a pop-
ulation can be obtained using a sample from that population. After discussing the
concepts of population and sample we interpret this principle in the context of bio-
statistics, where the goal is typically to understand and improve the health of a pop-
ulation. The importance of using samples that are representative of the population is
discussed, which requires the notion of random sampling and the concept of proba-
bility. Key probability concepts are then reviewed, including the relative frequency
interpretation that forms the basis of the standard approach to statistical inference.
We review the common ways of obtaining samples in biostatistics, including prospec-
tive, retrospective and cross-sectional samples, and discuss the concepts of sampling
variation and bias. Two of the most important measures of population health, risk
and prevalence, are defined in terms of probability and are used to illustrate random
sampling concepts throughout the chapter.

1.1 Statistical inference

An inference is a conclusion that has been reached on the basis of information or ev-
idence. The term statistical inference refers to a particular type of inferential process,
namely, the mathematical science of drawing conclusions using information that is
subject to randomness. Two central concepts in statistical inference are the concepts
of population and sample. The basic principle of statistical inference is that conclu-
sions about a population of interest can be made using information contained in a
sample from that population.

For now it will be helpful to think of the population as a population in the lit-
eral sense, that is, as a complete collection of people or objects of particular interest.
Likewise, we can think of the sample as a smaller part of the complete population.
In this context, the typical rationale for using a smaller sample to make inferences
about a larger population is that the population may be too large to study in its en-
tirety. Later, we will discuss the fact that the population may not always be a literal
population, and the sample may not literally be a small part of some larger popula-
tion. This will mean that the concepts of population and sample sometimes require
a broader interpretation. However, for now, these literal meanings of the words pop-
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ulation and sample provide a helpful intuitive basis by which to introduce the key
concepts of statistical inference.

There are a variety of inferences that could be made about a population using
a sample from that population. For example, we may wish to provide a numeri-
cal estimate of some important quantity associated with the population, such as the
percentage of people that have a particular attribute. Alternatively, we may wish to
assess the plausibility of a particular theory or hypothesis about the population. The
key issue is that we are using the information in our sample as evidence by which to
draw a certain conclusion about the population.

Biostatistics, also sometimes called medical statistics, is the discipline that uses
statistical inference to study medicine and population health. Thus, in biostatistics the
sample usually consists of people drawn from a particular population of interest, and
we use the characteristics and health experiences of the people in our sample to infer
things about the wider population. This may involve obtaining information about
the population, such as measuring the extent of disease or estimating a particular
characteristic of the population, such as the average cholesterol level. Or, it may
involve understanding how best to intervene to improve health, such as by assessing
whether a cholesterol-lowering treatment can improve the health of the population
by reducing the occurrence of heart disease.

The fundamental requirement of statistical inference is that the sample is repre-
sentative of the population. Otherwise, extrapolations from the sample to the pop-
ulation will not be valid. This representativeness is best achieved by choosing the
people in our sample using a chance mechanism, and leads to the notion of a ran-
dom sample. In view of the randomness inherent in our sample, statistical inference
therefore involves describing the characteristics of the population using the concept
of probability. This means that probability is central to an understanding of statistical
inference.

In the remainder of this chapter we will review the main probabilistic concepts
used in this book, and then use them to discuss the concept of a random sample in
greater detail. Our discussion of probability concepts may at times seem to take us
some way away from our central interest of using a random sample to make infer-
ences about a population. However, the probabilistic concepts introduced here will
be necessary in subsequent chapters when we study the precise manner in which a
random sample can be used to make inferences about a population of interest.

1.2 Probability

When we take a sample from a population using a chance mechanism, the result of
our sampling process will involve uncertainty or variability. We will use the term
outcome to refer to a given realisation of this sampling process. Thus, the variability
in our sampling process means that there are various possible outcomes that could
occur when we obtain a sample. The set of all possible outcomes is referred to as



Probability and random samples 3

the sample space. Outcomes and sample spaces are the basic elements of interest in
the study of probability, the former referring to one possible sample and the latter
referring to all possible samples.

For example, suppose our sample consists of two individuals for whom we record
whether or not a particular infection is present or absent. For each individual we
will denote presence or absence of the infection by 1 and 0, respectively. Then one
possible outcome of the sampling process is that both individuals sampled have the
infection present, which is an outcome denoted by the pair of infection statuses (1,1).
The sample space is the set of all possible outcomes, that is, all possible pairs of
infection statuses for the two individuals {(0,0), (0,1),(1,0),(1,1)}.

A subset of outcomes in the sample space is called an event. An event can be
interpreted as an observation that could occur in our sample, and each possible event
will have a probability assigned to it reflecting the “chance” that the event will actu-
ally occur. In our earlier example, consider the event “there is exactly one infected
individual in the sample”. Two of the outcomes in the sample space correspond to
exactly one infected individual, (0,1) and (1,0). The event is therefore denoted by
the subset of the sample space {(0,1),(1,0)}.

Note that events need not correspond to more than one outcome. For example, the
event “there are two infected individuals in the sample” consists of just one outcome
{(1,1)}. Indeed, for technical reasons we even allow for impossible events that do
not contain any outcomes, such as the event “there are three infected individuals in
the sample”. In this case the event is denoted by the empty set ¢.

Since events are defined mathematically as sets, we can use the operations of set
intersection M and set union U to construct new events from existing events. If we
consider two events &1 and &, then the new event & N & is interpreted as the event
that both & and &, occur. Likewise, the new event & U & is interpreted as the event
that either &} or & or both occur. If the event &1 N &; is the empty set @, then & and
&> are called mutually exclusive events with the interpretation that the two events
cannot both occur. For example, the event “either 1 or 2 individuals in the sample are
infected” corresponds to the event union

{(0,1), (1,0} U{(1, 1)} = {(0,1),(1,0), (1, 1) }.

On the other hand, the event “both 1 and 2 individuals in the sample are infected ”
corresponds to the event intersection

{(07 1),(1,0)}ﬂ{(1, 1)} =¢

which is impossible since these events are mutually exclusive.

The probability assigned to an event is a numerical quantification of the ten-
dency for that event to occur. This means that probability is a function of events, or
a function of subsets of the sample space. Consider any event & that is a subset of
the sample space .. Then Pr(&’) denotes the probability that event & will occur.
The function “Pr” is allowed to be any function of subsets of the sample space that
satisfies certain requirements that make it a valid probability. Any valid probability
must satisfy the following intuitively natural requirements:
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1. The probability of any event & is a number between 0O and 1 inclusive. That is,

0<Pr(&)< 1.

2. The probability of a certain event is 1 and the probability of an impossible event
is 0. That is,
Pr(.)=1 and Pr(¢) = 0.

3. If two events & and &, are mutually exclusive, so they cannot both occur, the
probability that either event occurs is the sum of their respective probabilities.
That is,

if &1N& =¢ then Pl‘(gl Uéoz) = Pr(é"’l) —I—Pl‘(gz).

Strictly speaking there are some additional technical complexities associated with
the definition of a valid probability which we briefly note for completeness, but which
will not affect our subsequent discussions. Firstly, note that the above requirements
can actually be expressed more succinctly. For example, the second part of require-
ment 2 is an implication of the first part. Thus, the requirements of a valid probability,
called the axioms of probability, are usually written in a slightly briefer but essen-
tially equivalent form to the requirements described above. Secondly, although we
have said that probability is a function of subsets of the sample space, we have not
said whether a valid probability can be applied to every subset of the sample space,
or whether it is restricted to particular subsets of the sample space. In fact, for tech-
nical reasons that are beyond our scope here, it is sometimes not possible to define
probability for all subsets of the sample space and a complete definition of a proba-
bility requires a statement of the collection of subsets of the sample space that we are
prepared to apply the probability to. If we call this collection ., then the probability
Pr is a function from .% to [0, 1]. For our purposes, however, we will suppress this
technicality and simply think of the probability Pr as any function that takes subsets
of the sample space as an input and gives a number between 0 and 1 as an output,
while also satisfying the other requirements described above.

Example 1.1 Consider the example introduced earlier in this section in which
a sample of two individuals is taken and an infection status is recorded for
each individual. In this case, the sample space . includes four outcomes, . =
{(0,0),(0,1),(1,0),(1,1)}. Including the trivial null event ¢, there are 16 events as-
sociated with this sample space, each of which is listed in Table 1.1. Also listed are
three potential ways to assign probabilities to each of these events. In each case it can
be seen that requirements 1 and 2 are satisfied. However, observe that requirement 3
is not satisfied for the third potential probability assignment, because

Pr(‘y) :PI’({(0,0),(O,l),(l,O),(l,l)}) =1
#Pr({(0,0)}) +Pr({(0,1)}) +Pr({(1,0)}) +Pr({(1,1)}) = 1.2.

Thus, this assignment of probabilities is invalid. The other two ways of assigning
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TABLE 1.1
Three probability assignments to events associated with a sample of
two individuals with sample space . = {(0,0), (0,1),(1,0),(1,1)}

Event probability 1 probability 2 probability 3

0 0 0
{(0,0)} 0.9025 0.3025 0.3000
{(0,1)} 0.0475 0.2475 0.3000
{(1,0)} 0.0475 0.2475 0.3000
{(1,1)} 0.0025 0.2025 0.3000
{(0,0),(0,1)} 0.9500 0.5500 0.6000
{(0,0),(1,0)} 0.9500 0.5500 0.6000
{(0,0),(1,1)} 0.9050 0.5050 0.6000
{(0,1),(1,0)} 0.0950 0.4950 0.6000
{(0,1),(1,1)} 0.0500 0.4500 0.6000
{(1,0),(1,1)} 0.0500 0.4500 0.6000
{(0,0),(0,1),(1,0)} 0.9975 0.7975 0.9000
{(0,0),(0,1),(1,1)} 0.9525 0.7525 0.9000
{(0,0),(1,0),(1,1)} 0.9525 0.7525 0.9000
{(0,1),(1,0),(1,1)} 0.0975 0.6975 0.9000

5% 1 1 1

probabilities do satisfy requirement 3, so these are both valid. Even though they are
both valid, notice that they are quite different in terms of the actual probabilities that
they assign to the different events.

While the probability axioms specify a collection of minimal requirements that
any valid probability must satisfy, many other implications follow from these basic
requirements. For example, a very important property that follows from the axioms
is

Pr(éﬁ U gg) = Pl‘(gl) + Pl‘(éaz) - Pr(éﬁ N gz)
It can be seen that this property is a generalisation of requirement 3 to the situation
where the two events are not necessarily mutually exclusive. For example, suppose
event &) is “exactly one individual is infected” and event &3 is “the first individual
is infected”. Then & = {(0,1),(1,0)}, & = {(1,0),(1,1)} and &1 N& = {(1,0)}.
Thus, using the two valid probability assignments from Table 1.1, the above property
implies, respectively, that Pr(61 U &) = Pr({(0,1),(1,0),(1,1)}) is

0.0950+0.0500 —0.0475=0.0975 and 0.49504-0.4500—0.2475 = 0.6975.

Notice that in each case the probability calculation concords with the probability
assigned to the event {(0,1),(1,0),(1,1)} in Table 1.1.



6 Inference Principles for Biostatisticians

1.3 Relative frequency

The above discussion is an abstract mathematical description of probability as a func-
tion of subsets of a sample space, but it does not give us much intuition into what
probability actually is. From a statistical point of view we need to go further and
associate an interpretation to the numerical value that quantifies the probability of an
event. The most common such interpretation used in statistics is called the relative
frequency interpretation, and leads to the frequentist school of statistical inference.

Consider N samples taken in an identical fashion from the population. We will
refer to such a collection as N repeated samples. Now consider a particular event
that could, or could not, occur in each of these N repeated samples. If we let fy be
the number of samples in which the event did occur, then fy is referred to as the
frequency of the event, and fy /N is referred to as the relative frequency of the event.
Thus, the relative frequency of the event is simply the proportion of times that the
event occurred in the N repeated samples.

Under the relative frequency interpretation of probability, the probability of an
event is interpreted as the proportion of times this event would occur in a long se-
quence of repeated samples. That is, probability is interpreted as the limiting value
of the relative frequency of the event as the number of repeated samples gets larger
and larger,

o . (In
lity =1 = .
probability Jim ( N

For example, consider the event discussed earlier that there is exactly one infected
individual in a sample of two individuals. Then a probability of 0.1 for this event
means that in a large number of repeated samples of two individuals, 10% of such
repeated samples will have exactly one individual infected. Importantly, this means
that to interpret the probability of an event occurring in a single sample, we need to
think about what would happen in a large number of repeated samples.

For most of this book we will restrict ourselves to this relative frequency inter-
pretation of probability, which in turn means that the statistical inference principles
that we discuss are from the frequentist school of statistical inference. This is the
most common type of statistical inference in practice, but it is not the only type.
Other interpretations of probability can lead to different types of statistical inference
principles. In Chapter 7 we will discuss a different interpretation of probability that
leads to the so-called Bayesian school of statistical inference.

Example 1.2 One of the most important examples of the use of probability in bio-
statistics is for quantifying risk. An individual’s risk of an event is defined as the
probability of the individual experiencing the event within a specific time frame. This
means that risk is always expressed with reference to a specific period of time. For
example, consider an individual arriving at the emergency room of a hospital with a
heart attack. It is natural to consider the risk of death for this individual, which means
the probability of death within a specific time frame. Suppose we say that the risk
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of death within one month of the heart attack is 15%. To interpret what we mean by
this statement we can use the relative frequency interpretation of probability. Under
this interpretation we need to think about what would happen if we observed N indi-
viduals from the same population who arrived at the emergency room having a heart
attack. If we observed these N individuals for the month following their heart attack
and obtained the relative frequency of death, in other words the proportion who died
within one month, then a probability of 15% means that the relative frequency will
approach the value 15% as N increases towards infinity. Of course, for small N the
relative frequency may be different to 15%, either higher or lower, but as N increases
we would expect it to oscillate more tightly, and the value that it finally settles at is
interpreted as the probability of the event. Figure 1.1 displays a simulation that illus-
trates the dependence of the relative frequency of death on the number of individuals
observed, and the limiting value of this relative frequency corresponding to the risk
of death. Importantly, in order to interpret the risk of death for a single individual,
we have had to think about the occurrence of death in a large number of individuals
presenting to the hospital with a heart attack.

1.4 Probability distributions

A random variable is a function of outcomes in the sample space. It can be thought
of as an uncertain quantity that can be observed as a result of taking our sample, and
which takes on values with particular probabilities. If a random variable can take on
only a discrete set of values then it is referred to as a discrete random variable,
whereas if the values that a random variable can take on form a continuum then it is
referred to as a continuous random variable. For example, the gender of a randomly
sampled individual is discrete while their cholesterol level is continuous.

Statements about a random variable taking on a particular value or having a value
in a particular range are events. We can therefore assign probabilities to such events.
For example, for a random variable X and a given number x, statements such as X = x
and X < x are events. We can therefore assign probabilities Pr(X = x) and Pr(X < x)
to such events. A general convention is that random variables are denoted by upper-
case letters, while the values that they can take on are denoted by lower-case letters.
The distinction between an upper-case random variable and a lower-case random
variable value will be important in subsequent chapters. It can be thought of as the
distinction between a function and a particular value that a function takes on.

The probability distribution for a random variable is a rule for assigning a prob-
ability to any event stating that the random variable takes on a specific value or lies
in a specific range. There are various ways to specify the probability distribution of a
random variable. One way we will use is the cumulative distribution function. The
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Relative frequency of death within one month of a heart attack with increasing sam-
ple size. Dotted line is the population risk of death
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cumulative distribution function of a random variable X is a function Fx (x) such that
Fx(x) =Pr(X <x)

for any number x. Any valid cumulative distribution function must therefore satisfy
the following three properties:

(6] li_>m Fx(x)=1 (>ii) 1_i>I£1 Fx(x)=0 (iii) Fx(x1) > Fx(xp) if x1 > x2.

There are two additional functions of central importance in specifying the prob-
ability distribution of a random variable, one for discrete random variables and the
other for continuous random variables.

The probability function associated with a discrete random variable X is a func-
tion that gives the probability that the random variable will equal any specific value.
That is, the probability function is

Sx(x)=Pr(X =x)

where x is any number in the set of possible values that X can take on. For any discrete
random variable, Y, fx (x) = 1, where the summation is taken over all possible values
that X can take on.

The probability density function associated with a continuous random variable
is the derivative of the cumulative distribution function

It specifies the probability that a continuous random variable will fall into any given
range through the relationship

Pr(l <X <u)= /qux(x)dx

and must therefore always integrate to 1 over the range (—oo,0). Note that the proba-
bility density function does not give the probability that a continuous random variable
is equal to a specific value. For a continuous random variable it is always the case
that Pr(X =x) =0.

The probability distribution of a random variable has various attributes that sum-
marise the way the random variable tends to behave. The expectation, or mean, of a
random variable is the average value that the random variable takes on. For discrete
random variables the expectation is given by

E(X) =) xfx ()

where the summation is over all possible values that the random variable X can take
on. For continuous random variables the expectation is given by

E(X) = /_ ixfx (x)dx.
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These two expressions for the expectation of a random variable are sometimes writ-
ten in a unified fashion using integration with respect to the cumulative distribution
function, which allows the expectation of both discrete and continuous random vari-
ables to be given by the same expression,

o0

E(X) = /_ dF ()

This unified form will be used in Chapter 8, where it will be interpreted as the sum-
mation form of expectation when the distribution is discrete with probability function
Jx(x), and will be interpreted as the integral form of expectation when the distribu-
tion is continuous with probability density function fx (x).

Since the sum or integral of a linear function yields a linear function of the sum
or integral, expectations possess an important linearity property, which is that for
constants ¢g and ¢

E(co+c1X) =co+1E(X).

The variance of a random variable is a measure of the degree of variation that a
random variable exhibits. It is defined as

Var(X) = E[(X —E(X))’] = E(X?) —E(X)?

for both continuous and discrete random variables. Unlike expectations, the linear-
ity property does not hold for variances, but is replaced by the equally important
property

Var(co+ ¢1X) = c?Var(X).

Another important aspect of probability distributions are percentiles. For o €
(0,1), we will call the a-percentile of a probability distribution the point below
which 1000% of the distribution falls. This means that a random variable with that
probability distribution has probability « of taking a value below the a-percentile.
More specifically, the a-percentile of a probability distribution with cumulative dis-
tribution function Fx (x) is the point pg that satisfies Fx(py) = o. For example, the
0.5 percentile, called the median, is the point below which half of the probability
distribution lies. Similarly, the 0.25 and 0.75 percentiles, called quartiles, specify
the points below which one-quarter and three-quarters of the distribution lies. Other
percentiles of a probability distribution will also be of interest, particularly when we
come to discuss confidence intervals in subsequent chapters.

In practice, the probability distributions that are commonly used in statistical in-
ference are based on a simple and flexible function for fx (x) or Fx(x). We will con-
sider two such commonly used probability distributions subsequently in this chapter,
the binomial and normal distributions. Other commonly used probability distribu-
tions are reviewed in Appendix 1 and will be used elsewhere in this book. Typically
the function defining the probability distribution is not fully specified, but rather de-
pends on one or more unspecified fixed quantities, such as the mean or the variance.
These quantities are referred to as parameters and are usually interpreted as impor-
tant characteristics of the population of interest. One of the main tasks of statistical
inference is to determine values for these parameters and to assess the plausibility of
hypotheses about the parameters. This is considered in detail in subsequent chapters.
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Example 1.3 In Table 1.1 we specified two valid ways to assign probabilities to the
events associated with sampling two individuals and observing their infection status
as present or absent. Suppose we now define a random variable 7' to be the number
of infected individuals in the sample. Since the possible values that T can take are
simply O, 1 and 2, T is a discrete random variable. As for any random variable, T
is a function of outcomes in the sample space, meaning that for each of the possible
outcomes, T will take on a corresponding value. Table 1.2 lists the value of T corre-
sponding to each of the outcomes in the sample space. Also listed in Table 1.2 is a
possible probability function fr(¢) which gives Pr(T =) for each possible value of
T, along with the corresponding cumulative distribution function Fr(r) which gives
Pr(T <t). Since there are only three possible values for T, it is quite manageable to
list out fr(¢) and Fr(t) for each value. However, this soon becomes unmanageable
if T can take on many values, such as would occur if our sample consisted of 100
individuals. It is therefore useful to have a simple and flexible function that specifies
the probability distribution of 7. Consider the function

21
Upoyu—owfﬁ r=0,1,2

fr(t) = 22—

which is a special case of the more general function

n!

———0'(1-6)""  t=0,1,...

fr(t) =
with n =2 and 8 = 0.05. It may be verified that this probability function yields the
probabilities in Table 1.2, as well as the first probability assignment in Table 1.1.
This illustrates how an entire probability distribution can be captured with a single
function. As reviewed in Appendix 1, this particular probability distribution is known
as the binomial distribution, which is often an appropriate distribution for a random
variable specifying the number of events that have occurred out of n trials. In this
case, we denote this distribution as

T £ Bin(2,0.05)

where the notation < means “is distributed as”. There is no simple form of Fr(t)
for the binomial distribution, so Pr(T < ¢) would have to be calculated by summing
up values of fr(z), as illustrated in Table 1.2. The expectation and variance for a
binomial random variable do have simple forms, which in this case are E(T) =n6 =
0.1 and Var(T) = n8(1 — 6) = 0.095. Note that a key assumption for the validity of
the binomial distribution is that the results of each trial, that is the infection status of
each individual, must be “independent” of each other. The concept of independence
is an important probabilistic concept that we will discuss in detail in the next section.
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TABLE 1.2

Probability distribution for 7', the
number infected in a sample of two
individuals

t EventT=t fr(t) Fr(t)

0  {(0,0)}) 09025 09025
1 {(0,1),(1,0)} 0.0950 0.9975
2 (1,D} ~ 00025 1

1.5 Independence

Independence is a property that applies to both events and random variables. The
concept of independence requires us to think about how the probability of an event
might change once we know that some other event has occurred. This introduces us
to conditional probability, which we define first, before considering the concept of
independence.

For two events &] and &, the conditional probability that & occurs given that
& has occurred is denoted Pr(&7|&) and is defined as

Pr(<§’1 ﬁ(%)

Pr(&1|6) = Pr(5)

From a mathematical point of view, conditional probability can only be defined for
events & that are not impossible, so that Pr(&) # 0 in the denominator of the defi-
nition. Clearly, this is also an intuitively natural requirement since it does not make
sense for us to condition on the occurrence of an impossible event.

With this definition of conditional probability, the two events & and &> are said
to be independent events if

Pr(gl |£2) = Pr(éal).

This can be interpreted as the property that the occurrence of the event &, does not
affect the probability of occurrence of the event &7. It is straightforward to verify that
the reverse is also true, namely, that the occurrence of the event & does not affect
the probability of occurrence of the event &>.

In view of the conditional probability that appears in the definition of independent
events, we can re-express this definition by saying that &7 and &, are independent
events if they satisfy the multiplicative property

Pr(éal N éaz) = Pr(é”l) Pr(c%).

This is the typical way that independence of events is defined, and it has a slight
advantage over the earlier definition in terms of conditional probability in that it is
applicable even when one of the events has zero probability.
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Statistical inference makes more use of the concept of independence when ap-
plied to random variables, which can be defined analogously to the way we defined
it for events. Consider two random variables X; and X5, with cumulative distribution
functions Fi(x;) and F»(x;), respectively. The random variables X; and X, are said
to be independent random variables if

PI‘(X] < X1 | X2 < XQ) = PI‘(XI < xl) = F] (xl)
or equivalently
PI‘(X2 < X2 | X1 < xl) = PI‘(X2 < .XQ) = FQ(JQ)

where x; and x; are any numbers in the range of possible values of X; and X;, respec-
tively. Thus, loosely speaking, we can say that for two independent random variables,
knowing the value of one random variable does not affect the probability distribution
of the other.

Similarly to our discussion for independence of events, independence of random
variables can be defined using the multiplicative property

Pr({X) <x1}N{X2 <x}) =Pr(X; <x1)Pr(Xz2 < x2) = Fi(x1)Fa(x2).

We can see from this form that independence of random variables is defined in terms
of independence of the two events X; < x; and Xp < xp.

The above discussion introduces us to the concept of the joint probability distri-
bution of two random variables. Generalising the definition of a probability distribu-
tion for a single random variable, the joint probability distribution of two random
variables is a rule for assigning probabilities to any event stating that the two random
variables simultaneously take on specific values or lie in specific ranges. Like the
probability distribution of a single random variable, the joint probability distribution
can be characterised by various functions. The first of these is a generalisation of the
cumulative distribution function. Using the shorthand notation

Pr(X; <x1,Xo <x) =Pr({X; <x1} N{Xx <x})

then the joint caumulative distribution function of two random variables X; and X,
is the function of two variables

Fx, x, (x1,%2) =Pr(X; <x1,X5 <x2).

Thus, it can be seen that independence of two random variables is equivalent to their
joint cumulative distribution function factoring into the product of their individual
cumulative distribution functions.

Analogously to the single random variable context, we can also define the joint
probability function of two discrete random variables X; and X, as the function of
two variables

fx % (x1,x0) =Pr(Xy = x1,X0 = x2).

Likewise, we can define the joint probability density function of two continuous



14 Inference Principles for Biostatisticians

random variables X and X as the function of two variables that comes from partial
differentiation of the joint cumulative distribution function, with respect x; and x,.
That is,

d [ d
le Xo ()C] a-xz) = (9_361 <(9_.)C2FX1’X2 ()C] 7x2))

where, using standard calculus notation, partial differentiation is denoted using the
symbol d in place of the d used in univariate differentiation. The joint probability
density function specifies the probability that the two continuous random variables
will simultaneously fall into any two given ranges through the relationship

uy up
Pr(li <X) <up,b <X <up) = /1 /1 Ix.x (X1, X2)dxodx; .
1 2

Although we used the joint cumulative distribution function to define indepen-
dence of two random variables, independence can equivalently be defined in terms of
their joint probability density function or joint probability function. Thus, the mul-
tiplicative property for independence of two random variables can equivalently be
expressed as

fxi.x (x1,%2) = fi(x1)fa(x2)

where fi(x1) and f>(x;) are either the probability density functions or probability
functions of X; and X, respectively, depending on whether they are continuous or
discrete random variables.

Another multiplicative property that can exist between two random variables is

E(XY) = E(X)E(Y).

When this property holds we say that X and Y are uncorrelated. Being uncorrelated
random variables is a weaker property than being independent random variables, in
the sense that independent implies uncorrelated but not vice versa. When E(XY) #
E(X)E(Y) then the difference is called the covariance of X and ¥

Cov(X,Y) =E(XY) - E(X)E(Y) =E[(X —E(X)) (Y —E(Y))].

It can be seen that uncorrelated random variables have zero covariance, and that
covariance is a generalisation of variance, in the sense that Cov(X,X) = Var(X). A
measure of the extent to which two random variables depart from being uncorrelated
is the correlation
Corr(X,Y) = M.
Var(X)Var(Y)

The correlation is scaled such that it always lies between —1 and 1, with O corre-
sponding to being uncorrelated. It is important in studying the linear relationship
between two variables, with the extremes of —1 and 1 corresponding to a perfect
negative and positive linear relationship, respectively. Although being uncorrelated
implies that there is no linear relationship between two variables, it does not preclude
that some other relationship exists. This is why independence is a stronger property
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than being uncorrelated, since it implies that there is no relationship at all, linear or
otherwise.

The main use of the concept of independence in this book is for modelling the
probabilistic behaviour of a sample taken at random from a population of interest. In
particular, we will often use a collection of n random variables to represent the at-
tributes of n different individuals. In this context, independence means that an obser-
vation on one individual does not affect the probability distribution associated with
an observation on another individual. Random samples will be discussed in more
detail in Section 1.7, however, for now we simply note that the definition of indepen-
dence of two random variables discussed above extends naturally to independence of
a larger collection of n random variables. In particular, n random variables are inde-
pendent if their joint cumulative distribution function factors into the product of their
n individual cumulative distribution functions. That is, extending the notation used
for the joint distribution of two random variables, X = (Xj,...,X,) is an independent
collection of random variables if for any vector of numbers x = (x1,...,x,)

n
Fx(x) =Pr(X; <xi,...,X, <x,) = [ [ Fi(x).
i=1

For discrete random variables, this definition of independence can equivalently
be stated in terms of the joint probability function

fX(x) = PI‘(X] =Xy Xn :xn) = Hﬁ(xz)
i=1

For continuous random variables, it can equivalently be stated in terms of the joint
probability density function

Aw=ﬁmm

where fx (x) is the derivative of the joint cumulative distribution function, with re-
spect to each of the x; variables.

We note in passing that the above definition of independence of a collection of
random variables is more accurately referred to as mutual independence, however,
in this book we will not have the need to consider other types of independence and
therefore suppress this technicality.

Example 1.4 Recall the random variable 7 defined in Example 1.3, which is the
number infected in a sample of two individuals. Now consider the random vari-
able T}, which takes the value 1 if the first individual is infected and O otherwise.
Likewise, we can define the random variable 7> corresponding to the second in-
dividual. Consider the three events 7 = 1, 7} = 1 and 7, = 1, which we denote
&, &) and &, respectively. From Table 1.2 we know that & = {(0,1),(1,0)} and
Pr(&p) = 0.095, based on the first probability assignment from Table 1.1. Likewise
we have & = {(1,0),(1,1)} and Pr(&}) = 0.05, as well as &> = {(0,1),(1,1)} and
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Pr(&,) = 0.05, again using the first probability assignment from Table 1.1. We can
therefore calculate the conditional probability

_Pe(&n&)  Pr({(1,00}) 00475
Pr¢ilo) = =5z = o095~ 0095 O

This result essentially says that, given we know exactly one person is infected, it
is equally likely to be individual 1 or 2. Notice that &, and &) are not independent
events since Pr(&1|4p) # Pr(&7). Intuitively this makes sense, because knowledge
that there is one infected individual in the sample should provide information about
whether or not individual 1 is infected. On the other hand,

Pr(& N &) =Pr({(1,1)}) = 0.0025 = 0.05 x 0.05 = Pr(& ) Pr(&),

showing that the events 71 = 1 and 7, = 1 are independent events. The same process
can be followed for any other values of the random variables 77 and 75 to show that

PI‘(TI =11, = l‘z) = PI‘(TI = l‘l)Pr(Tz = lz) Hnh=0,1 n=0,1.

In other words, the joint probability function factors into the product of the individual
probability functions, so the random variables 77 and 7, are independent random
variables.

1.6 Normal distribution

We will make use of various probability distributions throughout this book, and Ap-
pendix 1 provides a summary of some of the most important distributions. However,
there is one distribution that stands out as more important than the others, namely, the
normal distribution. The importance of the normal distribution arises not so much
because biostatistical data tends to follow a normal distribution, but rather because
of its general importance in large samples, where it provides a way to unify many of
the common statistical inference tools. A discussion of the importance of the normal
distribution in large samples is provided in Section 1.10. For now we simply review
some of the key features of the normal distribution.

Consider a continuous random variable X with u = E(X) and 62 = Var(X). We
say that X has a normal distribution, written

X £N(u,0?),
if the probability density function of X has the form

(x—p)?
2072

fx(x)= . 127: exp{— } X € (—oo,00) U € (—o0,00) G >0.

Since fx(x) depends on u and o, the distribution is not fully specified until the
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values of 1 and ¢ have been specified. As alluded to in Section 1.4, in the context of
statistical inference one of the main tasks is to use the sample to estimate ¢t and ¢ so
that the distribution is fully specified.

Unlike the probability density function fy (x), the cumulative distribution func-
tion Fx(x) is not a convenient function and needs to be calculated numerically from
the relationship

F(x) = /_ 1 Fe(w)du.

This is generally carried out using a special case of the normal distribution, called
the standard normal distribution, which is the N(0, 1) distribution that arises from
setting 4 = 0 and o = 1. If we denote the cumulative distribution function of the
standard normal distribution by the function

®(x) = \/Lz_n/_lexp{—”;}du

then the cumulative distribution function associated with any other normal distribu-
tion can be calculated using the relationship

Fx(x)ch(x_“).

o

This means that only the standard normal cumulative distribution function needs
to be calculated numerically, and computations associated with any other normal
distribution can be expressed in terms of the standard normal distribution. An im-
portant calculation associated with the normal distribution is percentile calculation,
which we will use in various inference contexts. Using the definition of percentile
from Section 1.4, the a-percentile of the standard normal distribution, which we will
write as zq, is the value that satisfies ®(z4) = a. Equivalently, it can be expressed
as 74 = @~ !(ax), where ®~! is the inverse standard normal cumulative distribution
function. The percentiles of the standard normal distribution, and their relationship
with the percentiles of any other normal distribution, are depicted in Figure 1.2. This
figure also illustrates the classic bell shape of the normal probability density function,
including its symmetry about the mean.

In Section 1.5 we discussed the joint probability distribution associated with
two random variables. One such joint distribution is the bivariate normal distri-

bution. Consider two normally distributed random variables X 4 N(ux,0%) and

vy < N(uy,o02), with Corr(X,Y) = p and hence Cov(X,Y) = poxoy. We call u the
mean vector and X the variance-covariance matrix where

u= Hx and Y= G)% poxor .
Hy P Ox Oy G%

Then X and Y have a bivariate normal distribution, written

x4 Ny (u,X) where X = [);]
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Probability density functions of the standard normal distribution (top) and N(u, 62)
(bottom) distributions. Shaded regions are of equal area $(—2)



Probability and random samples 19

if their joint probability density function is of the form

1
fX.Y(x7y) fX(X) 271:6)(Gy\/1——[)zexp{
Although this joint probability density function is most succinctly expressed as a
function of x = (x,y) using vector and matrix notation, the quadratic form inside
the exponential function can be expanded, as covered in the exercises, to express the
function in terms of x and y. Furthermore, this bivariate normal distribution gener-
alises to the multivariate normal distribution for a vector of k random variables
X = (X1,...,X;)7, as described in Appendix 1. In this case we write

%(x—u)Tz*(x—m}.

X iNk(.u7Z)a

where U is a k X 1 mean vector and X is a k X k variance-covariance matrix.

One use of the multivariate normal distribution is for modelling correlated data,
such as where we have taken multiple observations on the same individual. For ex-
ample, we may observe cholesterol level and blood pressure on the same individual,
or cholesterol level at two different times on the same individual. In each case, the
two random variables are likely to be correlated, and the bivariate normal distribu-
tion can provide a model for their joint behaviour. Correlated data analysis is a more
advanced statistical inference topic that is beyond our scope in this book, so we will
not make use of the multivariate normal distribution for this purpose. Another use of
the multivariate normal distribution is to model the large sample behaviour of two or
more random variables calculated from our sample and which are used to estimate
important characteristics of our population. We will return to this in detail when we
discuss estimation methods in Chapter 4, which will build on our discussion in Sec-
tion 1.10 of the importance of the normal distribution in large samples.

1.7 Random samples

In order to use a sample for making inferences about a population, the sample must
in some sense be representative of the population. This is achieved by choosing indi-
viduals from the population at random. This means that each individual in the pop-
ulation will have a certain probability of being included in the sample. The basic
requirement of a random sample, sometimes called a simple random sample, is that
all individuals in the population have the same probability of being included in the
sample. This ensures that the sample is representative of the population and can be
used to make inferences about the population. When combined with independence
of individuals we will call the sample an independent random sample, and this will
be the primary object of study in this book. In biostatistics, our sample often involves
a collection of individuals whose health experiences can be assumed to be indepen-
dent of each other, meaning that independent random samples are often encountered
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in biostatistics. However, it should be noted that more complicated random sampling
processes can sometimes be used, and we will touch on the nature and validity of
these in the next section.

The way in which a random sample is obtained from a population is a very im-
portant element of statistical inference. In this book, our primary focus is on the
statistical principles that are used to make inferences once we have a sample from a
population, rather than a detailed study of the processes by which samples are ob-
tained. Nonetheless, it is helpful for us to have in mind an understanding of the most
common ways that samples are obtained in biostatistics. Broadly speaking, we can
classify commonly used biostatistical sampling processes into three main types. Each
type of sample involves identifying a random sample of individuals from the popu-
lation, but they differ in the way that information is collected about the individuals.

The first type of sample is a prospective sample. In prospective samples, the
individuals in our sample are observed over time and information is collected about
their health experiences during the period of observation. Thus, prospective samples
begin with sampling at a certain point in time, and involve observation of individuals
forward in time. The second type of sample is a retrospective sample. In retro-
spective samples, information about the individuals’ history is collected, but unlike
prospective studies, no further observation into the future is conducted. Thus, ret-
rospective samples begin with sampling at a certain point in time, and effectively
involve observation of individuals backward in time. The third type of sample is a
cross-sectional sample. In cross-sectional samples, information about the individu-
als’ current situation is collected, but no observation forward or backward in time is
conducted. Thus, cross-sectional samples are limited to providing a snapshot of the
current status of the population.

Further classification of sampling types beyond these basic types may also occur,
depending on the objective of the particular study. In particular, prospective samples
may be further classified by whether they are observational or interventional. As
the name suggests, prospective observational samples, which are also called cohort
studies, simply involve observing information about the experiences of the cohort of
individuals in our sample, without intervening to try to improve things. Interventional
samples, on the other hand, involve the study of interventions that could improve the
health of the population, and lead to further complexities such as how the intervention
should be implemented in our sample. Throughout this book we will use the differ-
ent types of samples to introduce inferential concepts, and we will sometimes take
the opportunity to consider their features in more depth, albeit without attempting
a comprehensive discussion of study design. For example, the extended example of
Chapter 5 provides further discussion of some of the concepts behind interventional
studies, including the concept of randomisation.

The above discussion introduces us to the diversity and complexity of sampling
types that can occur in practice, and each of the sampling types have their own ad-
vantages and disadvantages. For example, retrospective and cross-sectional samples
tend to be easier and quicker to obtain because there is no requirement to observe
individuals over time. On the other hand, prospective samples tend to be more in-
formative and less susceptible to the sorts of biases that we will discuss in the next
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section. The pros and cons of different types of random samples are of major impor-
tance in biostatistics, coming under the general area of study design. From our point
of view in this book, however, the primary importance of sample type will be that
it determines the type of statistical model that we use as the basis of our statistical
inferences. The concept of a statistical model, which uses the notion of probability
to describe the randomness in our sample, will be illustrated below and will form the
foundation of our discussion of inference concepts beginning in the next chapter.

The observations that we make based on our sample are generically referred to as
the data. It is the data that provide the information by which we can make our infer-
ences about the population. As we have discussed, we will typically think of the data
as having been generated by identifying a sample of individuals from a large popula-
tion of interest and observing certain attributes of these individuals, using the types
of sampling processes discussed above. While this is quite common in biostatistics,
there are other ways that a random sample can be obtained. Indeed, in some contexts
our sample may not literally arise from a random sampling process, but it may still
be reasonable to view the data as having been randomly sampled. For example, rou-
tine health surveillance may involve the recording of all diagnoses of a disease in a
particular population, without any literal process of random sampling. Nonetheless,
statistical inference can still be used by viewing the data as a random realisation from
among the “population” of all possible disease diagnoses that could have arisen. In
this case the random sampling process involves a more idealised data generating
mechanism, and we would need to use probability to model the randomness in this
mechanism. Thus, while it is usually most intuitive to think about statistical infer-
ence in terms of random sampling from a literal population, sometimes a broader
interpretation of a random sample is required. As we discussed above, the emphasis
of this book is on the inferential concepts used to interpret samples, rather than a
detailed study of the ways samples are generated, but it is still useful to bear in mind
the underlying complexity of the random sampling process.

Example 1.5 In Example 1.2 we discussed a study in which individuals presenting
at a hospital with a heart attack are observed for a one month period to determine
whether they survive over this period. This is an example of a prospective sample,
because individuals are identified at the time of presenting to the hospital with a heart
attack, and then they are followed forward in time to assess whether they survived. A
retrospective sample for the same context could be obtained by looking up the hos-
pital records to find historical cases of heart attack patients and their corresponding
survival status after one month. Thus, in contrast to the prospective sample, the ret-
rospective sample would involve looking back in time to obtain the sample. In both
cases the goal would be to assess the risk of death which, as discussed in Exam-
ple 1.2, is the probability of death over the specific time frame of interest. Another
important use of probability in biostatistics is to measure prevalence, which is un-
dertaken using cross-sectional sampling. The prevalence of a particular attribute in
the population is a measure of the extent of that attribute, and is defined simply as the
proportion of the population that has that attribute. Prevalence can therefore be inter-
preted as a probability, in that it will correspond with the relative frequency in a large
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sample from the population. Commonly we use prevalence to measure the extent of
a particular disease, although in principle it can also be used to measure the extent of
any other attribute. The prevalence of disease is assessed using a prevalence sample,
also sometimes called a survey, which is a sample where each individual is assessed
for their current disease status. Such samples are cross-sectional, in the sense that in-
formation is obtained about current disease status, but no information about previous
or future experiences is obtained. Thus, a cross-sectional prevalence sample can be
thought of as a snapshot of the current extent of the disease within the population.
The sample prevalence is then simply the proportion of the sample that has the dis-
ease of interest. In subsequent examples we will use the sample prevalence as a tool
for making inferences about the population prevalence.

]
1.8 Sampling bias

In the previous section we discussed random samples in which all individuals in the
population have the same probability of being included in the sample. When this is
the case then the random sample can be considered representative of the population.
Sometimes, however, this may not be the case. That is, sometimes we may have
a sample in which some individuals from the population were more likely to be
included than others. In this case the sample is not representative of the population
and the rationale for using the sample to make inferences about the population is no
longer valid. We refer to such a situation as sampling bias.

If it is known exactly how individuals differ with respect to their probability
of being included in the sample, then it is possible to incorporate this knowledge
into the statistical inference process. This may allow us to validly account for the
sampling bias in our inferences about the population. However, if it is not known
exactly how the individuals differ with respect to their inclusion probabilities then
the lack of representativeness of the sample cannot be accounted for. This may lead
to invalid, or biased, inferences about the population. When sampling bias exists in
biostatistical applications it is not common to know exactly how individuals differ
with respect to their probability of being included in the sample, so it is always best
to avoid sampling bias in the first place.

As an illustration of sampling bias, suppose that we were interested in assessing
the prevalence of HIV infection in a particular population, and we took our preva-
lence sample from among those individuals who have a screening test at a sexually
transmitted disease (STD) clinic in that population. Then this would be an unrep-
resentative sample because not all people in the population would have the same
chance of being included in the sample. In particular, those individuals with an STD
would have a greater chance of being sampled, and this would lead to our sample
having an over-representation of individuals with HIV infection. In this context, any
inferences arising from our sample would relate to the population of individuals that
present to the STD clinic, not the general population that we are interested in. That
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is, our inferences would be valid for the wrong population and invalid for the right
population.

While sampling bias is a very important issue in biostatistics, particularly in epi-
demiological studies, in this book we will generally focus on how to make infer-
ences about populations based on samples that are representative of the population.
Nonetheless, it is important to remember that statistical inference techniques may
lead to invalid conclusions if the sample is systematically biased in some way.

1.9 Sampling variation

Although we may be satisfied that our sampling process was truly random, so that
sampling bias is not present, our sample will still be subject to random variation in
the sense that if we took two different samples from the same population they would
not give exactly the same results. For example, we may be satisfied that the sam-
ple prevalence is not likely to be systematically higher or lower than the population
prevalence, but in different samples the sample prevalence would be expected to vary
in a random fashion. If this random variation is “large” then we would place less trust
in the inferences from our sample than if the random variation was “small”. The ran-
dom variation exhibited by our sample is referred to as sampling variation. A key
element of statistical inference is the quantification of sampling variability, so that
we have some indication of how much we trust the sample as a basis for making
inferences about the population.

The following example based on cross-sectional prevalence sampling illustrates
the effect of sampling variation, and it introduces us to the idea of describing the
sampling variation using probability. Our approach will be to use an appropriate
probability distribution as a model for the random variation inherent in our sampling
process. This then leads to a way of measuring the magnitude of sampling variation
using the variability exhibited by this probability distribution. While the following
example provides us with an introduction to the use of probability to model sampling
variation, this modelling process is at the heart of statistical inference and will be
taken up in more generality in the next chapter.

Example 1.6 As an illustration of sampling variability, consider the effect of sample
size on a prevalence sample. If we calculated the sample prevalence using a sample
of 100 individuals, we would naturally trust it less than if it had been based on a sam-
ple of 1000 individuals. In other words, we would expect the prevalence in a sample
of 100 individuals to vary less from sample to sample than the prevalence in a sample
of 1000 individuals. To see this, consider the results of 10 different studies, each of
which involved taking a random sample of 100 individuals and observing their infec-
tion status. Although we would not know this in practice, suppose that the prevalence
in the population is 15%. Figure 1.3 displays a plot of the 10 sample prevalences. The
first point to notice is that the 10 sample prevalences are bunched around the true pop-
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ulation prevalence, some higher and some lower. This is indicative of a representative
or unbiased sampling scheme. Importantly, however, each individual study yields a
sample prevalence that differs from the population prevalence of 15%, and the range
of estimates in this series of 10 studies is 9.0% to 20.0%. It is the extent of this vari-
ation around the true population prevalence that reflects the sampling variation, and
clearly we would trust our sample prevalence more if this sampling variation were
lower. Next consider a similar series of 10 prevalence studies, with the exception that
each includes 1000 individuals in the sample instead of 100. These 10 samples are
also plotted in Figure 1.3. Again the sample prevalence values are bunched around
the population prevalence of 15%, and again each individual sample prevalence value
differs from the population value. This time, however, the variation about the popu-
lation prevalence is lower than it was in the smaller samples, and ranges from 13.5%
to 16.7% across the samples. This illustrates that the larger prevalence samples tend
to have less sampling variation, or more accuracy, than the smaller samples.

One part of the statistical inference process is to summarise our trust in the sam-
ple by taking into account the magnitude and nature of this sampling variability. In
order to summarise the variability inherent in our sample, we first use a model based
on a probability distribution to describe the variability. The specific probability dis-
tribution we use will depend on the context and we will discuss this in some detail in
subsequent chapters. For our prevalence sample in this example, the binomial distri-
bution provides a natural model for the way the sampling has been carried out. Let
n be the sample size in our prevalence study, and let 7' be the number of individu-
als who are found to have the disease in our sample. Then the sample prevalence is
P = T /n. Under our study design n is a fixed number, or a constant, since we had
planned to sample a certain fixed number of individuals from the population. Thus
n is not subject to any random variation. 7 on the other hand will vary randomly
from sample to sample, and is therefore a random variable. Under our binomial sam-
pling scheme, the nature of this random variation in 7 is governed by the binomial
distribution, Bin(n, 0), where 0 is the true population prevalence. In particular,

n!

Pr(T =t) = W

o' (1—0)" " t=0,1,...,n.

As we noted in Example 1.3, the binomial model is appropriate under the assumption
that the infection statuses of different individuals are independent. Given the repeated
sampling interpretation of probability, the binomial probability distribution specifies
how we expect the number of infected individuals to vary in repeated samples of size
n. We can therefore use this probability distribution to summarise our level of trust
in the sample prevalence as an indication of the population prevalence. In particular,
since we will have more trust in our sample if it leads to less variation from sample
to sample, the variance associated with the sample prevalence is a natural way to
summarise the sampling variation. Using our knowledge of the binomial distribution

summarised in Appendix 1, as well as the properties of variances discussed in Section
1.4,

2
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Sample prevalence in 10 prevalence samples of size 100, and 10 prevalence samples

of size 1000
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From this it can be seen that the variance of the sample prevalence is inversely related
to the sample size n. That is, the sample prevalence will be less variable in studies
with larger sample sizes. This explains the behaviour we saw in Figure 1.3 above. In
Chapter 2 we will discuss more elaborate ways to summarise the sampling variability,
which will lead us to one of the most important inferential tools, the confidence
interval.

1.10 Large samples

Building on Example 1.6, in the coming chapters we will discuss at some length the
use of probability to model sampling variation exhibited by random variables in our
sample. One of the central themes will be that certain random variables can be used
to estimate important attributes of our population, and hence to produce inferences
about our population. This process, which we will call estimation, is facilitated by us-
ing the probability distribution of these random variables to describe their behaviour.
As was illustrated in Example 1.6, this allows us to quantify the sampling variability
and summarise the level of trust that we place in our inferences.

The particular probability model that we use is key to our understanding of the
nature of the sampling variability. In principle, different probability models will lead
to different descriptions of the sampling variability, and hence potentially lead to dif-
ferent inferences. However, in large samples there is an important result from prob-
ability theory that says our sampling variability can be described using the normal
distribution, regardless of the underlying probability model. This leads to a central
unifying theme in our subsequent discussions, which is that the probability distri-
butions of random variables used to estimate population characteristics can be ap-
proximated by the normal distribution in large samples. This simplifies our inference
process by yielding an approximate approach that can be applied in many situations
where the sample is large but where the natural probability distribution is not the
normal distribution. We will see that this provides a unified approach to statistical
inference across a very wide range of otherwise unrelated contexts. The details of
these large sample simplifications will be introduced in subsequent chapters. How-
ever, before we can do this, we need to state some important probabilistic concepts
and properties that will form the basis of the normal approximations that hold in large
samples.

In the context of statistical inference based on a random sample, we have said
that we will be interested in certain random variables whose value is determined by
the sample. The large sample probabilistic behaviour of such random variables will
be studied by considering the way they behave as the sample size n increases. This
will require us to think about a sequence of random variables, indexed by the sample
size n. A natural example of such a sequence is the sample mean indexed by n,

— 1 &
X,=-) X
i3
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In this case, the sequence of random variables X, X5, ...,X,,... represents the sam-
ple means from samples of increasing sample size. The large sample behaviour of
the sample mean is therefore specified by the limiting behaviour of this sequence as
n — oo, Consideration of the “limit” of a sequence of random variables introduces us
to the concept of convergence of random variables, which we now discuss in more
detail.

In mathematics, the notion of convergence of a non-random sequence x,x3, ...
to a limit ¢, written as

X, —C or lim x, = c,
n—soo

represents the idea that the sequence of values x,, approaches a particular constant
value ¢ as n — oo. In that context, there is an unambiguous mathematical definition
of what it means for the non-random sequence to converge to c. For a sequence of
random variables, however, the notion of convergence can mean many things, so
there is no single way to define convergence of the sequence. Indeed, it turns out that
there are many types of convergence used in probability theory, usually called modes
of convergence, but two in particular will suffice for our purposes.

The first mode of convergence is called convergence in distribution. This type
of convergence specifies that the probability distribution of X,, converges to the prob-
ability distribution of some random variable X as n — oo, and it is written as

x, -4 x.

More precisely, convergence in distribution is defined via the cumulative distribu-
tions functions of X,, and X, which we will denote by F;,(x) and F(x), respectively.
Using the cumulative distribution functions, convergence in distribution is defined as

lim F,(x) = F(x) for all x € (—eo, o).
n—yoo
The most important example of convergence in distribution is the Central Limit
Theorem. Consider an independent random sample X1, ...,X,, in which each X; has
the same distribution with E(X;) = u and Var(X;) = 6. Then, regardless of the actual
distribution of X;, the Central Limit Theorem says that the standardised version of the
sample mean
X,—u
Z =
" o/vn

converges in distribution to a standard normal random variable

Z, -5 N(0,1).

In the context of statistical inference, an important use of convergence in distribution
is that it provides us with an approximate distribution when the sample size n is
sufficiently large. Thus, for example, the Central Limit Theorem allows us to specify
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the approximate distribution of the sample mean in large samples, which is written
as s

- d o

X,,%N<[,L,—) for large n

n
. d . . - .

where the notation =~ means “is approximately distributed as”. We will see that many
of the techniques discussed in this book are large sample methods that can be justified
by the Central Limit Theorem or one of its variants.

The second mode of convergence is called convergence in probability. This type
of convergence, which is written as

X, % x,

specifies that the probability of X, being close to X converges to 1 as n — oo, no
matter how strictly we define “close”. More precisely, convergence in probability is
defined as

Pr(|X,—X|<g&) —1 asn—roo

for any value € > 0, no matter how small.

An important special case of convergence in probability is when the random vari-
able X is a constant, also called a degenerate random variable, in which case
Pr(X = ¢) = 1 for some constant c. In this case the sequence of random variables
converges in probability to a constant

X, — c.

An important example of convergence in probability to a constant is the Law of
Large Numbers. For the independent random sample used to state the Central Limit
Theorem above, the Law of Large Numbers says that the sample mean converges in
probability to u, written as
X, 25 .

The notion of convergence in probability to a constant will be important in subse-
quent chapters for describing the large sample behaviour of random variables that
are used to estimate population characteristics on the basis of a random sample. For
example, the Law of Large Numbers states that the sample mean X,, will have a
tendency to be close to the population mean p in large samples, which is clearly
a desirable estimation property. This type of property also extends to other sample
analogues of population quantities. For example, it will be seen in Chapter 2 that the

sample variance
n

Si= L-X)’

ni3

will have a tendency to be close to the population variance 6 in large samples.

It is natural to ask whether convergence in distribution and convergence in prob-
ability are distinct types of convergence, that is, whether it is possible to have one
without the other. In fact, convergence in distribution can be thought of as a weaker
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form of convergence than convergence in probability, in the sense that the latter im-

plies the former. In other words, it can be proved that X, I x implies X, 4 x , but
the reverse is not necessarily true. As alluded to earlier, other modes of convergence
of random variables also exist, including modes that are stronger than convergence
in probability, but we will not need to discuss these in this book.

Example 1.7 In previous examples we considered the random variable P = T /n,
which is the sample prevalence of an infection in a random sample of n individuals,
T of which are observed to have the infection present. In Example 1.6 we specified
a binomial distribution for 7', which is equivalent to saying that P has a probability
distribution specified by the probability function

S

1.

5 PR

S|

n!
fe(p) =Pr(P=p) = ———=6"(1-6)""  p=0,
(n— pn)!(pn)!
The random variable P is the mean of n binary variables taking the values O or
1, each indicating whether the infection is absent or present, respectively, for the n
individuals in the random sample. We can therefore use the Central Limit Theorem
to approximate the distribution of P. This leads to the approximate distribution

1 —
PéN(G,u) for large n.
n

This large sample approximation follows from the fact that the standardised version
of P converges in distribution to a standard normal random variable as the sample

size increases, that is
P—-0
—— 4N, 1).
0(1—6)/n

The approximate normal distribution for P is an approximation to the “exact”
distribution specified by the probability function fp(p). The importance of this large
sample approximate distribution is that it is much simpler to make use of for inferen-
tial purposes, and the same approach can be used in many other inferential contexts.
We will discuss this at some length in Chapter 2, along with the importance of var-
ious other large sample properties. For example, in Chapter 2 we will also focus
on the significance of the fact that the Law of Large Numbers implies that P 20,
meaning that the sample prevalence will have a tendency to be close to the population
prevalence in large samples.

To see the normal approximation in practice, suppose we continued the series
of studies that we summarised in Figure 1.3. Suppose, instead of conducting just
10 studies each involving prevalence samples of size n = 1000, we now conducted
10,000 studies each with a sample size n = 1000. The observed sample prevalence
from each of these studies is an observation from the binomial model for the sam-
pling variability P, as specified by the probability function fp(p). Figure 1.4 shows
a histogram of how the observed prevalence values vary from study to study. Also
shown is the expected number of studies within each range of sample prevalence
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Histogram of observed sample prevalence in 10,000 samples, and the number ex-
pected using the large sample normal approximation
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values, according to the normal approximation. It can be seen that the normal ap-
proximation, arising from the Central Limit Theorem, does indeed provide a good
approximation for the distribution of the sample prevalence. As alluded to earlier,
large sample normal approximations such as this will form the basis of many of the
statistical inference methods that we discuss in subsequent chapters.

Exercises

1. In this exercise we will carry out probability calculations for the normal distri-
bution. You will need a way of evaluating the standard normal cumulative distri-
bution function ®(z). One way to do this is using the R computing environment
described in Appendix 2, using the command pnorm (z) .

(a) For a standard normal random variable Z 4 N(0, 1), calculate the probabili-
ties Pr(Z < —2) and Pr(Z > 1). Hence give the probability Pr(—2 < Z < 1).

(b) Plot the function ®(z) and mark areas corresponding to each of the three
probabilities from part (a).

(c) Repeat part (a) for the N(1,5) and N(—1,5) distributions, after first convert-
ing the required probability statements into statements about the standard
normal distribution.

(d) Fory £ N(5,2.5) calculate the probability Pr(4.5 <Y <5.5). As in part (c),
first convert this probability statement into a statement about the standard
normal distribution.

(e) Repeat part (d) for Y 4 N(5,5).

(f) With the aid of a graph, explain why your answer to part (d) is greater than
your answer to part (e).

2. In this exercise we will carry out probability calculations for the binomial and
Poisson distributions. These calculations can be carried out directly using the
probability functions provided in Appendix 1, or using the dbinom and dpois
functions in R.

(a) ForY £ Bin(10,0.5) calculate the probability Pr(Y = 5). Comment on the
result in relation to Exercise 1(d).

(b) ForY £ Pois(5) calculate the probability Pr(Y = 5). Comment on the result
in relation to Exercise 1(e).

(c) Show that if a binomial distribution and a Poisson distribution have the
same mean, then the Poisson distribution has greater variance.

(d) Plot the probability functions of the Bin(10,0.5) and Pois(5) distributions
and comment on the results in relation to part (c).
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3. In Table 1.2 we calculated the probability distribution of the random variable 7,
the number infected in a sample of size two, based on the first assignment of
event probabilities from Table 1.1.

(a) Repeat the probability distribution calculations in Table 1.2 using the sec-
ond assignment of probabilities from Table 1.1.

(b) Based on the probability distribution from part (a), calculate the mean and
the variance of 7.

(c) Show that T has a Bin(2,0.55) distribution, by evaluating the probability
function of this distribution.

(d) Use the properties of the binomial distribution to state the mean and vari-
ance of T directly, and confirm that these are consistent with the calcula-
tions in part (b).

4. Consider Example 1.4, in which we studied T from Exercise 3 above, as well as
T) and 7>, the infection statuses of the first and second individuals in the sample,
respectively. In Example 1.4 we used the first probability assignment from Table
1.1. In this exercise we will use the second probability assignment from Table
1.1.

(a) Write down Pr(&) = Pr(T = 1), Pr(&) = Pr(Ty = 1) and Pr(&) =
PI‘(TQ = 1)

(b) Show that & and &, are independent events.
(c) Show that &) and &) are not independent events.

(d) Evaluate the joint probability function fr, 7, (¢1,72) for the four possible
combinations of r; =0, 1 and #, = 0, 1. Hence show that 7} and 75 are inde-
pendent random variables.

5. In this exercise you will need a way to simulate normally distributed observa-
tions. One way to do this is using the rnorm function in R, which is described in
Appendix 2.

(a) Simulate a random sample of size n = 20 from the standard normal distri-
bution and calculate the sample mean. If you are using R you can do this
with the single command mean (rnorm(20) ).

(b) Repeat your simulation from part (a) until you have 10 simulated sample
means. Mark your simulated sample means on a graph analogous to Figure
1.3.

(c) Repeat part (b) for n = 100, n = 1000 and n = 10,000. For each collec-
tion of 10 simulations, mark your simulations on the graph from part (b),
similarly to Figure 1.3.

(d) What does your graph say about sampling variability? Explain your obser-
vation with reference to the Law of Large Numbers.
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(e) Write down a theoretical expression for Var(Z,), where Z, is the sample
mean from a random sample of n standard normal random variables. Ex-
plain how this theoretical expression concords with your simulation results.

6. In this exercise we consider disease incidence studies. Whereas prevalence stud-
ies allow assessment of the extent of existing disease, incidence studies assess
the rate of occurrence of new cases of disease. Rather than the cross-sectional
sampling scheme used in prevalence samples, the sampling scheme in an inci-
dence study is generally prospective. That is, a cohort of individuals is followed
over time, and new cases of disease are recorded. The incidence rate is the rate
of occurrence of new cases of disease per unit of time per individual.

We will use the following notation. Let n be the total number of individuals and
let X be the number of individuals who experience onset of the disease during
the observation period, also called the follow-up period. Let F; be the number of
years that individual i is followed for, with F =}, F; being the aggregate number
of years that the cohort is followed for. The n individuals are therefore followed
for an average of A = F'/n years, and we say that the cohort has been followed for
F person-years. The rate of occurrence of new cases of disease per year of follow-
up will be labelled A, and we will call this the population incidence rate. Thus,
the expected number of new disease events is E(X) = AF. This exercise will
make use of the simulation function inc.sim for the R computing environment,
as described in Appendix 2.

(a) Suppose that X has a Poisson distribution. Write down the probability func-
tion for X.

(b) We will call R =X /F the sample incidence rate. Using part (a), write down
the probability function of R.

(c) Using properties of the Poisson distribution, and properties of expectations
and variances, write down E(R) and Var(R).

(d) Explain why the sample incidence rate R is a sensible estimate of the pop-
ulation incidence rate A. Explain why the sampling variability of R will be
smaller when the total follow-up F is larger.

(e) The Poisson distribution can be approximated by the normal distribution
when its mean is large. Write down a normal approximation to the proba-
bility distribution of R, after first writing down a normal approximation to
the distribution of X.

(f) Use the simulation function inc.sim described in Appendix 2 to carry out
10,000 simulations of R based on Poisson sampling, assuming that the pop-
ulation incidence rate is 15 events per 1000 years of follow-up, and we
follow 350 individuals for an average of 5 years. Using these simulations,
verify that the probability distribution of R is approximately normal using
a histogram.
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7. In Section 1.6 we wrote down the bivariate normal joint probability density func-
tion, fx y (x,y) = fx(x), associated with bivariate normal random variables X and
Y.

(a) By expanding the term (x — pt)TE ! (x — i) that appears in the joint density
function, express the joint density function in terms of x and y. You will
need to review the definition of a matrix inverse for a 2 x 2 matrix.

(b) Suppose now that X and Y are two independent normal random variables.
Write down the joint probability density function and the joint cumulative
distribution function of X and Y. Use the notation ®(z) for the standard
normal cumulative distribution function.

(c) By simplifying the function from part (a), write down fx y(x,y) when
p = 0. Hence, using part (b), show that when p = 0 then X and Y are
independent. This is a special property of the bivariate normal distribution,
and in general it is not true that zero correlation implies independence.
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Estimation concepts

In this chapter we build on our previous discussion of sampling from a population
to obtain information about that population. We discuss in more detail the concept
of a statistical model for a random sample, which is a probability distribution that
depends on characteristics of the population and the way in which we took our sam-
ple from the population. The focus of the chapter is estimation of unknown quantities
associated with this probability distribution, called parameters, which represent char-
acteristics of interest within the population. We limit our discussion in this chapter
to properties of given estimation procedures and criteria for assessing their useful-
ness. In subsequent chapters we will broaden this to discuss general methods for
deriving estimation procedures, and for drawing inferences about the unknown pa-
rameters. The concepts are briefly illustrated using our disease prevalence example
from Chapter 1, and are then exemplified in greater detail using an extended example
on modelling a continuous risk factor.

2.1 Statistical models

We have seen that statistical inference involves an observed sample, usually referred
to as the data, which is assumed to have arisen through a process of random sampling
from a population of interest. The population is considered to be unobservable in its
entirety, for example because it is too large, and the primary concern is to use the
observed sample to gain information about the unobservable population. In Chap-
ter 1 we discussed a number of ways in which samples are commonly obtained in
biostatistical applications. We also discussed the broader interpretation of a random
sample that is required when our data did not arise by literally sampling individuals
at random from a population.

With those basic concepts in hand, the next step is to understand how we use the
observed data to draw inferences about the unobservable population. Our inference
process begins with a statistical model which describes the potential outcomes of our
random sampling process. Formally, a statistical model involves viewing the sample
y as being the observed value of a random variable Y. Less formally, this means that
the data can be thought of as arising from a process that could give rise to a wide
range of possible values, whose distribution can be characterised using probabilities.
The statistical model specifies the probability distribution that the random variable

35
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Y is assumed to follow, which will be a continuous probability density function for
a continuous outcome, or a discrete probability function for a discrete outcome. We
will denote both of these by fy (y), which specifies the distribution of the sample.

The probability distribution fy(y), which provides the model for our data, de-
pends on both the characteristics of the population that we are interested in, as well
as the way in which we took our sample from the population. Importantly, because
we lack complete knowledge of the population, the distribution of Y is not completely
known. Statistical inference is concerned with using y to make inferences about the
unknown aspects of fy(y), and hence about the population of interest.

The observed sample y will usually be a composite entity, not a single obser-
vation. Typically it will be a vector of observations, y = (y1,...,yn), which is the
observed value of a vector of random variables ¥ = (¥1,...,Y,). Often in biostatis-
tics these observations are from n different individuals, in which case it is usually
assumed that Y7, ..., Y, are independent random variables. This simplifies our model,
because it means that fy (y) depends only on the distributions associated with each
individual, f;(y;). In particular, it means the joint probability distribution fy (y) will
take the simplified form

f ( ) fl(yl)fZ(y2 fn yn Hfl yl

Most of the examples that we discuss in this book will be for situations where the
observations come from independent random variables. When this assumption is not
reasonable, such as when there are multiple observations on each individual, a more
complex probability model will be needed that incorporates dependencies between
the observations in our sample. Although a detailed study of such models goes be-
yond the scope of this book, many of the general inference methods that we will
discuss continue to be applicable for more complex models and so they provide a
precursor to the study of more advance methods.

Before illustrating the concept of a statistical model using a concrete example,
we highlight a very important class of models that will primarily occupy us in this
book.

2.2 Parametric models

A large part of statistical inference is concerned with statistical models that assume
the distribution of our sample Y takes a particular form that is assumed known ex-
cept for a small number of fixed unknown constants, called parameters. Once these
parameters are specified the full distribution of the sample is specified. This is re-
ferred to as a parametric model. Using parametric models, statistical inference re-
duces to estimating and testing hypotheses about the unknown parameters, which
usually represent important unknown characteristics of the population that the sam-
ple was taken from. To denote the dependence of our model on the parameters, we
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use the notation fy (y; 6), where 6 may be a single parameter or a vector of parame-
ters @ = (0y,...,6,). The set of all possible values for the parameter 6 is called the
parameter space. The set of all possible values for the observed sample y is called
the sample space, a term that we introduced in the context of probability in Chapter
1.

For concreteness and ease of presentation, this chapter will assume that there
is just a single parameter, unless otherwise stated. This means that 6 is a one-
dimensional quantity. However, all of the concepts we discuss in this chapter also
have relevance when 0 is a vector. We will briefly illustrate this in the extended ex-
ample at the end of this chapter, and then in Chapter 4 we will fully generalise our
discussion to a multiple parameter context.

Example 2.1 Consider the prevalence sample that we discussed in the examples
from Chapter 1. In this case there was a single parameter 6, the unknown prevalence
of the disease in the population, and the parameter space is the interval [0, 1]. The
parameter 0 can be interpreted as the prevalence that we would observe if we were
able to study an infinitely large sample of individuals. The sample consists of n ob-
servations y = (y1,...,yn) Where y; = 1 if individual i has the disease, and y; = 0 if
individual i does not have the disease. Assuming that our random sample has been
taken such that all individuals in the population have the same probability of being
sampled, then the probability function for the observation from individual i is

fi(is0) =Pr(Yi=y;) = 6"(1-6)'" 3 =0,1.

This leads to the following model for the complete sample
fr(v:6)=Pr(Y =y) =]]6" (1 -6)' "
i=1

It is important to remember that this model is based on the assumption that all indi-
viduals have equal probability of being sampled, and we would need to use a different
model if this was not true. Most of the examples in this book will be based on this
assumption, but in Section 1.8 we discussed some of the consequences of taking our
sample in other ways. Notice also that the above model does not have the same form
as the distribution we used to model the prevalence sample in Chapter 1. There we
condensed the sample down to a single random variable 7 =)\, ¥; with observed
value t =)/ | y; representing the total number of individuals in the sample that have
the disease. We then modelled this single random variable using the binomial proba-
bility model
n!

(n—1)'r!

These two approaches turn out to be equivalent, and the condensing of our sample
from a vector down to a sum introduces us to the idea of data reduction, which takes
a central place in statistical inference and will be discussed in the next section.

fT(t;e):Pr(th)z et(l—e)"",
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2.3 Statistics and data reduction

Any function of our sample that does not depend on 6, say T(Y), is referred to as a
statistic, and is itself a random variable. By this we mean any quantity or quantities
that can be calculated from Y. The observed value of the random variable, t = T (y),
is referred to as the observed sample value of the statistic. One example of a statistic
is the sum of the individual observations 7'(Y) = ¥, ¥;, while another example is
the sum of the squares of the observations T'(Y) = Y7, Yiz. Because a statistic is a
function of the sample, the distribution of the sample determines the distribution of
the statistic, and this distribution will depend on the parameter 6. Thus, it will be
possible, and in some cases more convenient, to base our inference about 8 on the
distribution of the statistic, fr(¢; 6), rather than the distribution of the entire sample,
Sy (y;0). This is what we did in Example 2.1 and Chapter 1 by using the binomial
model for the sum of the individual observations. Note that a statistic can potentially
be a vector, for example T(Y) = (Y, ¥;, Y7, Y7).

The use of a statistic as the basis of our inference corresponds to data reduction
in the sense that it is not necessary to know the complete sample to carry out our
inferences. This leads to a natural question: to what extent has important information
been lost by reducing our sample down to a statistic? In Chapter 3 we will study
this question in more detail and discuss how we can know whether a statistic is
“sufficient” for conveying all the available information in the sample. However, for
now we assume that nothing important has been lost by reducing our sample down
to a statistic, and focus on the use of sample statistics as the basis for estimating the
unknown parameters of our model.

2.4 Estimators and estimates

The fundamental problem in statistical estimation is to choose a value for the param-
eter O that is close to the true unknown value. The value that we choose will be based
on the observed sample y and is called an estimate for 6. For any given approach to
calculating an estimate of 0, our goal is to study the statistical properties of the ap-
proach, for example its behaviour on average. By describing the statistical properties
of the estimation procedure, we are able to assess whether the procedure is useful, for
example, whether it is likely to produce an estimate that is close to the true parameter
value. To this end, we consider an estimate to be the observed value of a particular
statistic, which we call an estimator. The probability distribution of the estimator,
called the sampling distribution, gives us information on how the estimator behaves
in repeated samples from the same population. This allows us to assess whether the
estimator is useful for producing an estimate of 6. For example, it would make sense
to require, at a minimum, that the mean of the distribution of our estimator is close
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to the true value of 0, so that on average over a large number of studies, we know
that our estimate will be close to 0.

In order to consider more clearly the distinction between an estimator and an
estimate, recall that the observed sample y is regarded as the observed value of a
random variable Y. The estimate of 6, which we will write as é, is a function of
the observed sample, so that 6= O(y), for some function @. On the other hand, the
estimator, which we will write as @, is a function of the random variable Y, so that
® = O(Y). Thus, the estimator is a statistic, and the estimate is the observed value of
this statistic, or the sample value of the statistic. The distribution of ®, the sampling
distribution, is the distribution that we are interested in for describing the properties
of the estimator.

As a specific example of this notation for distinguishing between parameters,
estimates and estimators, consider a population mean t, which might be estimated
by the sample mean y. Then u is the parameter and y is the estimate. Furthermore,
the estimate ¥ is considered to be the observed value of a random variable Y, which
is the estimator. This leads to the notational correspondence

0=u 0=y 0=Y.

We will return to this estimation context in greater detail in the extended example.
For now, however, we will look at an example of estimates and estimators in our
familiar binomial prevalence sampling problem, before going on to discuss in detail
the types of properties that useful estimators should possess.

Example 2.2 Using the notation of our prevalence example, the observed sample
reduces to the observed number of individuals y who have the disease, and this is
modelled as the observed value of a random variable Y that has a Bin(n, 8) distribu-
tion. For a particular sample, the estimate of 6 is

Thus, in a particular sample, say with 121 diseased individuals out of 1000, the es-
timate takes on a specific value, say 0.121. This value is the observed value of a
random variable, the estimator of 0, which is

A Y
O=P=—.
n

In the hypothetical repeated sampling that underlies the statistical model, this random

variable has a probability distribution, or sampling distribution, that we specified in
Chapter 1.
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2.5 Properties of estimators

The first quantity of interest associated with the distribution of the estimator @ is its
mean, or expectation, E(@) Ideally, this should be equal to the true parameter value
6, or at least be quite close to this value. When E(©) = 6 we say that © is an unbi-
ased estimator of 0. If an estimator is unbiased then it has no systematic tendency
to under- or over-estimate the unknown parameter value. If it is not unbiased then we
refer to it as a biased estimator. The quantity

Bias(®) =E(®) — 6

is referred to as the bias of the estimator. Thus, unbiased estimators have a bias of
zero. While unbiasedness is clearly a desirable property of estimators, in practice
we often tolerate estimators that have a small bias, particularly if they have other
desirable properties.

The property of unbiasedness is concerned with the average value of the estima-
tor. A second property of interest is the variability of the estimator, which can be
quantified by its variance. In fact, for reasons that will become apparent when we
talk about confidence intervals later in the chapter, we often focus on the square root
of an estimator’s variance, called the standard error

SE(6) =/ Var(®).

A desirable property of an estimator is that it has a “small” standard error, as this in-
dicates that the estimator does not vary very much. In particular, if a small standard
error is combined with unbiasedness then the estimator will tend to take values that
are close to 6. If we had to make a choice between two competing unbiased estima-
tors in order to calculate an estimate of 0, then we would choose the one with the
smallest variance, or equivalently the smallest standard error. This suggests a numer-
ical way of comparing different unbiased estimators. Given two different unbiased
estimators of 0, @1 and @2, the efficiency of @1 relative to @2 is

A Var(©®
Bff(6,,6,) — Yar(©2),
Var(®)
Thus, if Eff(@l ,@2) > 1 then ©; would be preferred to 0,.

An important result in theoretical statistics tells us that there is a limit to how well
an unbiased estimator can perform in terms of variability. For any unbiased estimator

®’
2

. d !

Var(©) 2 1(0) ! = k| g og iy (v:0)|
This is called the minimum variance bound (or the Cramér-Rao bound) and it
gives a lower limit for the variance of an unbiased estimator. In words, it states that
the variance of an unbiased estimator is no smaller than the negative of the inverse
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of the expectation of the second derivative of the log of the probability (density)
function of the sample. Any unbiased estimator with a variance that attains this bound
is the least variable of all unbiased estimators, and is said to be efficient.

As noted above, we do not always restrict ourselves to unbiased estimators. How-
ever, if we wish to compare estimators that may be biased, then we need to take into
account both the magnitude of the bias, as well as the magnitude of the variability. A
simultaneous measure of both the bias and variability of an estimator is provided by
the mean squared error

MSE(®) =E[(® - 0)?] = Bias(©)* + Var(®).
This leads to an alternative measure of efficiency for comparing estimators

~ MSE(©,)

Eff(0;,0,) = ———=~.
(©1,07) MSE(®))

If either of the estimators is biased then this measure of efficiency is preferable to
the one introduced previously, because it will penalise an estimator if it has a large
bias or a large variance or both. Notice that for an unbiased estimator the MSE and
the variance are identical, so that the two measures of efficiency are identical if the
estimators being compared are unbiased.

An important point to realise is that the quantities Bias(®), SE(®) and
Eff((:)l,(:)z), can potentially depend on the value of the parameter 6. This means
that the properties of an estimator may depend on the value of the parameter, and an
estimator may have more desirable properties for some values of the parameter than
for others.

Example 2.3 Returning to our prevalence example, recall that the mean of a
Bin(n, ) distribution is n6. Therefore the mean of our estimator ® = P is

A no
E(®)=—=0.
(@) ="
This means that our estimator in this example is an unbiased estimator of the un-
known parameter. Since the variance of a Bin(n,0) distribution is n6(1 — 0), the
variance of our estimator is
nb(1—-6) 6(1—0)

Var(0) = p =—

Notice that this variance, and hence the standard error of our estimator, depends on
the value of 6. This means that the estimator is more variable for some values of
0 than for others. In fact, it can be shown that this estimator is most variable when
6 = 0.5, and least variable when 6 is close to O or 1. Thus, its efficiency relative to
some other possible estimator may also depend on the value of 0. In this example we
will not compare our estimator with any other estimators in terms of efficiency, but
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this will be taken up in the extended example and the exercises later in the chapter.
Howeyver, notice that

+ = Var(0),

02 (1—6) n

~1
Y n—Y o(1—-o
1(9)—1:15[ 2] :g
meaning that our estimator in this example attains the minimum variance bound and
is therefore the most efficient of all unbiased estimators. Notice also that as the sam-
ple size n becomes larger, the variance of our estimator becomes smaller, and will
approach zero. This is an important property of an estimator and will now be dis-

cussed further.

2.6 Large sample properties

Much of statistical inference is based on large sample, or asymptotic, properties of
estimation and testing procedures, which usually simplifies the study of such pro-
cedures. By large sample properties, we mean characteristics of the procedure that
apply when the sample size tends to infinity. In practice of course we never have
“infinite” sample size, but if the sample size is “large” then the asymptotic results
will often provide an adequate approximation for our finite sample size. With this in
mind we consider a number of large sample properties of estimators.

An essential property of a useful estimator is that as the sample size tends to in-
finity the estimate should be close to the true parameter value, eventually becoming
identical to this value. This intuitive notion reflects an important statistical property
of estimators that is referred to as consistency. An estimator @ is said to be a consis-
tent estimator of a parameter 6 if ® converges in probability to 6, written

020 asn —» oo,

Convergence in probability, which was introduced in Chapter 1, means that no matter
how strictly we define “close”, the probability of the estimator being close to the
parameter value converges to 1 as the sample size tends to infinity. In other words,
for any € > 0 no matter how small,

Pr(|@—9|<£)—>l as n — oo,

The above discussion provides a precise probabilistic definition of a consistent
estimator. In practice, however, we often make use of more convenient conditions
that are easier to verify and that guarantee the above definition of consistency is met.
Consider the following two properties of an estimator © as the sample size n becomes
large:

limE(®) = 0 and lirgVar((:)) =0.

n—o0 n—

These two properties are highly desirable properties of estimators and help to rein-
force what is meant by consistency. Firstly, observe that although these conditions
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do not require that an estimator be unbiased, they do require that in large samples
it becomes unbiased, sometimes referred to as asymptotically unbiased. Secondly,
observe that these conditions imply that in large samples the variability of the es-
timator diminishes until it eventually disappears. Thus, when taken together, these
conditions would seem to say that the estimator will eventually coincide exactly with
the true parameter value in large samples. In fact, it is a theorem of probability theory
that if these two conditions hold then the above definition of consistency is met.

Consistency is important from the point of view of estimation of the unknown
parameter, however, inferences about the parameter require the probability distribu-
tion of the estimator. While this distribution is usually quite complicated, often it is
the case that in large samples the distribution of an estimator can be approximated
by a normal distribution. This large sample normality greatly simplifies the process
of making inferences about the parameter. For estimators that can be expressed as a
mean, large sample normality follows from the Central Limit Theorem discussed in
Chapter 1, which implies that the distribution of a mean is approximately normal in
large samples. In fact, as we will discuss in Chapter 4, large sample normality applies
much more broadly than this. In practice, a wide range of important estimators, many
of which cannot be expressed as a mean, satisfy large sample normality.

Formally, large sample normality can be expressed using the probabilistic con-
cepts of convergence in distribution and asymptotic normality. A consistent estimator
Oofa parameter 8, is defined to have an asymptotic normal distribution if

A

®—

0
\/V(0)/n

for some quantity V(0). Convergence in distribution, specified by the notation i),
has a precise probabilistic meaning that we introduced in Chapter 1. In this case it
means that the cumulative distribution function of the left-hand side converges to the
cumulative distribution function of a standard normal random variable. For practical
purposes, when a consistent estimator has an asymptotic normal distribution we can
use this probabilistic interpretation to provide an approximate distribution in large
samples, as we now describe.

In practice, asymptotic normality means that in large samples an estimator O will
have a distribution that is approximately normal with mean 6 and variance V (0)/n,
denoted

L>N(O,l) asn—» oo

@éN(G,w> for large n.
n

As long as we can identity the form of V(0), large sample normality simplifies and
unifies our approach to conducting inferences about the unknown parameter 6. In
the next section we will describe how it can be used for the construction of confi-
dence intervals, and in later chapters we will describe how it can be used for testing
hypotheses about 0.

In Section 2.5 we discussed the minimum variance bound, which provides the
smallest possible variance of an unbiased estimator. This result is also relevant for
biased estimators in large samples, in that any estimator that is consistent and has an
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asymptotic variance that satisfies this lower bound has the smallest possible asymp-
totic variance. We refer to such estimators as asymptotically efficient. For consistent
estimators, the quantity
—1
lim 16) A
n—es Var(©®)
is referred to as the asymptotic efficiency. Clearly, an asymptotically efficient esti-
mator has an asymptotic efficiency of 1, and is the best estimator in large samples.
As noted at the beginning of this chapter, for ease of presentation we have been
assuming that we have just one parameter. In practice we may have more than one
parameter, as exemplified in the extended example later in this chapter. When there
is more than one parameter then analogous properties hold, however, the asymptotic
variance becomes an asymptotic variance-covariance matrix, and the lower bound
for the asymptotic variance involves taking a matrix inverse rather than a reciprocal.
We will not discuss this further here, but will return to it in Chapter 4.

Example 2.4 In Example 2.3 we noted that the prevalence estimator ® = P is unbi-
ased and has a variance that approaches zero as the sample size approaches infinity.
Thus, ® = P is a consistent estimator of the population prevalence 6, and eventu-
ally coincides with the population prevalence as the sample size approaches infinity.
We also saw in Example 2.3 that the prevalence estimator is an efficient estimator,
in the sense that it attains the minimum variance bound. Clearly then, it will also
be asymptotically efficient. Furthermore, as discussed in Chapter 1 and Example
2.3, the Central Limit Theorem implies that ® has an asymptotic normal distribu-
tion with V() = 6(1 — 0). That is, the distribution of ® can be approximated by a
N(6,6(1 — 0)/n) distribution when n is large.

2.7 Interval estimation

The observed value § of the estimator provides a single best value with which to
estimate the unknown parameter 6, and is referred to as a point estimate. However,
for more detailed inference about 0 we require more than a single point estimate.
We have already discussed the notion of estimator variability as a measure of the
accuracy of an estimator. In this section we extend the use of estimator variability,
as measured by the standard error, to provide us with an interval of parameter values
that are in some sense “supported” by the sample. This allows us to conduct more
detailed inference than a single point estimate would allow, and gives us information
about the level of trust we should place in the point estimate.

From an intuitive point of view, an interval estimate is a range of parameter val-
ues within which we are “confident” that the true unknown value of 6 lies. Another
way of thinking about it is that the interval estimate includes all those parameter val-
ues that we would consider plausible, based on what we have observed in the sample.
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The point estimate is in some sense the most plausible value, but the interval estimate
contains a range of values that are also plausible.

This leads us to the concept of a confidence interval, which is the most com-
mon type of interval estimate. To define a confidence interval we first need to specify
a confidence level, which expresses the extent of confidence that we wish to asso-
ciate with our interval estimate. Often the confidence level is chosen to be 95%, but
more generally we can specify the confidence level as 100(1 — ot)%. Thus, different
choices of o will produce different confidence levels, with o = 0.05 corresponding
t0 95%.

Having specified the confidence level by choosing a, a 100(1 — ¢&¢)% confidence
interval is then defined as any interval [g(y),h(y)] where g and / are statistics that
satisfy

Prig(Y) <O <h(Y)]=1-o.

Here the probability statement is made using the distribution of our sample Y.

We will return to the interpretation of a confidence interval in the next section,
and discuss a common misinterpretation. However, before this we need to address the
question of how to determine g and h, which are required to calculate the confidence
interval. While there are a variety of ways to do this, it is most straightforward when
our estimator is normally distributed, or is asymptotically normally distributed and
the sample size is large. In this case,

& £ N(6,SE(0)?)

and the properties of the normal distribution lead to
Prl®—z;_¢»xSE(0)<0<0O+z_4,xSE@O)|=1-0a

where z, is the x—percentile of the standard normal distribution. This would appear
to provide us with a way of calculating a confidence interval, since the probability
statement seems to be of the same form as that used above to define a confidence
interval. However, in practice a complication arises from the fact that SE(®) may
depend on 6, whereas the quantities g and % are statistics that depend only on the
sample. This can be overcome by defining an observed version of the standard error,
called the estimated standard error se(6), which is the value of SE(®) when it is
evaluated at the sample estimate §. Then estimating SE(®) by se(8) in the above
probability statement leads to

Pr @—zl,a/z xse(f) <0< (:)—l—zl,a/z xse(f)| ~1—a
and an approximate 100(1 — a)% confidence interval can be calculated as

6 F21_g/2 ¥ se(0).

The form of the above confidence interval shows the important role that the stan-
dard error plays in determining our range of plausible parameter values. In particular,
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TABLE 2.1
95% confidence intervals for the population
prevalence (%)

p n=100 n=1000 n= 10000

0.05 0.7-93 36-64 4.6-54

0.10 41-159 81-119 94-10.6
0.25 16.5-335 223-27.7 242-258
0.50 40.2-59.8 46.9-53.1 49.0-51.0

a smaller standard error will produce a narrower confidence interval, so more effi-
cient estimators will tend to produce narrower confidence intervals. Furthermore, as
we shall see in the next example, because the standard error decreases as the sample
size increases, larger sample sizes also tend to produce narrower confidence intervals.

Example 2.5 From our discussion in Example 2.4, we know that the prevalence
estimator ® = P =Y /n has an asymptotic normal distribution with mean equal to
the population prevalence 6, and variance equal to (1 — 0)/n. We can therefore use
the normal distribution to calculate our confidence interval, assuming that we have
a “large” sample. However, as alluded to above, the standard error of our estimator,
SE(®) = \/6(1 —0)/n, depends on the parameter we are trying to estimate and
therefore cannot be evaluated. We therefore need to approximate it by the estimated

standard error, se(0) = /p(1 — p)/n, where 6 = p = y/n is our sample estimate.
Having done this we arrive at the 95% confidence interval

p+1.96y/p(1—p)/n.

Thus, if our prevalence sample consists of n = 1000 individuals, of whom y = 121
have the disease, then p = 0.121 and a 95% confidence interval for the population
prevalence 6 is the interval from 10.1% to 14.1%. Table 2.1 shows how our 95%
confidence interval would vary for different values of the sample prevalence and
different sample sizes. The first point to notice is that, for any given value of p, the
width of the confidence interval decreases as the sample size increases. This reflects
the fact that we have more confidence in the sample prevalence if it is obtained from
a larger sample. The second point to notice is that for any given sample size, the
confidence interval is narrower for values of p that are further away from 0.5. This
reflects the fact that the standard error depends on the prevalence, and is consistent
with our discussion in Example 2.3.

An important assumption of these confidence interval calculations is that the sam-
ple is large enough for the normal approximation to the binomial distribution to be
accurate. A common rule of thumb for defining “large” in the present context is
n > 20/ p, which is satisfied by the calculations displayed in Table 2.1. If the normal
approximation is not accurate, then more complicated methods are needed based on
the exact binomial distribution. In Chapter 8 we will touch on these exact methods of
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inference and return to this example to see how the approximate and exact methods
compare.

2.8 Coverage probability

Although confidence intervals have a non-rigorous interpretation as a range of plau-
sible parameter values, their formal definition is often more difficult to understand.
Under the frequentist interpretation of probability, to correctly interpret a confidence
interval one needs to imagine a hypothetical scenario in which we repeatedly take
random samples from the population of interest. Each of these hypothetical repeated
samples needs to be an identical replication of the random sampling process we used
in our original observed sample. If we were to undertake this hypothetical sam-
pling a large number of times, then our confidence interval definition implies that
100(1 — ¢¢)% of our samples will have confidence intervals that cover the true pa-
rameter value 6. That is, a confidence interval is a range of values that has been
calculated in such a way that if the calculation is repeated on a large number of sam-
ples, the percentage of confidence intervals that cover the true parameter value will
be equal to the desired confidence level.

The percentage of repeated samples that have confidence intervals covering the
true parameter value is referred to as the coverage probability. For a valid confi-
dence interval, the coverage probability should be equal to the desired confidence
level. By choosing a high coverage probability, or equivalently a high confidence
level, we then have a justification for using the confidence interval as an interval
estimate. In particular, since we know the procedure will lead to an interval that cov-
ers the true parameter value in most samples (for example 95% of samples), we can
therefore be confident that it includes the true parameter value when applied to our
particular sample. In the next example we will illustrate the concept of a coverage
probability, which underlies a rigorous understanding of a confidence interval.

Example 2.6 To illustrate the concept of a coverage probability, suppose that a
prevalence sample of size n = 1000 is taken from a population with prevalence
6 = 0.15. The coverage probability describes how the confidence interval will be-
have in repeated sampling from this population. Figure 2.1 plots the 95% confidence
intervals for 10 such repeated samples, each of size n = 1000. It is seen that for some
samples the 95% confidence interval contains the population prevalence while for
others it does not. In this case 8 out of 10 studies yielded a confidence interval that
covers the true population prevalence of 15%. In the long run, if we repeated this
sampling a very large number of times, 95% of samples would lead to a confidence
interval that covers the population prevalence. In other words, the coverage proba-
bility is 0.95. As in Example 2.5, an important assumption here is that the normal
approximation is accurate, which it is in this case. If it were not, then the actual
coverage probability might not be 0.95. This would mean that the 95% confidence
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interval is not behaving the way it is supposed to behave and an exact method that
does have a coverage probability of 0.95, such as that discussed in Chapter 8, should
be used.

A common misinterpretation of a confidence interval is that it is an interval within
which the population parameter value lies with probability 1 — . Using our disease
prevalence example in which we calculated a 95% confidence interval of 10.1% to
14.1%, this misinterpretation would involve claiming that “the probability that the
population prevalence is between 10.1% and 14.1% is 0.95”. From a frequentist per-
spective this is incorrect because the population prevalence is a fixed constant. Thus,
either it is between 10.1% and 14.1% or it is not, and the probability that it lies in this
interval is either 1 or O (we do not know which because the population prevalence
is unknown). In general, probability statements about parameters are not meaningful
within the frequentist paradigm. To correctly interpret a confidence interval we must
think in terms of a coverage probability in repeated samples, as described above.

The fact that the precise interpretation of a confidence interval is often misunder-
stood, leads some statisticians to prefer an alternative approach to interval estimation
which is based on Bayesian statistics. Under this approach, probability is interpreted
as a degree of belief rather than a long-run frequency, and it is valid to make prob-
ability statements with respect to parameters. Thus, a statement such as “the proba-
bility that the population prevalence lies in the range 10.1% to 14.1% is 0.95” makes
sense within the Bayesian paradigm, and reflects our degree of belief concerning the
population prevalence. Most of this book is concerned with the more widely used
frequentist approach, but we will provide a discussion of the Bayesian approach in
Chapter 7.

2.9 Towards hypothesis testing

By providing a range of supported values for the parameter, a confidence interval
also implicitly tells us which values are not supported by the sample — those values
that are not in the confidence interval. This means that confidence intervals provide
us with a way to make inferences about the parameter. For example, in Example 2.5,
if we had started with an hypothesis that the population prevalence 0 is no more than
5%, and we obtained a confidence interval ranging from 10.1% to 14.1%, we could
reject that hypothesis because values of 5% or less are not supported by the data. One
way of interpreting this is that the confidence interval contains all values 6, for which
we would not be prepared to reject the hypothesis 8 = 6y. Conversely, all values 8y
that are not contained in the confidence interval are values for which we would be
prepared to reject the hypothesis 8 = 6y. This illustrates the intimate relationship
between confidence intervals and hypothesis testing, and we will explore this further
in subsequent chapters.
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Sample prevalence and 95% confidence intervals for 10 samples of size 1000 from a
population with prevalence 15%
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2.10 Extended example

The objective of this extended example is to review the estimation concepts intro-
duced in this chapter. We will use the illustrative context of modelling a continuous
risk factor, cholesterol level, and compare different estimation approaches using con-
cepts such as bias and efficiency. Most of what we discuss will be based on a para-
metric model that assumes cholesterol level has a normal distribution. However, we
will go on to highlight the importance of choosing an estimator that is appropriate
for the particular parametric model being used, by considering similar comparisons
under the assumption that the risk factor has a non-normal distribution.

2.10.1 Modelling cholesterol levels

There are many reasons why it might be of interest to model a risk factor, such as
cholesterol level, in a particular population. As an example, suppose that we are in-
terested in designing a study that will compare two cholesterol-lowering treatments.
A typical design for such a study would involve screening potential participants and
enrolling those patients who have “high” cholesterol. If our study design involves en-
rolling 1000 participants with high cholesterol, then for resource planning we might
be interested in how many people we will need to screen to find 1000 people with
high cholesterol. This would require us to have information about the cholesterol
levels of people in the population that our screenees will be taken from, and in par-
ticular, the proportion of this population that has a cholesterol level in excess of the
cut-off that we define as “high”. For concreteness, suppose that we are specifically
concerned with answering the following question: how many people would we need
to screen to obtain 1000 people with high cholesterol, if “high” is defined as a level
exceeding the following, when measured in millimoles per litre (mmol/L): (a) 5.5;
(b) 6.0; () 6.5; or (d) 7.0?

We will return to this question at the end of this section to provide answers.
Before we can do this, the first thing we need to do is develop a model for how
cholesterol level varies in the population from which we will screen our potential
participants. Figure 2.2 displays a sample of 100 cholesterol levels of people chosen
at random from the same population as those that will be screened for our future
cholesterol-lowering study. The first point to notice is that, at least visually, the nor-
mal distribution seems to be a reasonable model for the distribution of cholesterol
levels. There are more detailed ways of assessing whether a sample is approximately
normal, but for now suppose that we have decided to model the distribution of choles-
terol levels using the normal distribution. We will return to the importance of this
decision later in the example.

Based on the normal distribution, we now have a parametric model that says the
cholesterol level X of a randomly chosen person has probability density function

1 —u)?
i) = L ep{ LB
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where 8 = (1, 6?) is the (2-dimensional) parameter. Once we have estimated u and
o2 this distribution will be completely specified and we can answer our earlier ques-
tion. We therefore need to decide how best to estimate  and o2.

2.10.2 Estimating the parameters

Based on the normal model, our sample of n = 100 cholesterol levels Y = (V7,...,Y,)
has a joint probability density function

In subsequent chapters we will discuss how to use this joint distribution to motivate
estimators of the unknown parameters. For now, we simply note that an obvious
estimator of the population mean u is the sample mean Y. Based on the properties of
expectations and variances, it is straightforward to show that E(Y) = u and Var(Y) =
o2 /n. Furthermore, because sums of normal random variables are also normal, we
know that the sampling distribution of this estimator is

2
7$N<u,6—).
n

The first point to note in relation to this sampling distribution is that, for estimating
U, the estimator has the property of being unbiased. The second point to note is that
as n approaches infinity, the variance of the above normal distribution approaches 0.
Thus, the estimator Y is a consistent estimator of U, in that it will become closer and
closer and eventually coincide with u as n gets larger and larger. The next issue to
address is whether an alternative to Y might be a better estimator.

We will consider one alternative estimator, the sample median M. Unlike for the
sample mean, the exact sampling distribution of M is somewhat complicated. How-
ever, an important result from theoretical statistics tells us that the sample median
has an approximate normal distribution for large n

2

d ol
MffeN<u,—).

2n

The first point to note from this result is that the asymptotic distribution of M has
mean (. That is, M is asymptotically unbiased. The second point to note is that,
like for the sample mean, the variance of the sample median approaches 0 as the
sample size gets larger. Thus, like the sample mean, the sample median is a consistent
estimator of u and will eventually coincide with y as the sample size gets larger.
Since both of our prospective estimators satisfy the minimal condition of consistency,
the next step is to compare them based on their efficiency for estimating .

Although we have been focussing on estimating U, recall that there are two pa-
rameters in the normal distribution. The obvious estimator of the variance o7 is the
sample variance. We shall leave a study of this estimator to the exercises, where we
will compare it with other possible estimators of 2.
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2.10.3 Efficiency

Based on our definition of efficiency, and the variances of our estimators, the large
sample efficiency of the sample median relative to the sample mean is
- c?/n 2
Eff(M,Y) = o/ 1 =0.64.

Thus, the sample median is only 64% as efficient as the sample mean for estimating
U in large samples, and this would lead us to prefer the sample mean over the sam-
ple median, at least in large samples when the normal distribution is an appropriate
model. It is instructive to study this theoretical property empirically by considering
how the two estimators behave in repeated samples of cholesterol levels.

Suppose we were able to undertake a large number of studies where for each
study we sampled n = 100 people from the population and measured their choles-
terol level. This would lead to a large number of estimates of y based on the sample
mean and the sample median. A comparison of the collection of estimates based
on the sample mean, with the collection of estimates based on the sample median,
allows us to investigate the relative efficiency of the two estimators empirically. Fig-
ure 2.3 shows the simulated results of such a repeated series of studies, in this case
1000 such studies. It has been assumed in these simulations that the population mean
cholesterol level is 5.0 mmol/L and the population variance cholesterol level is 0.5
mmol/L. Figure 2.3 includes a histogram of the difference between the mean and the
median in each study, as well as boxplots showing the range of the mean and me-
dian, respectively. In the latter case, the box in the middle of the plot provides the
interquartile range and median of each set of estimates.

The first point to note from the histogram in Figure 2.3 is that the mean and the
median have a difference that averages approximately zero over the 1000 studies.
However, for individual studies the difference between the two estimates can range
anywhere from approximately —0.2 to +0.2. Based on the boxplots, the distribution
of both estimators looks fairly symmetric, which is consistent with our expectation
that the estimators have approximate normal distributions. Importantly, the range
over which the sample mean is spread is a little less than the range based on the
sample median, indicating greater accuracy of the sample mean. Indeed, the variance
of the 1000 estimates based on the sample mean is 0.0053 while the variance of the
1000 estimates based on the sample median is 0.0082. The ratio of these two vari-
ances, 0.0053/0.0082 = 0.65, provides an empirical approximation to the theoretical
efficiency that we derived above, and is quite close to the theoretical value 0.64.

Since our theoretical and simulation results indicate that the sample mean is a
preferred estimator to the sample median in the present context, the natural question
is whether there is another estimator that might be better than the sample mean. Based
on the joint distribution of our sample Y, displayed above, it is possible to show
that the variance of the sample mean is identical to the minimum variance bound
discussed in Section 2.5. That is, the asymptotic efficiency of the sample mean is
equal to 1, and no other consistent estimator can be more efficient than the sample
mean in large samples, when the distribution of our cholesterol levels is normal. In
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Histogram of the difference between the mean and the median in 1000 studies, and
boxplots showing the range, interquartile range and median of the two sets of esti-
mates
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fact, it can be shown that the sample mean has a variance that is identical to the
lower bound even in small samples, so there is no other unbiased estimator that has a
variance smaller than the sample mean for small or large samples. These claims will
be studied further in the exercises.

2.10.4 Standard errors and confidence intervals

The practical consequence of our choice of the sample mean over the sample median
as our estimator of the population mean cholesterol level u, is that our conclusion
about this population parameter will be more precise. In particular, suppose we adopt
as our estimate of the other parameter 62, the sample variance, 6> = s2_,. This is
studied and justified in more detail in the exercises. Then our estimate of standard

error when using the sample mean and sample median, respectively, will be

se(y) = S:l/;_ll and se(m) =s,_141/ 21

In the case of our sample of n = 100 cholesterol levels displayed in Figure 2.2,
where s2_; = 0.48, this leads to standard errors of 0.069 and 0.087. Thus, given
our observed estimates of y = 5.26 and m = 5.25, the corresponding 95% confidence
intervals for the population mean cholesterol level are

Sp—1

+1.96 = 5.12,5.40

y \/— ( ) )
m=+1.96s — = (5 08,5 2)
9 n—14/ Vo, 42).

Thus, while both methods lead to similar estimates in this sample, our confidence
concerning the range of plausible values for the population mean, as reflected in the
width of the confidence interval, is greater when using the sample mean.

Now that we have settled upon estimates of u and 62, we are in a position to
complete the task of estimating how many people we will need to screen to find 1000
people with high cholesterol. Based on the estimated distribution, N(5.26,0.48), the
probability that a randomly chosen person will have high cholesterol, where high
cholesterol is defined as a level in excess of ¢ mmol/L, is given by

c—fy c—5.26
! q’( 6 )_1 q’( 0.69 )

Thus, dividing 1000 by the above estimate for any assumed value of c, yields the
average number of people that will need to be screened and allows us to answer the
question we posed at the beginning of this example, as summarised in Table 2.2.
It can be seen that, while lower values of the cut-off for high cholesterol are likely
to lead to a feasible number of screenings, choosing higher values to define high
cholesterol would require extremely large numbers of patients to be screened and
may well be infeasible. Such information would be important to take into account in
designing the study that we described earlier.
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TABLE 2.2
Screenings to identify 1000 people with high
cholesterol (mmol/L)

Cut-point 5.5 6.0 6.5 7.0

Screenings 2,748 7,055 27,656 171,268

2.10.5 Departures from normality

In this example we used a histogram of our sample to motivate a model based on
the normal distribution. It is important to remember that our assessment of different
estimators relates to this particular model and may not hold for data that follow other
models. In particular, if the data come from a non-normal distribution, it is possible
that the sample median may perform as well or better than the sample mean. To see
an example of this consider a repeat of the simulation study in Figure 2.3, with the
exception that the cholesterol levels will be sampled from a non-normal distribution.
The non-normal distribution we shall use is one that models “outliers” in the data.
That is, we will assume that cholesterol levels in the population have the same nor-
mal distribution as was assumed for Figure 2.3, however, for k% of individuals the
cholesterol level is recorded incorrectly as an arbitrary value distributed randomly
between zero and 10 mmol/L (i.e. according to a uniform distribution). Since the
sample median is less sensitive to extreme values than the sample mean, it is plau-
sible that it may have better properties for such data. This is borne out in Table 2.3,
which shows the effect of such “contamination” of the normal distribution on the rel-
ative efficiency of the two estimators, for increasing values of k. Here, the efficiency
is the ratio of the variances of the sample mean to the sample median in a series of
1000 repeated studies of sample size 100.

The above example demonstrates that, while being superior when the cholesterol
levels are normally distributed, the sample mean becomes inferior to the sample me-
dian when observations arise that are extreme relative to the normal distribution.
It highlights the importance of identifying an appropriate model for the data, prior
to determining appropriate estimators of the unknown population parameters, and
demonstrates that an estimator that is optimal for one model may not retain its op-
timality if the assumed model is not satisfied. In this book we will often focus on
the performance of estimation and inference methods assuming that an appropriate
model has been identified. However, it should be remembered that identifying the
right model in the first place is not always easy and is a key aspect of applied bio-
statistics.
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TABLE 2.3
Simulated efficiency of the median relative to
the mean with contamination

Contamination 0% 1% 5% 10%

Efficiency 0.65 0.73 1.04 137

Exercises

1. In the extended example we focused on estimation of p, the population mean
cholesterol level. Now consider estimation of o2, the variance of cholesterol lev-
els in the population. The following are two possible estimators of 62, which are
alternative versions of the sample variance, and differ only by whether we divide
byn—1orn:
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(a) Show that Sﬁ is a biased estimator of 62.
(b) Show that S2_, is an unbiased estimator of 2.
(c) Is S asymptotically unbiased?

2. Consider another estimator of 62, based on the interquartile range of the sample.
Let Y<,») be the i" smallest observation in the sample, or the i" “order statistic”.

Then the following is an alternative estimator of o2,

1
R*= 13492 (Y(0.75m) — Y(o.zsn))z-

Note that if 0.257 or 0.75#n are not integers then we use the largest integers not
exceeding these numbers.

(a) What would be the advantage of using R? in preference to Sﬁ_l?
(b) What would be a potential disadvantage of using R>?

(¢) If Y is normally distributed then E(Y(,,)) — t+ 0P~ (p) as n — oo, where
0 < p < 1. In other words the expected value of the sample percentiles
converge to the population percentiles. Use this fact to show that R is an
asymptotically unbiased estimator of .
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For this exercise you will need to use the simulation function cnorm.sim de-
scribed in Appendix 2. Carry out a simulation of 1000 studies each involving
observation of the cholesterol level of n individuals, for n = 20, 50, 100 and 1000
(so 4000 studies will need to be simulated overall). Assume that the cholesterol
level in the population is normally distributed with mean 5.0 mmol/L and vari-
ance 0.5 mmol/L.

(a) Calculate the mean and variance of the sampling distribution of the estima-

tors R? and Sﬁfl, for each value of n.

(b) Calculate the efficiency of R? relative to S2_,, for each value of n.

n—1°
(c) Do R? and S2_, appear to be consistent estimators of 62? Give reasons.

(d) Which estimator would you prefer and why?

For this exercise you will need to do similar simulations as in Exercise 3, but with
the addition of some non-normal observations to the samples, as we discussed in
the extended example. For this exercise use a sample size of n = 100 for all
questions.

(a) Using the function cnorm. sim, carry out simulations identical to those in
Exercise 3, for n = 100, with the exception that for k% of the sample the
observation will be recorded incorrectly (for example due to laboratory er-
rors) and will be uniformly distributed between 0 and 10. Use k = 0%, 1%
and 5%. Based on your simulations, calculate the mean, variance and bias
of the two estimators for each value of k.

(b) Using the results from part (a), calculate the efficiency of the two estimators
for each value of k using (i) the variances and (ii) the mean squared errors.
Which measure of efficiency do you think is more appropriate?

(c) Draw conclusions about the relative merits of the two estimators assuming
that cholesterol levels in the population are normally distributed when (i)
measurements are always recorded correctly, and (ii) a small percentage of
measurements is recorded incorrectly (potentially producing small or large
outliers).

Suppose that cholesterol levels have a normal distribution and that the population
variance is known to be 62 = 1.

(a) Using the material in Sections 2.5 and 2.6, justify the claim made in Section
2.10.3 that the sample mean has the smallest possible asymptotic variance
of any consistent estimator.

(b) Is the sample mean the best possible unbiased estimator in small samples?
In a study of a new blood pressure lowering drug it was found that the mean

reduction in systolic blood pressure was y with a standard deviation of s,,_1, each
measured in millimetres of mercury (mmHg). Assume a parametric model for
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this sample in which the reduction in systolic blood pressure for each patient
has a normal distribution, N(u, 62). Consider the following two 95% confidence
intervals for the population mean reduction in systolic blood pressure on the drug

- Sn—1 — Sn—1
Y*+z0975—= and Y+, 10975——
NG Jn

Here, n is the sample size and the percentiles of the normal and #,_; distributions
are given by the following table:

n=10 n=20 n=40 n=80 n=160

20.975 196 196 196 196 196
10975 226 209 202 199 197

For this exercise you will need to use the simulation function cnorm.sim de-
scribed in Appendix 2.

(a) Which of the two confidence intervals will have the largest coverage prob-
ability (give reasons without any calculations)?

(b) Suppose that the population mean reduction in systolic blood pressure is
10 mmHg and that the population standard deviation of the reduction in
systolic blood pressure is 12 mmHg. Based on these assumptions about
the population, for each of the sample sizes in the table use the function
cnorm.sim to carry out a simulation of 1000 studies to obtain 1000 sim-
ulated sample means and sample variances. Use these simulated sample
means and sample variances to calculate the two confidence intervals for
each study. Hence estimate the coverage probability of each of the confi-
dence intervals. An example of the R commands needed to do these calcu-
lations is given in Appendix 2.

(c) Based on your results in part (b), summarise under what circumstances
the confidence intervals differ in their coverage probabilities, and which
confidence interval you would prefer.

(d) Suppose that in a particular study with a sample size of 20 patients treated
with the drug, we observed a sample mean reduction in systolic blood
pressure of 6.1 mmHg and a sample standard deviation reduction of 13.1
mmHg. Does this sample provide evidence that the drug reduces blood
pressure on average (give reasons)?

(e) The estimate y is the observed value of the estimator Y. What is the expec-
tation and variance of this estimator? Hence justify that the sample mean is
an unbiased and consistent estimator of the population mean.

7. Suppose that two independent random samples of size n; and n, observations
are selected from normal populations. Let Xj,...,X,, and Y7,...,Y,, be the two

random samples and suppose that X; 4 N(ui,0%) and ¥; 4 N(u2,02). Let S% and
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S? be the sample variances from the two samples, respectively, using the n — 1
version of the sample variance defined in Exercise 1. Consider the following two
possible estimators of the common variance 2

-1 2 1 2
S%:(m )Sx + (n2 —1)Sy and 2=
ni+ny—2

(8% +57)
s

(a) Show that both estimators are unbiased estimators of o2.

(b) Using the relationship between the (1) and standard normal distributions,
and properties of the x2(v) distribution, find Var($?) and Var(S3).

(c) Derive the efficiency of the estimator S% relative to the S%. When is the
relative efficiency equal to 1?

(d) Show that both estimators are consistent estimators of o2.

(e) Which estimator would you prefer?

Review the discussion of disease incidence estimation in the exercises from
Chapter 1. Recall the following notation: the sample cohort consists of n indi-
viduals of whom X experienced disease onset during the follow-up period; the
average follow-up is A = F /n years where F is the total person-years of follow-
up; A is the population incidence rate, that is, the rate of occurrence of new cases
of the disease. The estimator of the incidence rate is A = X /F (we called this R
in Chapter 1).

(a) Assuming that X has a Poisson distribution, show that A is an unbiased and
consistent estimator of A.

(b) Show that A attains the minimum variance bound for unbiased estimators
of 4.

(¢) Using the approximate normal distribution for A, write down SE(A) and its

~

estimate se(4).

(d) Suppose we observed 350 individuals for an average of 5 years, and in that
time 31 individuals developed the disease of interest. Provide an estimate
and a 95% confidence interval for A. As the rate is small, express your
answer per 1000 years of follow-up.

(e) Is it plausible that the incidence rate is no greater than 15 events per 1000
years of follow-up?

. In this exercise we consider an alternative confidence interval for the incidence

rate A from Exercise 8. Firstly, consider a Poisson random variable Y with mean
6. Then for large n, it can be shown that \/Y has an approximate N(\/§ ,0.25)
distribution.

(a) Use this result to write down an approximate 95% confidence interval for
V/A, and hence an approximate 95% confidence interval for A.
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(b) Calculate this confidence interval for the sample described in Exercise 8(d)
and compare your results.

10. Suppose the population we are studying has a population incidence rate of 15
events per 1000 years of follow-up, and our study design is such that we follow
350 individuals for an average of 5 years. Suppose that we repeated such a study
10 times on the same population. Using the function inc.sim described in Ap-
pendix 2, simulate the results of these 10 studies, and for each study calculate
the sample incidence rate and both 95% confidence intervals described above.

(a) What proportion of the confidence intervals include the population inci-
dence rate?

(b) Repeat part (a) using 1000 simulations and hence calculate and compare
the coverage probabilities of the two confidence intervals.

(c) Repeat part (b) supposing that we only followed 150 individuals for an
average of 5 years.
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3
Likelihood

In Chapter 2 we discussed parametric statistical models, and considered desirable
properties of estimators of the unknown parameter. While we considered a number
of criteria by which a given estimator can be judged, and discussed some particular
estimators appropriate for specific models, we did not discuss approaches to identify-
ing estimators in the first place. In this chapter we introduce the concept of likelihood,
which is the basis of the most important general approach to parameter estimation.
Our primary objective in this chapter is to present likelihood as a tool for identifying
the level of support that the observed data provide for particular values of the un-
known parameter. This will include a discussion of the likelihood function, together
with the idea of data reduction and the concept of sufficiency. After a discussion of
various extensions to multiple parameter contexts, the concepts will be illustrated
using an extended example on disease incidence rates. The likelihood function as a
tool for deriving estimation procedures will then be taken up in Chapter 4.

3.1 Statistical likelihood

In a parametric statistical model, likelihood may be thought of as the extent to which
our sample provides support for particular values of the parameter. The notion of
likelihood applies to values of the parameter, given a specific value for our sample.
Thus, we may speak of the likelihood associated with a parameter value 8 = 6y,
given an observed sample value Y = y. If the observed data provide more support for
one value of the parameter than for another value, then the likelihood is higher for
the former parameter value.

The way in which likelihood is defined is easiest to think about in the context of a
discrete variable that is modelled by means of a discrete probability function. In this
case the likelihood associated with the parameter value 6y is the probability that our
sample Y would take the observed value y, assuming the true value of the parameter
is 6p. Thus, given our particular observed sample value y, the likelihood associated
with the parameter value 0y is

L(60:y) =Pr(Y =y | 0 = 60) = f (3 60).

The notation Pr(Y =y | 8 = ;) means the probability of the event Y = y, under the
assumption that 6 = 6y. Although this probability statement uses the same notation as

63
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a conditional probability, strictly speaking it is not a conditional probability because
0 is a parameter not a random variable. Nonetheless, this type of notation is common
in this context, and it is important to understand that it is a probability under an
assumption about 0, rather than a true conditional probability.

Using the definition of likelihood, it can be seen that if a particular parameter
value makes it relatively unlikely that we would have observed the sample that we
did in fact observe, then the likelihood for that parameter value will be low relative
to other parameter values. Parameter values that make the observed sample relatively
likely, that is parameter values with high likelihood, are the values that we will con-
sider to be supported by the data.

The likelihood associated with a particular parameter value is relevant for the
particular sample that we have observed. If another sample had been observed, or if
another study is carried out that yields a different sample, then the likelihood associ-
ated with that parameter value would be different. Likelihood is therefore a measure
of support for parameter values given that we already have a sample. However, in or-
der to understand likelihood, we need to imagine the circumstances prior to us taking
this sample. We need to imagine what the probability was, prior to the study starting,
of us ending up with the sample that we did in fact end up with. This probability cor-
responds to the likelihood and parameter values with high likelihood are those that
make this probability high, based on the assumed parametric model.

While likelihood is easiest to conceptualise in the context of discrete variables
where it corresponds to a probability, the same principle applies for continuous vari-
ables. In this case the likelihood is defined analogously to the discrete case described
above,

L(60y) = fr(y;60)

with the exception that fy now stands for the probability density function rather
than the probability function. Thus, the likelihood corresponds to the probability
density (rather than the probability) associated with the observed sample. Apart from
the distinction between the probability density function and the probability function,
calculations of the likelihood for specific parameter values are carried out in the same
way for discrete and continuous models. Likelihood calculations for a discrete model
are illustrated in the following example.

Example 3.1 As in previous chapters, the binomial distribution provides a conve-
nient context in which to illustrate basic concepts in statistical inference, and we
shall therefore return to the setting of a binomial prevalence study as an initial illus-
tration of the concept of likelihood. Consider the disease prevalence study discussed
in previous chapters, in which a sample of 1000 individuals are observed and it is
found that 121 individuals have evidence of prior disease onset. We have already dis-
cussed the use of the sample prevalence 6 = 121 /1000 = 12.1% as an estimate of the
population prevalence 6. It is instructive to consider what the likelihood associated
with this value of the parameter would be, and to compare it with the likelihood for
other values of the parameter. According to our definition of likelihood above, given
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the observation y = 121, the likelihood corresponding to a prevalence of 12.1% is

Pr(Y =121]6=0.121) = fy(121;0.121)

B 1000! 121 1000—121 __
— m0.121 0.879 =0.0387

using the fact that ¥ has a Bin(1000, 0) distribution. This value represents the prob-
ability, prior to the study starting, that we would observe the sample that we did end
up observing, assuming the true value of the population prevalence is 12.1%. This
may seem like a small value, but this is because there are so many (1001) possible
outcomes that could have arisen. In fact, the absolute magnitude of the likelihood is
largely irrelevant, and what we are most interested in is the relative magnitude of the
likelihood for one parameter value compared to the likelihood for another parame-
ter value. This allows us to identify the parameter values that have greatest support.
Consider another possible value for the parameter, say 15.0%. To what extent is a
population prevalence of 12.1% more supported by the data than a population preva-
lence of 15.0%? Using the same computational approach, the likelihood associated
with the parameter value 15.0% is

Pr(Y =121]6=0.150) = £y (121;0.150)

= 1000! 121 1000—121 __
= oy 0-1502'0.850 —0.0012.

This is less than the likelihood corresponding to a value of 12.1%, and so the pa-
rameter value 15.0% is less supported by the data. The relative magnitude of the two
likelihoods may be quantified using their ratio, which in this case is

fr(121;0.121)

2 2388
v (121;0.150)

which differs slightly from 0.0387,/0.0012 due to rounding. Roughly speaking, this
calculation indicates that the level of support provided by the data for the value 12.1%
is about 33 times greater than the level of support for the value 15.0%. Notice that
if we are only concerned with the relative magnitude of the likelihood for different
parameter values, then the factor % is irrelevant for our comparison, because it
is common to both values and cancels out when we calculate the ratio. In general,
as discussed further below, we can drop from the likelihood any common factor that
does not depend on the parameter. Thus, in the present setting, the two likelihoods
would be 0.121'210.87937% and 0.150'210.85087°, respectively, and the relative mag-
nitude would of course be unchanged at 32.88.

3.2 Likelihood function

Our discussion in the previous section focused on the comparison of the likelihood
associated with two different parameter values. By considering the entire range of
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possible values of the likelihood, across all possible values of the parameter, the
likelihood becomes a function of the parameter value. This function is referred to as
the likelihood function, and is written as L(0), or L(6;y) if one wishes to emphasise
that the function depends on the observed sample y. It is important to distinguish the
roles of 0 and y in the likelihood function, and to contrast this with their roles in the
probability (density) function of the sample. The distinction between the likelihood
function of the parameter and the probability (density) function of the sample is the
perspective that one takes with regard to which quantity, 8 or y, is the x-variable in
the function. The likelihood function is a function of the parameter 0, that is 0 is
the x-variable, but it depends on the observed sample value y. Thus, for a particular
value of the sample we would have a corresponding likelihood function of 0, while
for another value of the sample we would have a different likelihood function of 6.
On the other hand, the probability (density) function is a function of y, and depends
on the parameter 6. Thus, for a particular value of the parameter we would have a
corresponding probability (density) function of the sample y, while for another value
of the parameter we would have a different probability (density) function of y.

Example 3.2 For the disease prevalence context discussed in Example 3.1, the likeli-
hood function of the parameter and the probability function of the sample are written

as
1000!

(1000 — y)!y!

for0< O <landy=0,1,...,1000. To emphasise the distinction between the like-
lihood function of the parameter, and the probability function of the sample, we will
first consider the above expression as a function of 0, and then consider it as func-
tion of y. Consider two different studies in which y = 121 and y = 509 diseased
individuals were observed, respectively. Substituting these two values of y into the
above expression leads to two different likelihood functions of 8 corresponding to
those samples. Figure 3.1 compares these two likelihood functions. Now consider
two different assumptions about the population prevalence, namely 6 = 12.1% and
0 = 50.9%, respectively. Substituting these two values of 0 into the above expres-
sion leads to two different probability functions of y corresponding to those param-
eter values. Figure 3.1 compares these two probability functions, where values of
y for which the probability function is zero have been omitted from the graph. A
comparison of the top two graphs with the bottom two graphs makes the distinction
between the likelihood function and the probability function apparent, the former be-
ing a function of 0 (dependent on y) and the latter being a function of y (dependent
on 0). Indeed in this case, the likelihood function is a continuous function, whereas
the probability function is a discrete function. As an additional point, notice from
the two likelihood functions that the observed sample y has a substantial effect on
the resulting likelihood function. Importantly, it can be seen in both cases that the
parameter value that is most supported by the data, or in other words the population
prevalence value with the greatest likelihood, corresponds to the observed sample
prevalence. In fact, this is a general result, and provides a theoretical basis for using

L(6:y) = fr(y:0) = 6" (1 — g)1000—
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the sample prevalence to estimate the population prevalence, as will be discussed
further in Chapter 4.

As alluded to in Example 3.1, we are only interested in the relative magnitude
of the likelihood for one parameter value compared to other parameter values. The
absolute value of the likelihood for any particular parameter value has little meaning
on its own. The relative magnitude of the likelihood corresponding to two different
parameter values is measured using their ratio, referred to as a likelihood ratio. For
this reason, the likelihood function only needs to be defined up to a proportionality
factor that does not depend on the parameter 8. What we mean by this is that any
function of 0 that can be expressed as fy(y;0) multiplied by a term that does not
depend on 0 can be used as the likelihood function. Thus, the likelihood function is
defined as any function of 0 that can be expressed as

L(6) = L(0;y) = c(y)fr (;0).

This sometimes simplifies our study of the likelihood function as it means that super-
fluous terms can be dropped. It is the reason why, in Example 3.1, we were able to
drop the multiplicative factor that does not depend on 6, and retain the identical con-
clusion with regard to the relative support that the data provide for the two parameter
values under consideration.

3.3 Log-likelihood function

Since the likelihood function is always non-negative, it is possible to take its loga-
rithm, £(0) = log L(6), which is referred to as the log-likelihood function. The log
function is an increasing function so if one parameter value has a larger likelihood
than another parameter value, it will always have a larger log-likelihood as well. This
means that in terms of deciding whether one parameter value is more supported by
the data than another parameter value, it does not matter whether we use the likeli-
hoods associated with those parameter values, or the log-likelihoods. As discussed
below, this property means that, when taken together with other desirable properties
of the log-likelihood function, it is usual to use the log-likelihood rather than the
likelihood. In all cases when we refer to the log we shall mean the natural logarithm
(base e).

Recall that in the common situation that our sample corresponds to n independent
observations y = (y1,...,yn), the joint probability (density) function is the product of
the individual probability (density) functions, f;(y;; €), associated with the individual
observations. The likelihood function is therefore often a product of the form

L(6) = flﬁ@i;e).
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Likelihood functions and probability functions corresponding to various values of
the observed sample (y) and the population prevalence (6)
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Since the log of a product is the sum of the logs, this means that the log-likelihood is
often a summation of the form

0(6) =Y. log (3::6)
i=1

which is often easier to study theoretically than the likelihood. For example, in Chap-
ter 4 we will discuss methods for finding the most supported parameter estimate,
which is often far more convenient using the summation form of the log-likelihood
rather than the product form of the likelihood. Furthermore, the probabilistic prop-
erties of likelihoods and their ratios, which will be discussed later in this book, are
easier to describe and are often more informative when expressed on the log scale.
In view of this convenience, and because comparisons of the levels of support for
different parameter values are not altered by whether we use the likelihood function
or the log-likelihood function, it is more common to derive estimation and inference
procedures using the log-likelihood function.

In the previous section we discussed the fact that multiplicative factors that do not
depend on the parameter can be dropped from the likelihood function if we are using
ratios of likelihoods to compare the relative levels of support for different parameter
values. When using the log-likelihood function, rather than the likelihood function,
we measure the relative levels of support for different parameter values using the
difference of the log-likelihoods, rather than the ratio. This will be discussed in some
detail when we come to discuss the use of log-likelihoods for hypothesis testing in
Chapter 6. If we are concerned only with differences between log-likelihoods then
we can drop additive terms that do not depend on 6 since these terms will cancel out
when we take differences. Thus, the log-likelihood function can be defined as any
function of 0 that can be expressed as

((6) =1ogL(8) = c(y) +log fr(y:6).

Example 3.3 Returning to Example 3.2, the log-likelihood function is

£(0) = log($> +ylog(6) + (1000 — y)log(1 — 0)

where 0 < 6 < | and log(0) is interpreted as —oo. This leads to log-likelihood
functions plotted in Figure 3.2, for the two samples discussed in Example 3.2. As
expected, parameter values with high likelihood in Figure 3.1 also have high log-
likelihood in Figure 3.2, and in particular, the observed sample prevalence provides
the parameter value with the highest log-likelihood. Of course, the term “high” is
meant relative to other parameter values, as the absolute value of the log-likelihood
is not meaningful. According to our earlier discussion, there is no need to retain ad-
ditive terms in the log-likelihood that do not depend on the parameter. Thus, it would
be easier, and statistically equivalent, to use the following log-likelihood function,

£(0) =ylog(6)+ (1000 — y)log(1—0)
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which corresponds with the simpler likelihood function

L(6) = 67(1—6)'%.

In Example 3.2, we noted that the different sample values for y lead to substan-
tially different likelihood functions. The same is of course true for log-likelihood
functions, and notice in particular that the log-likelihood function corresponding to
y = 509 is flatter, or less pointy, than the log-likelihood function for y = 121. This
means that there is a wider range of parameter values with a log-likelihood value that
is close to the value achieved by the most supported value, the sample prevalence. In
other words, there is a wider range of parameter values that is supported by the data,
which suggests that our confidence interval for the population prevalence should be
wider when y = 509 than when y = 121. In Chapter 4 we will discuss further the
fact that the curvature of the log-likelihood function, or in other words how flat it is,
allows us to assess how uncertain our estimate is and determines the width of our
confidence interval.

3.4 Sufficient statistics and data reduction

A statistical model involves postulating a probability distribution for our sample,
which depends on a parameter that represents an important unknown characteristic
in the population of interest. It is because the distribution of our sample depends
on the parameter that we are able to use the sample to obtain information about the
parameter. A sample cannot be used to obtain information about a characteristic of
the population if the distribution of the sample does not depend on that characteristic.
We will now take this idea one step further, and discuss how to identify aspects of
the sample that contain all of the available information about the parameter.

In Chapter 2 we introduced the term statistic to represent any quantity that can be
calculated from the sample, that is, any function of the sample that does not depend
on 0. We used the notation T = T (Y) for a statistic, with observed value t = T (y), an
example of which is the sum Y y; of all the individual observations y = (yi,..., ).
The question of interest in this section is: when can we reduce our observed sample
down to an observed statistic 7' (y) and still retain all the information that the sample
has to offer about the parameter 6? To answer this, consider a discrete model and
consider the probability function of our sample, given that we know the observed
value of the statistic, T = . For example, the probability function of the sample
given that we know the sum of all the observations in the sample. We call this a
conditional distribution, and it is defined in terms of the conditional probability

e[ t)=Pr(Y =y [T =1).

Then, the answer to our question is: when the above conditional distribution does
not depend on 6. When the conditional distribution of the sample, given the value
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of the statistic, does not depend on our parameter then the sample has no more in-
formation to offer us about the parameter over and above the information provided
by the statistic. In this case the statistic is “sufficient” for conveying all the available
information about the parameter, and is referred to as a sufficient statistic. Thus, for
example, if the sum of the observations is a sufficient statistic then we do not need
to know all of the individual observations in the sample, since we can extract all of
the available information using only their sum. Although we limited our attention to
discrete models above, a similar rationale applies to the conditional density function
from a continuous model.

It turns out that there is a simple way to check whether a particular statistic is
a sufficient statistic, and this method can be used for both continuous and discrete
models. Suppose that the likelihood function for the full sample y is L(0;y). If this
likelihood function can be rearranged algebraically so that it can be written as the
product of two terms, one term that depends only on y and not 0, and another term
that depends on 6 and some statistic T'(y), then this statistic is a sufficient statistic.
That is, T(y) is a sufficient statistic whenever the likelihood function can written as

L(0;y) =c(y)L*(6;T(y))

for some functions ¢ and L*. If it is not possible to write the likelihood function in
this way then the statistic T'(y) is not a sufficient statistic. This criterion is called the
factorisation criterion for a sufficient statistic. It mirrors our previous discussion
concerning dropping terms that do not depend on 6 from the likelihood function. In
the above expression, according to our earlier discussion, we are able to drop the term
c(y) and use L*(0;T(y)) as our likelihood function. Thus, for statistical inference
based on the likelihood function, we do not lose any information if we only know the
value of T'(y) rather than the entire sample. In other words, the value of the sufficient
statistic contains all the information available in the sample about the parameter.

Of course, an implicit assumption in the above discussion is that it is appro-
priate to base our inferences on the likelihood function. More specifically, we are
effectively assuming that the likelihood function contains all the information in the
sample concerning the parameter, otherwise it would not be appropriate to reduce
the sample down to a sufficient statistic. This is an important assumption which is
referred to as the likelihood principle. It is related to another implicit assumption
that we have made in this chapter, which is that likelihood is the appropriate measure
of the support that the sample has for a particular parameter value. More specifically,
we have effectively been assuming that the likelihood ratio associated with two pa-
rameter values is all that is needed to determine which of the two parameter values
is more supported by the sample. This assumption is called the law of likelihood.
The appropriateness of these basic tenets of likelihood-based inference has gener-
ated much discussion and even controversy over the years. Such foundational issues
will not occupy us further here, but texts on the foundations of statistics often take
up these issues in great detail, see for example the books by Edwards (1992) and
Royall (1997) as well as others referred to in Appendix 3. Our focus here, however,
will be on less philosophical matters, beginning with an example of how to apply the
factorisation criterion in practice.
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Example 3.4 Consider the study discussed in the extended example of Section 2.10,
which involved estimating the distribution of cholesterol levels in a particular pop-
ulation, using a parametric model based on the normal distribution. Suppose that
we know that the variance of cholesterol levels in the population is 1.0. This is of
course an unrealistic assumption in practice, but we will use it initially and then con-
sider the more realistic situation of an unknown population variance in Example 3.5.
Based on the probability density function that we wrote down in Section 2.10, with
o2 = 1.0, the likelihood function corresponding to our sample of cholesterol levels
y=(y1,---,yn) is as follows, where T'(y) = Y7, yi

o - (3wl 52

c(L (1T ().

Thus, all of our inferences about the mean cholesterol level it can be based on the
likelihood function L*, which depends only on the sample through the value of the
sum of all cholesterol levels in the sample. That is, the sum of all cholesterol levels
is a sufficient statistic and the sample can be reduced to this statistic without losing
any information. Notice that the obvious estimate of u, the sample mean, is indeed
able to be calculated based on this sufficient statistic. Of course, it is important to
remember that we have assumed the population variance cholesterol level is known.
If this were not the case, and we wanted to simultaneously assess the support for
values of 62, then the above conclusion is not true as we will see in Example 3.5.
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The concept of sufficiency allows us to judge whether a particular statistic con-
tains all the available information in the sample. However, it does not tell us which
sufficient statistic is most concise, or achieves the most data reduction. For exam-
ple, the full sample y = (y1,...,yn) is always a sufficient statistic, but if the sample
sum Y y; is also a sufficient statistic then we would prefer to use the sum since it is
more concise. This highlights the fact that we generally prefer a minimal sufficient
statistic. Intuitively, this means a sufficient statistic that most concisely conveys the
information available in the sample. More precisely, a sufficient statistic is called a
minimal sufficient statistic if it can be written as a function of any other sufficient
statistic. This means that the extent of data reduction is greatest with a minimal suf-
ficient statistic.

Minimal sufficient statistics can be identified using a mathematical criterion that
follows from the factorisation criterion for sufficiency. In particular, a sufficient
statistic T(y) is a minimal sufficient statistic if, for any two values of the sample
y1 and y;,

L(6:y1)

is independent of 8 if and only if 7'(y;) = T (y2).
L(@:y,) is independent of 6 if and only if T'(y;) (y2)



74 Inference Principles for Biostatisticians

While this criterion can be useful for determining whether a sufficient statistic is
also minimal sufficient, it is worth noting that for many commonly used parametric
models the sufficient statistic that arises naturally from the factorisation criterion is
also a minimal sufficient statistic. For example, in Example 3.4 the sufficient statistic
T(y) =Y, yiis also a minimal sufficient statistic, as will be verified in the exercises.

3.5 Multiple parameters

Our discussion and examples of the likelihood function have generally been framed
in terms of a single parameter. However, everything that we have discussed so far
is also appropriate when 6 is a vector 8 = (6,...,6,). In this case the likelihood
function is a function of several variables, and it measures the support that the data
provide for the entire combination of values of the several parameters. When there
are just two parameters, it is still possible to plot the likelihood function using 3-
dimensional graphics; however, for three or more parameters it is of course not pos-
sible to display the complete likelihood function graphically. Nonetheless, our defini-
tion and interpretation of the likelihood and log-likelihood functions are still relevant
when there are multiple parameters. Our definitions of a sufficient statistic and a min-
imal sufficient statistic also remain the same, although in this case it will often be the
case that such statistics are vectors, as is illustrated in the following example.

Example 3.5 Now consider our cholesterol level study again, but without the as-
sumption that we know what the population variance cholesterol level is. The likeli-
hood function is therefore a function of two parameters

L(p,0%) = (2;62)%exp{—g%}.

The value of the likelihood function for a particular combination of values for u
and 6% measures the support the data has for that combination of parameter values.
Thus, for example, if the likelihood associated with the values y = 5.1 and c2=0.7
is greater than the likelihood associated with the values u = 5.9 and 6> = 4.5, then
this means that the former combination of parameter values is more supported than
the latter combination. Note that we have not split up the support for values of u
from the support for values of 62. Rather, the likelihood measures the support for
a particular combination of parameter values. Now consider the following statistic,
which is a vector,

T(y)=(Ti(y), () = (Zn‘,yi,iy?)-
i=1 i=1



Likelihood 75

Then the likelihood function can written as

Lo?) = (a52) ep{ - 55a(B0) 2010 +n?) |
= O (0BT ().

Thus, collectively, the sum of the cholesterol levels and the sum of the squared
cholesterol levels are sufficient to convey all the available information in the sam-
ple about the population mean and variance. Note that the obvious estimates of u
and o2, the sample mean and variance, are able to be calculated based on these two
statistics.

3.6 Nuisance parameters

When the likelihood function is a function of several parameters, then it is sometimes
the case that not all of the parameters are of equal interest. Indeed, in some instances
one or more of the parameters may be of no interest at all. In this case, the presence
of these parameters in our likelihood function is a nuisance, as it will complicate
any analyses that we conduct based on the likelihood function. Such parameters are
referred to as nuisance parameters, and we may try to simplify our likelihood func-
tion by eliminating these parameters, thus allowing us to focus on the parameters that
we are interested in.

There are a few approaches that we can take to simplify our likelihood so that
it no longer depends on the nuisance parameters. Here we will focus on just one
approach, which is an approach that is always applicable in principle, and which is
based on the fairly obvious idea of getting rid of the nuisance parameters by replacing
them with estimates. When we replace the nuisance parameters with estimates in the
likelihood function, then the resulting function only depends on the parameters of
interest, and is referred to as a profile likelihood. The profile likelihood can then
be used to obtain information about the parameters of interest. While this approach
may seem fairly straightforward, in practice there are a number of complications that
must be considered, such as how we estimate the nuisance parameters to construct
the profile likelihood.

Suppose we have two parameters in our parametric model, 8 and 3, and sup-
pose that we are interested only in 6. Then our approach is to replace the nuisance
parameter 3 by an estimate, 3, in the likelihood function L(6, ). By substituting
this estimate into the likelihood function, the resulting function depends only on 6,
L(6) =L(6,p), and it is L(8) that we refer to as the profile likelihood. The profile
likelihood can be used to measure the support that the data provide for any given
value of 0 and it is simpler than the real likelihood function in the sense that it does
not depend on the nuisance parameter 3.

A straightforward example would be the case where we are interested only in
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the mean cholesterol level based on our previous normal distribution model, and the
unknown variance of the cholesterol level in our model is a nuisance. Then instead
of the full likelihood we discussed in Example 3.5, we could measure support for
different values of the mean y using the profile likelihood L(u) = L(u,s?). This is
a function only of u, once we have calculated and substituted in the value of the
sample variance s°.

The normal distribution example is particularly simple by virtue of the fact that
the sample variance s° is a sensible estimate of o2 regardless of the value that u
takes. This means that we only have to estimate B = 6> once and substitute it into the
likelihood function to obtain the profile likelihood as a function of 8 = u. For other
models this may not always be the case, because there may be no single estimate of
B that makes sense regardless of the value of 0. In such cases a different estimate of
B would be required for each different value of 6. That is, we would need to consider
our estimate of f3 to be a function of 6, 3(0), and then the profile likelihood for 6

becomes .
L(6) =L(6,8(6)).

Notice that O now occurs in two places in the profile likelihood. Nonetheless, the
resulting profile likelihood is a function of 8 alone and can be used to measure the
support for specific values of 8, independently of f3.

Of course, there remains the question of how to choose the estimate for 3. In
general, for a given value of 6, the estimate of f is always the value that is most
supported by the data. In other words, for each possible value of 0, B(G) is the
value of 3 that achieves the greatest likelihood value. The idea of using an estimate
that corresponds to the value that is most supported by the data is a key concept in
statistical inference, and we will return to this idea in some detail when we discuss
maximum likelihood estimation in Chapter 4. In this chapter, however, we focus our
discussion on illustrating the construction of profile likelihoods when the estimate of
B depends on 8, as presented in Section 3.7.5 of the extended example.

Finally, we note that profile likelihood is not the only way that a nuisance param-
eter can be eliminated from the likelihood function. Various other types of modified
likelihood functions exist that allow an assessment of the level of support for spe-
cific values of the parameter of interest, independently of the nuisance parameter.
Some commonly used approaches that are useful in specific applications include
conditional likelihood, marginal likelihood and partial likelihood. Like the pro-
file likelihood, these approaches all involve reducing the full likelihood function to a
function that involves just the parameters of interest, and then using this function in
the same way as a likelihood function. A detailed study of these modified likelihood
functions is beyond our scope, but a good starting point for further reading is the
chapter on modified likelihoods in the book by Cox (2006).
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3.7 Extended example

In this extended example we consider the construction of likelihood functions asso-
ciated with disease incidence rates, using a parametric model based on the Poisson
distribution. We begin by discussing the likelihood function for a single incidence
rate. The objective is to illustrate the use of the likelihood function for comparing
different values of the disease incidence rate with respect to their support from the
data, as well as to illustrate the notion of data reduction and sufficiency. We then
extend the discussion to likelihood functions relating to two incidence rates, and in
particular how to create a likelihood function for the incidence rate ratio, which is of
interest in comparing the rate of disease in two populations. In addition to illustrating
likelihood functions for multiple parameters, the rate ratio context also provides an
example where nuisance parameters arise, and allows us to consider ways in which
nuisance parameters can be eliminated from likelihood functions.

3.7.1 Modelling stroke incidence

Disease incidence is typically studied in the context of epidemiological cohort stud-
ies, where individuals are followed prospectively over time for the occurrence of
new cases of a particular disease. Often one of the primary aims is to compare two
exposure groups with respect to the rate at which disease occurs, in the hope that
conclusions can be made about the association between exposure and disease. In this
extended example we will consider the example of stroke incidence among people
who have a past history of coronary disease, and suppose that we have been able
to follow two such groups of patients, one group exposed to a high salt diet (group
1) and the other to a low salt diet (group 2). We will suppose that during the pe-
riod of follow-up, we observe ¥; new cases of stroke in the high salt group, and
Y> new cases of stroke in the low salt group. These strokes were observed among
n1 = 1150 individuals in the low salt group and 7, = 850 individuals in the high salt
group. The average length of follow-up for each individual was 5.2 years in the low
salt group, and 4.5 years in the high salt group, or equivalently, a total follow-up
of F1 = 5.2 x 1150 = 5980 person-years and F, = 4.5 x 850 = 3825 person-years,
respectively. Our goal is to obtain information about the rate at which new cases of
stroke occur per person per year, in the population from which these individuals were
taken.

Let A1 and A, be the rates of new stroke cases in the population of individuals that
follow low salt diets and high salt diets, respectively. Remember that A; and A, are the
true rates in the population, which must be carefully distinguished from the observed
rates in our hypothetical study. As always, it is the task of statistical inference to
quantify the extent to which the observed (sample) values give us reliable information
about the true (population) values. If the true rate of strokes in the low salt population
were 0.0063 per year, this would mean, for example, that if we followed a group
of individuals having a low salt diet, for a total of 1200 person years, we would
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expect on average to observe 1200 x 0.0063 = 7.56 new strokes. More generally, the
expected number of strokes in group i is A;F;, and the distribution of the number of
strokes can be modelled using a Poisson(A;F;) distribution,

AE;)Y exp(—AiF;
Filvida) = Pr(t = yp) = i) y-I')( )

An important assumption is that we consider the lengths of follow-up, F;, to be fixed
constants in much the same way as the sample size in a disease prevalence study
was considered fixed in Chapter 1. This leads to a parametric model for our sample
Y = (¥1,Y2), and in the next section we shall consider the likelihood function cor-
responding to this parametric model, under the initial assumption that the incidence
rates in the two groups are equal. In subsequent sections, this assumption will be
relaxed. Note that the Poisson model is a popular parametric model for disease in-
cidence counts, however, it is not the only model that could be used. An important
assumption in what is to follow is that the Poisson model is an appropriate model for
the way the data arose. Usually this will be the case when individuals in the study are
independent of each other. You might like to think about ways in which this assump-
tion could possibly be violated in the present context, although we shall not consider
alternative models here.

3.7.2 Likelihood function for a common rate

To begin with we will assume that there is no difference between the two dietary
groups with respect to stroke rates, and discuss the likelihood function for the com-
mon incidence rate A = A; = A,. A reasonable assumption for this study is that the
two dietary groups behave independently, in which case the joint probability function
for the sample ¥ = (Y1,Y>) is the product of the individual probability functions,

F'EP2 A2 exp{—A(F + F
Fri2) = i) o) = LA AL

Suppose we observe a particular sample of stroke counts, say

y=(1,y2) = (245,239).

For any given value of the population incidence rate, say Ay, the likelihood of that
value may be interpreted as the probability that we would have observed 245 strokes
among individuals on a low salt diet and 239 strokes among individuals on a high salt
diet, if the true value of A is Ag. Thus, considering all the possible values of A > 0,
the likelihood function for A is therefore the above probability function, considered
as a function of A4 instead of y. Substituting in the fixed constant values of F| and F>
from the previous section, and letting

_FVE? 598013825
yilya! yilya!

c(y)
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leads to the following likelihood function for the incidence rate:
L(A) = L(A;y) = c(y)A" 2 exp(—98051).
The corresponding log-likelihood function is
{(A) =logL(A) =logc(y) + (y1+y2)logA —98054.

The likelihood (and log-likelihood) allows us to compare different possible values of
the population stroke incidence rate, in terms of the extent to which the data support
such values. Consider, for example, the following two possible estimates of the stroke
rate, per person per year:

yi+y:  245+239
Fi+PF 5980+ 3825

1 Y1 Y2 1 245 239
| =+= )= —+—) =0.0517.
2<F1+F2> 2(5980+3825>

Notice that the first estimate is the total number of strokes in the two groups divided
by the total person-years of follow-up, while the second estimate is the average of
the incidence rate estimates from the two groups. The likelihood values correspond-
ing to these two parameter values are L(0.0494) = 1.514 x 1073 and L(0.0517) =
0.884 x 1078, with a likelihood ratio of 1.71. Equivalently, the log-likelihood val-
ues corresponding to these two parameter values are £(0.0494) = —18.0058 and
£(0.0517) = —18.5438, with a log-likelihood difference of 0.538. The absolute like-
lihood values are exceedingly small but they have little meaning on their own. It is
their relative magnitudes, as indicated by the likelihood ratio and log-likelihood dif-
ference, that are useful for comparative purposes. It can be seen that the likelihood
ratio (or equivalently the log-likelihood difference) indicates that the value 0.0494 is
more supported by the data than the value 0.0517.

We can consider more fully the support provided for different values of the pa-
rameter, by looking at the entire likelihood and log-likelihood functions. A plot of
the likelihood function is provided in Figure 3.3, together with the values of the two
potential estimates of 1. As well as illustrating better support for the value 0.0494,
notice that this value is the most supported value, in the sense that it achieves the
highest likelihood of any value. This is not a coincidence, and we return in Chapter
4 to the use of this criterion for estimating parameters, including the construction of
confidence intervals.

=0.0494

and

3.7.3 Data reduction

If the population stroke rates for the two diets are identical, then intuitively it would
seem that there is nothing to be gained by collecting our data broken up into the two
groups. We can confirm this using the concept of a sufficient statistic. Notice first of
all that the likelihood function described in the previous section can be written as

L(A) =L(Asy) = c(y)L*(A3y)
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Likelihood function for the common stroke rate A, with the values 0.0494 (solid line)
and 0.0517 (dashed line) identified
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where
L*(A;y) = A212 exp(—98051).

As discussed earlier in this chapter, since the term ¢(y) does not depend on the param-
eter A we can use L*(A;y) as the likelihood function, and this would lead to exactly
the same likelihood ratios (and log-likelihood differences) for comparing the sup-
port for different potential incidence rate values. Of primary importance is the fact
that L*(A;y) only depends on the sample through the observed value of the statistic
T (y) =y1 +y». It follows that the total number of stroke cases is all that is required to
obtain information about the incidence rate when using the likelihood function. That
is, the total number of stroke cases is a sufficient statistic, and breaking the number
of cases down into the two groups does not provide any extra information about the
stroke incidence rate. This is consistent with the fact that in the previous section, the
better supported estimate of A was able to be calculated using only knowledge of the
total number of strokes, whereas the lesser supported estimate used the number of
strokes in each dietary group.

3.7.4 Likelihood function for the rate ratio

Suppose now that we are not prepared to make the assumption that the two diets are
associated with the same stroke incidence rate, and indeed are interested in assessing
the degree to which the data support (or do not support) identical stroke rates. Going
back to the joint probability function without the assumption A = A; = A, and drop-
ping factors that do not depend on the parameters A; or A,, leads to the following
likelihood and log-likelihood functions:

LA, Ay) = A1 A3 exp(—5980A — 38251,)

and
((l] R lz) =1 log(/h) +w log(/”Lg) —5980A; — 38254,.

In epidemiology, a standard way to measure the relative sizes of two incidence rates
is via the rate ratio, which we will denote by ¥ = A4, /A;. When this rate ratio is 1 then
the incidence rate is equal in the two groups, and values different from 1 indicate un-
equal incidence rates. For the purpose of assessing the support for different values
of the rate ratio, it would be more convenient if our likelihood function were a func-
tion of 7. By using the relationship A; = yA,, we can rewrite the likelihood function
as a function of A; and 7. This leads to the following likelihood and log-likelihood
functions, substituting in the observed sample values y = (y1,y2) = (245,239):

L(A1,7) = A2 (y41)** exp(—5980A; — 3825yA,)

and
K()y] s ’)/) =245 10g(}\,1) + 23910g(}/)~1) — 59804 — 3825'}/)4

This rewriting of the likelihood function is an example of a technique called repa-
rameterisation. It means that we can now explicitly assess the support for different
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values of the rate ratio (concurrently with values of the incidence rate in the low salt
diet population).

Because we now have two parameters, the likelihood function is a function of
two variables. Therefore, in studying the support for different values of the rate ratio,
we need to concurrently specify the value of the other parameter A;. The sample
incidence rates in the two groups, as used in the exercises of Chapter 1, provide
estimates of the stroke rates in each group,

A 245 A 239

A= 5030 =0.0410 and A= 3825 =0.0625
and suggest a possible estimate of the rate ratio ¥ = 0.0625/0.0410 = 1.52. Con-
sider the extent to which the sample supports the parameter combination (4;,7) =
(0.0410,1.52), compared to the parameter combination (A;,y) = (0.0410,1). This
comparison effectively allows us to compare the relative support for equal versus
unequal stroke rates, assuming the low salt diet stroke rate is 0.0410. The likelihood
ratio corresponding to these two combinations is

L(0.0410,1.52)

=1.11x 10%
L(0.0410, 1) .

This value indicates that if the low salt stroke rate is 0.0410 per person per year, then
the data provide more support for unequal stroke rates than for equal stroke rates.
Indeed, the magnitude of the likelihood ratio seems to indicate that there is substan-
tially more support. (In Chapter 6 we shall discuss how to interpret more formally
the magnitude of the likelihood ratio for the purpose of assessing whether there is
“significant” evidence against the hypothesis of equal stroke rates.) We might also
consider a comparison of the support for these two rate ratio values in conjunction
with a different value for A;. For example, the likelihood values for the two combina-
tions (A1,7) = (0.05,1.52) and (41,7) = (0.05,1) lead to a likelihood ratio of 1.86,
which again suggests greater support for a rate ratio value that is different from 1.

While our two likelihood comparisons above were consistent in that they both
indicated greater support for the parameter combination with rate ratio greater than
1, notice that the actual magnitude of the likelihood ratio was dramatically different
in the two comparisons. That is, the magnitude of the likelihood ratio depends on the
value chosen for A;. If our primary interest is in comparison of the stroke rates in
the two groups, in other words in the rate ratio, then it is a nuisance that we need to
specify the value of A; in order to compare the support for different values of the rate
ratio y. In the terminology used earlier in this chapter, A; is a nuisance parameter.
Next we discuss how to eliminate the nuisance parameter from the likelihood func-
tion so that we can compare the support for different values of the rate ratio without
having to specify the value of the nuisance parameter.

3.7.5 Eliminating the nuisance parameter

In Section 3.6 we discussed the idea of eliminating a nuisance parameter by using a
profile likelihood, which involves using an estimate of the nuisance parameter. We
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now consider this approach in order to eliminate A; from the likelihood function. In
the present context, for any value of y for which we would like to assess the level of
support, we need to substitute into the likelihood function an estimate of A;. Having
substituted in the estimate of A;, the likelihood will depend only on ¥, and we will
be able to evaluate the likelihood at the particular value of y that we are interested in.
The question remains: what estimate of A; should we substitute into the likelihood?
The best estimate of A; will depend on the particular value of 7y that we are interested
in calculating the likelihood for. It turns out that if we assume a particular value of y
then the most supported value of A, is

3 Y1ty
M= R

We will return to why this is the case in Chapter 4, when we discuss the use of the
most supported value as an estimate. For now, we will take it as a given that W8 (7)
is an appropriate estimate of A; assuming a particular value for y. Substituting our
estimate of A; into our likelihood function, in other words replacing A; by 4,(7)
in the likelihood function, leads to a function that depends only on . We refer to
this function as a profile likelihood function, and it allows us to assess and compare
the level of support for different values of the stroke rate ratio, without the nuisance
of having to concurrently specify a value for the stroke rate in the low salt group.
Making the necessary substitutions into the likelihood function, and dropping any
factors that do not depend on the remaining parameter 7, leads to the following profile
likelihood and log-likelihood functions for our sample:

239

_ Y
L = g0+ 382577

and
£(y) =2391og(y) — 48410g(5980 + 38257).

Recall that in the previous section we were interested in comparing the level of
support for the two rate ratio values 1.52 and 1. Using the profile likelihood we can
do this without the nuisance of having to specify which value of A; we are assuming.
Figure 3.4 provides a plot of the profile log-likelihood function for our sample. It
can be seen that the value 1.52, corresponding to a higher stroke rate in the high salt
group, has greater support from the data than the value 1, corresponding to equal
stroke rates. Whether the amount of additional support is “statistically significant”
is something that we will leave until we discuss hypothesis testing in Chapter 6.
However, if it were, then this would indicate an association between salt intake and
stroke rates. Of course, since this is an epidemiological study in which individuals
choose their own diet, rather than a randomised study in which they are randomly
assigned their diet, the cause of the apparent association is not clear. It could be
because higher salt intake leads to a higher risk of stroke, or it could be because
people who happen to have a high salt intake tend to have other characteristics that
make them more prone to stroke.
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Exercises

1. In a study of late stage terminal cancer, the time from disease progression until
death was observed in a random sample of n = 100 patients, giving the observed
sample yy,...,y100- The sample mean was y = 3.2 months and the sample me-
dian was m = 2.7 months. The exponential distribution with parameter A and
probability density function

fisA) =1 A>0

is a common parametric model for observations that involve observing the time
until an event occurs. The parameter A can be interpreted as the rate of death per
person per month. Since the expectation and median of the exponential distribu-
tion are 1/A and log(2)/A, respectively, the following are both natural estimates

of A | lou(2
! 5, = e

m

A=

<

(a) Write down the likelihood function and the log-likelihood function for the
death rate A.

(b) Use the factorisation criterion to find a sufficient statistic for A. Is this statis-
tic minimal sufficient?

(c) For the sample described above, which of the two estimates, 11 or 12, is
more supported by the data.

(d) Show that the result obtained in part (c) is in fact true for all samples, not
just the one described above.

(e) Comment on the results of parts (b) and (d).

2. Consider the observed value of an independent random sample y = (y1,...,,)
taken from a N(u, 1) distribution. In Example 3.4 we demonstrated that

T(y) = zly

is a sufficient statistic for . Show that T'(y) is a minimal sufficient statistic for
u.

3. A study was conducted to investigate the variability of a laboratory assay used
to measure HIV viral load, the concentration of virus in the blood. For each of
n HIV infected people, two blood samples were taken one day apart, and the
viral load was measured using each sample. Since the underlying “true” viral
load would not be expected to have changed during one day, any differences
between the measurements in the two blood samples may be attributed to assay
variability. If we let d; be the observed difference between the first and second
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measurement for individual i, then a common model would be to assume that d;

is the observed value of a random variable D; 4 N(0,6?2). The variance of this
distribution, 6> = Var(D;), provides information about the assay variability.

(a) Write down the likelihood function and the log-likelihood function for the
variance 62.

(b) Use the factorisation criterion to find a sufficient statistic for 62. Is this
statistic minimal sufficient?

(c) Either version of the sample variance of the d; values, sﬁ or sﬁ_l, is a pos-
sible estimate of 2. Show that these estimates cannot be calculated using
only the observed value of the sufficient statistic from part (b).

(d) Explain why no information has been lost by reducing the sample down to
the sufficient statistic, even though the sample variance can no longer be
calculated.

(e) Suggest another estimate of o2, s[zi, that can be calculated using only the
observed value of the sufficient statistic.

(f) In asample of n =5 HIV infected people, the differences between their two
viral load measurements were

di=-07 d,=0.5 dz; =0.1 dy=1.0 ds = —0.1.
Which of the three estimates, sﬁ, s,zl_1 or SCZJ, is most supported by the data?

4. Consider the following study of fertility, and its association with smoking expo-
sure. We take a random sample of » mothers giving birth for the first time, n; of
whom are non-smokers and n, of whom are smokers, where n{ + n, = n. At the
time of giving birth we collect information on the number of attempts (concep-
tion cycles) required to achieve the pregnancy. For mothers in the first group we
will let the number of attempts be x;, i = 1,...,n;, and for mothers in the second
group we will let the number of attempts be y;, i = 1,...,n,. We will model the
number of attempts using a geometric distribution, with separate distributions in
the two groups. In group 1 (non-smokers), the number of attempts for woman i
will have the following probability function

f(xisp1) =Pr(X; =x;) = pi (1 — p1)"~!

where x; = 1,2,... and 0 < p; < 1. In group 2 (smokers), the number of attempts
for woman i will have the following probability function

iz p2) = Pr(Y; = yi) = pa(1 — po)i ™!
wherey; =1,2,... and0 < p, < 1.

(a) Review the definition of the geometric distribution. Why does the geomet-
ric distribution provide a natural probability model for this study?
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(b) What is the interpretation of the parameters p; and p; in the above fertility
model?

(c) What is the interpretation of Y= p1/p»?

5. Suppose that the study in Exercise 4 had only collected information on mothers
who are non-smokers. Write down the likelihood function and the log-likelihood
function for py, based on the sample (xi,...,X,, ).

6. Now consider the full sample from Exercise 4, (x1,...,X,,) and (y1,...,yn,), but
suppose that the fertility parameters in the two groups are identical, p = p| = p».

(a) Write down the likelihood and log-likelihood functions for p, based on the
sample (X1,...,%n, Y15+, Vn,)-

(b) By finding a sufficient statistic, justify that all the information in this sample
concerning p is contained in a single number, the total number of pregnancy
attempts by all women from both groups.

7. Under the assumptions of Exercise 6, consider a particular study in which we
observe ny = 78 mothers who are non-smokers and 7, = 51 mothers who are
smokers. The mothers in group 1 had a total of } x; = 207 pregnancy attempts,
and the mothers in group 2 had a total of }_ y; = 212 pregnancy attempts.

(a) Substitute the above sample values into the likelihood function from Exer-
cise 6, and hence plot the likelihood function for p.

(b) Calculate the following two possible estimates of p

it and l( il + n )
Yxi+Yyi 2\Xx  Xvi/)
(c) Calculate the likelihood ratio and log-likelihood difference for comparing

the support for each of these possible values of p. Which estimate is better
supported by the data?

(d) Mark both estimates on your plot of the likelihood function from part (a).
Does there seem to be a better supported value than either of these?

8. Suppose now that we are not prepared to assume that the fertility parameters are
the same in the two groups, and that we want to compare the fertility using the
relative fertility rate 7.

(a) Using the sample described in Exercise 7, write down the likelihood and
log-likelihood functions for p; and p», that is, L(p1, p») and £(py, p2).

(b) Using the relationship p; = p»7, rewrite the likelihood function and log-
likelihood functions in terms of p, and ¥, that is, L(7, p;) and £(, p2).
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A possible estimate of y is y/X¥ = 1.57. Suppose we want to compare
whether this value is better supported by the data than the value 1 (the
value 1 would indicate no difference in the fertility of mothers from the two
groups). Calculate the likelihood ratio comparing these two values, firstly
assuming p, = 0.25 and secondly assuming p, = 0.50. Does the result de-
pend on the value of p, that we assume?

Suppose you are told that for any given value of 7, the best estimate of p;
is
(1) 1 0.377
pz = _— =
XY Y

Substitute p,(7y) into the log-likelihood in place of p; to end up with a func-
tion of 7y only. Plot this function, which is called the profile log-likelihood
function.

Using the plot in part (d), what is the most supported value for 7y, based on
the profile log-likelihood? What is the interpretation of this value in terms
of the relative fertility of the two groups of mothers?
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Estimation methods

The likelihood function discussed in Chapter 3 allows us to compare two parameter
values with respect to the level of support that the sample provides for these values,
and hence to decide whether one parameter value has more support than another.
The objective of this chapter is to use the concept of likelihood to motivate a general
method of estimation, by identifying the most supported value out of all possible
values of the parameter. This is referred to as maximum likelihood estimation, and
can be used to provide estimates in situations where there is no obvious way to esti-
mate the parameter. We begin by discussing how to define the maximum likelihood
estimator followed by a discussion of the concept of statistical information, and its
use in providing standard errors and confidence intervals associated with maximum
likelihood estimates. We then consider properties of maximum likelihood estimation,
using the estimation concepts discussed in Chapter 2, and will see that it generally
provides the best possible approach to estimation. While maximum likelihood esti-
mation is the most important general approach, we will also discuss some alternative
methods that are useful in specific contexts, particularly the method of least squares
estimation. We then illustrate the concepts by continuing our disease incidence ex-
ample from Chapter 3.

4.1 Maximum likelihood estimation

Consider an observed sample y = (y; ...,y,) and likelihood function L(6) = L(6;y).
Recall that the likelihood associated with a particular parameter value 6y is the prob-
ability (density) of obtaining the sample y, assuming that the true value of the pa-
rameter is 6y. This measures the support that the data has for the parameter value 6y,
and the most supported parameter value 6 will be the value for which L(6) > L(6p)
whenever 6y # 6. The most supported parameter value is therefore the value that
achieves the highest likelihood possible based on the likelihood function L(0), or in
other words maximises the likelihood function. Since this value has more support
from the data than any other parameter value it makes sense to use it as our estimate.
This approach to estimation is referred to as maximum likelihood estimation and
can be interpreted as providing the parameter value that makes the observed sample
the most likely sample among all possible samples. The estimate that arises from
using this approach, which will be a function of the observed sample 6 = O(y), is

89
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referred to as the maximum likelihood estimate. As with any estimate, it is the ob-
served value of a random variable, the maximum likelihood estimator ® = O(Y).
The abbreviation MLE is used interchangeably to refer to both the maximum likeli-
hood estimate or the maximum likelihood estimator, depending on the context.

Maximum likelihood estimation provides a general approach to estimating a pa-
rameter, and can in principle be applied in any situation where we have a likelihood
function. In our discussions about estimation in Chapter 2, we relied on being able
to choose estimates that made intuitive sense based on the situation under study. For
example, we used the sample mean to estimate the population mean, and the sam-
ple variance to estimate the population variance. In more complicated situations, it is
usually not possible to find an intuitively natural estimate such as the sample mean or
variance, and the principle of maximum likelihood estimation provides a generally
applicable criterion on which to base our parameter estimate.

While it is straightforward to define the MLE as the parameter value that achieves
the highest likelihood, there are a number of potentially important details that we
need to be aware of. The discussion above is framed as though there could only
ever be one value of the parameter that maximises the likelihood function. While it is
often the case that there is only one unique maximum for the likelihood function, it is
possible in complicated situations for there to be two or more values of the parameter
that achieve the highest possible value for the likelihood function. In such situations
we say that the MLE is not unique, and it may not be clear which parameter value to
use as our estimate. While this is a cause for concern when it arises, it turns out that in
most contexts of interest the MLE is unique and this potential complication does not
arise. Another important detail in relation to our definition of the MLE is our choice
of the parameter space, that is, the set of all possible values that the parameter can
have. When finding the MLE we must consider only those values of the parameter
that are within the parameter space, even though the function L(8) may be evaluable
for values of 6 that are not in the parameter space. For example, if our parameter
is a proportion such as the population prevalence of disease, then we must restrict
our attention to the range of parameter values between 0 and 1 when finding the
prevalence value that has the highest likelihood. This could be an important point if
the likelihood function is able to take on larger values when the prevalence is outside
the interval O to 1, than when it is inside this interval.

Bearing in mind these potential complexities, an MLE is strictly speaking defined
as any value 0 that is in the parameter space and for which L(8) > L(6y) for any other
parameter value 6y that is also in the parameter space. In mathematical parlance,
we say that the MLE is the value that maximises L(6) over the parameter space. In
practice, however, this often simply amounts to taking the MLE to be the single value
of 6 that leads to function L(6) taking on its highest possible value.

As a final point of importance in defining the MLE, recall from the discussion
in Chapter 3 that if a particular parameter value maximises the likelihood function
then it will also maximise the log-likelihood function. Thus, the above definition of
the MLE can also be made with respect to the log-likelihood ¢(6) rather than the
likelihood L(0). In practice, this fact is often used for computation purposes because
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the log-likelihood function is usually a more mathematically convenient function to
deal with.

Example 4.1 In Chapter 3 we studied the likelihood function associated with a fer-
tility study in which the sample corresponds to the number of conception cycles until
pregnancy, y;, for a sample of n couples having their first child. Throughout this
chapter we will use this as an example of maximum likelihood estimation, restricting
ourselves to the simpler situation where there is no difference in the fertility of moth-
ers exposed to smoking compared those not exposed. Recall that for this situation a
sufficient statistic is the total number of pregnancy attempts by all couples, y =Y ;y;,
and the likelihood function based on the geometric distribution can be written as

Lp)=p"(1—=p)™"

where the parameter p is the probability of success for a single cycle. The parameter
space in this model is the interval (0, 1] so the MLE is defined as the maximum of
the likelihood function over the interval (0, 1]. Note, however, that it is possible to
evaluate the function L(p) for values of p outside this interval, and these values must
be ignored in determining the MLE. Consider a sample in which n = 2 couples take a
total of y = 4 attempts to achieve their first pregnancy. Figure 4.1 plots the likelihood
function

L(p) = p*(1-p)*

over the parameter space and outside the parameter space, together with the MLE as
the maximum of the likelihood over the parameter space. It is seen that the maximum
of the likelihood function over the parameter space occurs at the MLE p = 0.5, cor-
responding to an estimated 50% probability of pregnancy in any given cycle. Notice
that L(p) may achieve higher values outside the parameter space, however, these are
of no relevance for determining the MLE.

4.2 Calculation of the MLE

Our discussion in this section and most of this chapter will be framed in terms of es-
timation of a single parameter, however, we will provide a discussion of the multiple
parameter situation at the end of the chapter, where it will be seen that many of the
concepts discussed carry over quite naturally.

Calculation of an MLE requires us to maximise a function. Very commonly, al-
though not necessarily always, calculus is a useful tool for carrying out this maximi-
sation. In many contexts, the maximum value of the likelihood function, or equiva-
lently the log-likelihood function, occurs at a stationary point where the derivative is
zero. Under these circumstances the MLE can be found by solving an equation that
involves setting the derivative of the log-likelihood function, with respect to the pa-
rameter 8, equal to zero. This leads to the so-called likelihood equation, also called
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the score equation,
d
—/0(0) =0.

In most situations the MLE can be determined by solving this likelihood equation for
0. Often the log-likelihood function is a concave function, meaning that its second
derivative is less than zero for all values of the parameter 0. In this case, if a solution
to the likelihood equation can be found then it will be the unique MLE. We return to
the importance of the second derivative of the log-likelihood function later on, where
we will study its use in finding standard errors for MLEs.

In some cases the MLE cannot be calculated by solving the likelihood equation
because the maximum of the log-likelihood function may not occur at a stationary
point. This is often accompanied by the MLE being on the boundary of the parameter
space, as illustrated in Example 4.2. These scenarios are less common but it is impor-
tant to be aware of the possibility, and it may make it necessary to visually inspect the
log-likelihood function. Further complexities associated with a non-stationary MLE
will be discussed at the end of Section 4.4.

Example 4.2 The likelihood function for the fertility study discussed in Example
4.1 leads to the log-likelihood function

{(p) = nlog(p) + (y —n)log(1 — p)

which has derivative 4
no y—n
—i(p) =21
dp p 1-p
Setting this derivative equal to zero and solving the resulting likelihood equation
leads to the solution

. n
p==—
Yy
which is the MLE of p. Thus, for example, if there are n = 2 couples and y = 4
pregnancy attempts, then the MLE is p = 0.5, as in Example 4.1. Recall that this
approach to determining the MLE is only appropriate when the maximum of the log-
likelihood is a stationary point. There is one situation in this type of study where the
maximum of the log-likelihood does not occur at a stationary point, namely when all
couples in the sample achieve pregnancy on their first cycle. In this case y = n and
the log-likelihood reduces to

{(p) = nlog(p)

which is plotted in Figure 4.2 for the case that n = 2. It is seen that there is no sta-
tionary point so the likelihood equation cannot be used to determine the MLE. From
Figure 4.2, however, it can be seen clearly that the maximum of the log-likelihood
function occurs at p = 1, which is the MLE in this case. Coincidently this happens
to be the same as the estimate that would have been obtained if we had applied the
MLE that was derived based on the likelihood equation (since y/n = 1 when y = n).
However, the justification for the MLE in this particular case has to come from Fig-
ure 4.2, rather than the likelihood equation. Note that the MLE corresponds to an
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estimate that all pregnancy attempts are successful. Although this is consistent with
our particular sample, some statisticians would argue that this should be combined
with our prior belief that there must at least be some chance of not getting pregnant,
even if our particular sample does not reflect this. This is a called the Bayesian ap-
proach, to be discussed in Chapter 7, and would lead to an estimate that is less than
1.

In the previous example it was possible to solve the likelihood equation to get
an expression for the MLE that can be evaluated given an observed sample. When
this is possible we say that the MLE is explicit. In more complicated situations we
may be able to write down the likelihood equation, but it may not be possible to
solve it algebraically. When this occurs it is still possible to use maximum likelihood
estimation, however, it will be necessary to use a computer to implement iterative
algorithms to solve the likelihood equation numerically. We will not discuss such
methods here, but note that practically all statistical software packages implement
computational methods for numerically solving complicated likelihood equations.
The most common examples of these techniques are the so-called Fisher Scoring
and Newton-Raphson algorithms.

In very complicated situations, it may not even be possible to write down the
derivative of the log-likelihood, in which case we would not be able to write down the
likelihood equation. However, as long as we are able to evaluate the log-likelihood,
it will usually be possible to implement an iterative algorithm on a computer, in
order to numerically maximise the log-likelihood function. In such situations where
we need to use a computer to numerically maximise the log-likelihood function, or
equivalently solve the likelihood equation, we say that the MLE is implicit. Implicit
MLEs are usually more difficult to calculate than explicit MLEs, and they may be
more difficult to get an intuitive feel for since we do not have an algebraic expression
that we can attempt to understand. Nonetheless, often the likelihood equation itself
is of a form that can be used to gain an intuitive understanding of the MLE, as will be
illustrated in the extended example. Furthermore, from a conceptual point of view,
there is really no difference between explicit and implicit MLEs, in the sense that they
both represent the parameter value that is most supported by the data through having
the highest likelihood, regardless of the manner in which this value is calculated.

4.3 Information and standard errors

In order to calculate a standard error for the MLE, and hence to construct a confidence
interval for the parameter based on the MLE, it is necessary to consider the variability
of the MLE. From an intuitive point of view, we are likely to feel more confident
about the parameter estimate based on the MLE if there is only a very narrow range
of parameter values that achieve a likelihood value close to that achieved by the MLE.
On the other hand, if there is a wide range of parameter values that achieve almost as
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Log-likelihood function for the case where all pregnancy attempts were successful
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high a likelihood as the MLE does, then we would not feel so confident in using the
MLE to estimate the unknown parameter. In the latter situation, where a wide range
of parameter values achieve almost as high a likelihood as the MLE, the likelihood
function must be quite flat in the vicinity of the MLE. In the former situation, where
a very narrow range of parameter values achieve likelihood values close to that of
the MLE, the likelihood function must rise to a pronounced point in the vicinity
of the MLE. This leads us to consider the curvature of the likelihood function, or
equivalently the log-likelihood function, in the vicinity of the MLE, as an indication
of the confidence that can be placed in the MLE for estimating the parameter. First
we shall look at an illustration of this, and then subsequently we shall see how this
curvature relates to the variance, and hence standard error, of the MLE.

Example 4.3 To see an example of the curvature of the likelihood function being
greater when we are more confident about the MLE, consider two fertility samples
that lead to the same MLE, namely (n,y) = (2,4) and (n,y) = (80, 160). In both cases
the MLE is p = 0.5, however, with the substantially larger sample size in the second
study we would have greater confidence in the MLE if we had observed the second
sample than if we had observed the first sample. Figure 4.3 plots the two likelihood
functions, based on the expression given in Example 4.1. Note that the scale of the
vertical axis is the ratio of the likelihood function at each value of p, to the value at its
maximum point. This allows the two plots to be compared on the same scale. It can
be seen that for the first sample with n = 2 there is a much wider range of parameter
values that achieve likelihood values close to that of the MLE, which is reflected in
a flatter likelihood function. For the second sample with n = 80, where the curvature
is much greater, the range of parameter values that achieve likelihood values close to
that of the MLE is very narrow. This reflects much greater support for the MLE of
p = 0.5 based on the larger sample. We have expressed these plots in terms of the
likelihood function, however, similar behaviour would have been observed on the
log-likelihood scale also.

We have already seen how calculus can be useful for determining an MLE that
occurs at a stationary point of a log-likelihood function. We now continue this dis-
cussion in the context of determining standard errors for MLEs. Calculus allows us to
study the way in which functions vary. For example, the derivative of a function eval-
uated at a particular point tells us the rate of change, or gradient, of the function at
that point. Likewise, the second derivative of a function, the derivative of the deriva-
tive, tells us the rate at which the gradient is changing. In the vicinity of the MLE,
where a log-likelihood function achieves its maximum, its gradient will become pro-
gressively smaller, moving from being positive at parameter values that are less than
the MLE, to being zero at the MLE, to being negative at parameter values greater
than the MLE. This is indicative of the second derivative being negative. If the gra-
dient is becoming progressively smaller at a very slow rate, then the log-likelihood
function will be quite flat, and the second derivative will only be marginally less than
zero. On the other hand, if the gradient is becoming progressively smaller at a fast
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Two likelihood functions with the same MLE p = 0.5 and different sample sizes



98 Inference Principles for Biostatisticians

rate, then the log-likelihood function will be quite pointed, and the second deriva-
tive will be substantially less than zero. The extent to which the second derivative of
the log-likelihood function is less than zero is therefore a measure of the curvature
of the log-likelihood function. It seems natural therefore, that the magnitude of the
second derivative of the log-likelihood function at its maximum could be used as a
measure of the level of confidence that we can place in the MLE as an estimate of
the unknown parameter.
Consider the negative of the second derivative of the log-likelihood function,

d2

Io(8) =53

£(0).

The quantity Ip(6) depends on the observed sample through the dependence of the
log-likelihood function on the sample. We call Ip(6) the observed information at
the parameter value 6. When evaluated at the MLE, 6 = é, the observed informa-
tion quantifies the curvature of the log-likelihood function at its maximum, and will
always be positive since, as discussed above, the second derivative is negative at the
MLE. Bearing in mind Figure 4.3, we can see that when Io(é) is “large” we will
have high confidence in the MLE as an estimate of the parameter, and when Io(6)
is closer to zero we will have less confidence. This explains the use of the term “in-
formation™, since Ip(6) will be large when the data are very informative about the
parameter, and will be small when the data are less informative.

It turns out, however, that the observed information is much more than an in-
tuitively sensible measure of the informativeness of the sample. The expectation of
the observed information is referred to as the expected information, or sometimes
the Fisher information after the statistician R.A. Fisher who first studied it. The
expected information is defined as

1(6) = E[1o(6:7)]

and plays a crucial role in assessing the sampling variation of the MLE through the
relationship
Var(®) ~ 1(6)~! when n is large.

This approximation follows from a general asymptotic normality property of MLEs,
to be discussed in the next section. What it means is that if the information is large
then the variance of the MLE will be small, and if the information is small then the
variance of the MLE will be large. Based on the above asymptotic variance for the
MLE, a standard error based on the MLE in large samples can be calculated using
the quantity

SE(6) =/1(6)"1.

We will defer an example of the calculation of this standard error until the next
section where we discuss the calculation of confidence intervals based on the MLE.
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4.4 Properties of the MLE

Until now we have relied on motivating the MLE by the intuition of choosing the
parameter value that has greatest support from the data. In this section we use the
desirable properties of estimators discussed in Chapter 2 to assess the usefulness of
the MLE as an estimator. This section will focus on properties of the MLE that hold
in the vast majority of cases, but at the end of the section we will consider some
important, albeit uncommon, exceptions.

In general the MLE is not an unbiased estimator, although in specific circum-
stances the MLE may be unbiased. As an example it can be shown that for a normal
distribution, such as the cholesterol modelling example we discussed in Chapters 2
and 3, the sample mean is the MLE of the population mean and so the MLE is unbi-
ased. However, it turns out that for the same problem the sample variance dividing by
n, Sﬁ, is the MLE of 62 and so in this case the MLE is biased, as seen in the Chapter
2 exercises. While the MLE is not in general unbiased, it is a consistent estimator.
Thus, asymptotically as n — oo the MLE will end up coinciding with the true value of
the parameter, and therefore satisfies the minimal desirable property that we would
expect of any useful estimator. Furthermore, the asymptotic distribution of the MLE
is a normal distribution, which is an additional desirable property that allows straight-
forward calculation of confidence intervals. In particular, using the variance that we
discussed in the previous section, we have the following convergence in distribution

property for an MLE
VI(0)(®-0) -5 N(0,1).

This means that in large samples the sampling distribution of the MLE is approxi-
mately normal

A d

@zN(G,I(G)_l) when 7 is large.
As discussed in Chapter 2, when the asymptotic variance of an estimator depends on
the parameter we are trying to estimate, then we usually approximate the variance by
substituting in the parameter estimate. This leads to the standard error of the MLE

that we discussed in the previous section, and leads to a more useful approximate
distribution for the MLE in large samples

A d A
O~N(6,1(6)") when 7 is large.

As a consequence of this asymptotic normality, confidence intervals for the parameter
based on the MLE can be calculated using

6 +21_g/0\/1(6)

where z, is the x-percentile of the standard normal distribution (e.g. 1.96 for a 95%
confidence interval).
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Example 4.4 In this example we will use the fertility study setting to illustrate the
calculation of a standard error for an MLE based on the expected information. In
Example 4.2 we wrote down the derivative of the log-likelihood function for a sample
involving observation of n couples having a total of y cycles to achieve pregnancy.
Using the expression for d¢(p)/dp in Example 4.2, we can differentiate this again
with respect to p to obtain the second derivative and hence the observed information

d? n —n
lo(p;y) = —d—pzf(l?) = —{——2 - (ly_ip)z}

This leads to the expected information

n EY)—n
1p) = Ello(pi1)] = 25 + .

Using the fact that for a geometric distribution E(Y) = 1/p, some algebra leads to

0= iy

A 95% confidence interval for the parameter p based on the MLE would therefore be

A2 _ A
o6,/ P2L=P)
y n

which for the two scenarios in Example 4.3 would result in confidence intervals of
(0.01,0.99) when the sample size is n = 2, and (0.42,0.58) when the sample size is
n = 80. Notice that the width of these confidence intervals reflect a greater level of
confidence in the MLE obtained from the larger study, as discussed in Example 4.3.

While the above desirable properties allow us to make use of the MLE and to
have confidence that it is a sensible approach to estimation, they say nothing about
how the MLE might compare with other approaches to estimation. In Chapter 2 we
discussed the fact that there is a minimum possible asymptotic variance that a consis-
tent estimator can have. Recalling this result from Chapter 2, and the fact that the log
of the probability (density) function of the sample is identical to the log-likelihood
function £(6), it can be seen that the minimum possible asymptotic variance is equal
to 1(9)~!. That is, the MLE has the smallest possible asymptotic variance of any
consistent estimator. In the terminology introduced in Chapter 2, the MLE therefore
has an asymptotic efficiency of 1, or is simply asymptotically efficient. This is a very
important property, which means the MLE can be considered the optimal estima-
tor. This is the primary motivation for recommending maximum likelihood as the
best method of estimation for parametric models. Nonetheless, for a variety of rea-
sons, such as insensitivity to outliers, it sometimes makes sense to consider other
approaches to estimation. Some specific examples of such approaches have been
studied in previous chapters and will be discussed further later in this chapter.

Finally, it is worth noting that although the desirable properties discussed above
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are true in the vast majority of situations, they do not hold in every situation where
an MLE could be used as the parameter estimate. An important exception is when
the MLE occurs on the boundary of the parameter space, such as in Example 4.2
when the MLE of the fertility proportion was estimated to be 1, which is the largest
possible value that the parameter could take. In this case the asymptotic properties do
not hold, and special techniques would be required to construct confidence intervals,
depending on the particular situation. Another important exception arises in multiple
parameter situations and will be discussed later in this chapter.

4.5 Parameter transformations

Sometimes we may be more interested in some function of a parameter, rather than
the original parameter itself. For example, in epidemiology we sometimes study the
prevalence odds of disease 6/(1 — 0), rather than the prevalence 6. The MLE has a
further desirable property for estimating the function of a parameter. It turns out that
for a transformation of the parameter, g(0), the MLE of the transformed parameter is
g(0). Thus, for example, the MLE of the prevalence odds is 6 /(1 — ). This property
is called invariance, and means that we do not need to carry out a separate maximi-
sation of the likelihood function if we change the scale on which the parameter is
measured.

Although computation of the MLE of a transformed parameter g(0) is straight-
forward if we already have the MLE of 6, computation of an associated standard
error may not be so easy. Fortunately, there is a general method for computing ap-
proximate standard errors associated with g(é), assuming that we already have a
standard error associated with 6. This method is referred to as the delta-method.

One way to think about the delta-method is to consider the following approxima-
tion under the assumption that the transformation g has a derivative g’

g(0) ~g(6)+4(6)(6-0).

This is called a first order approximation of g(@), because it is the first part of the
Taylor series expansion of g(@) about 6, and it will be accurate when © is close
to 6. Thus, given that @ is a consistent estimator of 6, this approximation will be
accurate in large samples. Using this approximation, the delta-method for computing
an approximate standard error comes from taking variances on both sides of the
approximation, yielding

Var[g(®)] ~ g'(6)*Var(©)
giving the approximate standard error

se [g(é)] %g’(é)se(é).
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Notice that the approximate standard error associated with g(é) depends on the stan-
dard error associated with 8 and the derivative of the parameter transformation. Thus,
assuming we can can differentiate the transformation g, we can apply the delta-
method whenever we have a standard error associated with 6.

As well as an approximate standard error, the delta-method also yields an ap-
proximate normal distribution for the transformed estimator. The justification for this
comes from a result in probability theory saying that if @ is asymptotically normally
distributed then g(@) is asymptotically normally distributed, again assuming that g
can be differentiated. This leads to the approximate normal distribution

g(©) éN(g(B),se [g(é)]z) when 7 is large.

This approximate normality can be used to construct confidence intervals for the
transformed parameter in large samples, as illustrated in the following example.

Example 4.5 Consider a disease prevalence study where the observed number of
individuals with the disease of interest y, from a random sample of n individuals, is
modelled as the observed value of a random variable Y with binomial distribution
y < Bin(n, 0). As discussed in Example 2.5 of Chapter 2, a standard error associated
with the estimate 6 = y/n is

which leads to the 95% confidence interval for the disease prevalence, 6 & 1.96se(é).
Notice that this confidence interval can potentially include values that are outside the
range [0, 1], which does not make sense given that 0 is a probability. This disadvan-
tage can be rectified by choosing an appropriate transformation of the parameter 6.
A common transformation of probabilities, such as the disease prevalence 9, is the

log-odds transformation
0
0)=1log| —— |.
s(0) = tog( 25

Notice that this transformed parameter is unrestricted, since it can range from —oo to
400 as O ranges from O to 1. Given the standard error se() for the prevalence, the
delta-method can be used to construct an approximate standard error and confidence
interval for the prevalence log-odds. First, we need to differentiate the transformation

, 1
g(G)zm.

This then leads to the approximate standard error

and the 95% confidence interval for the prevalence log-odds, g(8) + 1.96se [g(é)] .
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One of the reasons for using the delta-method is that the approximate normality
required to construct a confidence interval may be more accurate on a transformed
parameter scale. This is particularly true for situations like that discussed in Example
4.5, where the parameter is restricted to a particular range but where the transformed
parameter is not restricted to any particular range. In such cases the normal approx-
imation is often better for the transformed parameter because normally distributed
random variables are not restricted to any particular range. We return to this issue in
Section 4.8.6 and the exercises.

It should be noted that the delta-method is not limited to MLEs. If the estimate
6 has been derived using some other method of estimation, such as those discussed
in Section 4.7, the standard error associated with g(6) can still be obtained using the
delta-method. However, together with the invariance property of MLEs, the delta-
method is particularly useful for MLEs, because it leads to an approximate standard
error associated with the MLE of the transformed parameter g(0).

4.6 Multiple parameters

When our parametric model involves more than one parameter, 6 = (0, ..., 6p),
maximum likelihood estimation may become more complicated, however, similar
properties to those discussed above will continue to hold. The first point to note
when we have more than one parameter is that instead of a single likelihood equa-
tion, we now have a collection of p likelihood equations or score equations. These
equations are obtained by partial differentiation of the log-likelihood with respect to
each parameter, which is carried out by differentiating with respect to each parame-
ter separately, while treating the other parameters as constants. According to standard
calculus notation, partial differentiation is denoted using the symbol 9 in place of d
in univariable differentiation, leading to the likelihood equations

d

8_916(91’.“76‘0) = 0
d

a—eplg(e],...,ep) = 0.

These are a collection of p simultaneous equations that need to be solved to give the p
parameter estimates 6= (él, U ép). According to standard multivariable calculus,
this will lead to maximisation of the multivariable log-likelihood function.

As in the one parameter case, when there are multiple parameters the MLE is
consistent and asymptotically normal. This normal distribution will be a multivariate
normal distribution, with a variance-covariance matrix that depends on an informa-
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tion matrix. In particular, let

92
—/
06,00;

that is, the derivative of the log-likelihood function first with respect to 6; (treating
the other parameters as constants) and then again with respect to 6; (treating the
other parameters as constants). We can then define the observed information matrix
as the p x p matrix Ip(6) = [I;;]. This leads to the expected information matrix
1(0) =E[Iop(0)], which is obtained by taking the expectation of each element of the
observed information matrix. The asymptotic distribution of the MLE can then be
written down analogously to the one parameter case. This leads to the approximate
distribution

I,'j: (91,...,6p),

@éNP(G,I(é)_I) when 7 is large.

The large sample distribution of the MLE of multiple parameters is a generali-
sation of the large sample distribution discussed in the one parameter case. Notice
in particular that since 6 is a p-dimensional vector, the large sample distribution of
the MLE has a p-dimensional multivariate normal distribution, which was discussed
in Chapter 1 and is also summarised in Appendix 1. Furthermore, the inverse of the
expected information, 7(6)~!, is now a matrix inverse rather than a reciprocal. This
leads to a (symmetric) p X p matrix that becomes the variance-covariance matrix in
the multivariate normal distribution. Standard errors associated with each é; are ob-
tained from the corresponding diagonal elements of the inverse of the information
matrix, after substituting in the parameter estimate 6. Thus, the standard error asso-
ciated with 6; is the square root of the (i,i) element of 1(9)~!, which can be used to
construct a confidence interval as in the one parameter case. The extended example
includes a detailed illustration of this process.

There is an important exception to the consistency and asymptotic normality of
MLEs in multiple parameter situations. This exception arises when the number of
parameters increases as the sample size increases. Occasionally a model may be pro-
posed in which p is equal to the sample size n, or at least increases as the sample
size increases. In such cases the MLE is usually not consistent and asymptotically
normal. Thus, in practice it may be questionable to rely on the MLE when the num-
ber of parameters is as large, or almost as large, as the number of observations in
the sample. In such situations a simpler model may be required, or possibly a larger
sample.

4.7 Further estimation methods

Maximum likelihood estimation is the most commonly used general method of es-
timation. It is applicable to any situation in which we have a likelihood function
corresponding to a parametric model, and it is the most efficient method of estima-
tion in large samples. Nonetheless, there are other approaches to estimation. While
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none of these methods is as generally applicable as maximum likelihood estimation,
alternative approaches can be useful in specific contexts.

4.7.1 Least squares estimation

Perhaps the most important alternative to maximum likelihood estimation is the
method of least squares estimation. Whereas maximum likelihood estimation
chooses the estimate that maximises the likelihood associated with the observed
sample, least squares estimation chooses the estimate that minimises the discrepancy
between the sample observations and the estimated sample means.

As a simple introduction, consider a sample of observations y1,...,y,, which are
the observed values of random variables Y1,...,Y, with E(Y;) = u, foralli=1,...,n.
A measure of the discrepancy between observation i and the mean y is (y; — ),
since this will be large when y; is far away from y and close to zero when y; is close
to u. Aggregating over all of the observations leads to an overall measure of the
discrepancy between the sample and u, namely, the sum of squares

(yi—ﬂ)2~

-

SS(u) =

i=1

The least squares estimate fi is then defined as the value of y that minimises SS(u),
that is, the value of p that minimises the overall discrepancy between the sample
observations and the estimated mean.

Computation of the least squares estimate then involves minimisation of the func-
tion SS(u) which can be achieved using calculus. In particular, this involves solving
the least squares estimating equation

1850 =2 (i ) =0

i=1

which gives the least squares estimate fi =Y. As for the MLE, the corresponding least
squares estimator uses the same definition applied to the random variables Y7, ..., Y.
That is, the least squares estimator is M=Y.

Notice that the derivation of the least squares estimator did not make use of the
distribution of the sample. This is both an advantage and a disadvantage compared
to maximum likelihood estimation. It is an advantage because it means that the least
squares approach is applicable in the same form for all distributions, unlike maxi-
mum likelihood which uses a different likelihood function for different distributions.
On the other hand, this can be a disadvantage because the form of the distribution
can provide additional information that can provide greater estimation efficiency.
This means that when maximum likelihood estimation and least squares estimation
produce different estimators, the MLE will be more efficient than the least squares
estimator. Sometimes though, the two approaches will produce the same estimator. In
particular, when the sample has a normal distribution, then the two approaches will
coincide because the log-likelihood for a normal distribution is simply the negative
of the sum of squares.
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The simple illustrative presentation above can be generalised to a parameter vec-
tor 8 = (0,...,0,), with E(¥;) = u;(0). In this case the sum of squares is

SS(61,...,6,) =Y [yi — ()]’

-

i=1

which leads to the p least squares estimating equations

d
a—elSS(Ql,...,Gp) - O

P
a—%sswl,...,ep) = 0.

These p simultaneous equations must be solved for the least squares estimate § =
(61,...,0,), just like the likelihood equations are solved to find the MLE.

The most common application of least squares estimation is linear regression
analysis. In linear regression analysis the sample Y7, ...,Y, is assumed to have a nor-

mal distribution ¥; 4 N(u;,0?), where the means ; are taken to be linear functions
of covariates that differ between observations. For example, if we were interested in
assessing the relationship between cholesterol level Y; and blood pressure x; using a
sample of i = 1,...,n individuals, y; would take the linear form

Wi(0) =0y + 6rx; i=1,...,n

and 6 = (0;,6,) would be estimated by minimising the sum of squares SS(6y,6>).
The least squares estimate 6, would then provide information about the extent to
which cholesterol level increases as blood pressure increases. A detailed discussion
of linear regression is beyond the scope of this book, but further reading on related
topics is discussed in Appendix 3, including a chapter in the book by Kleinbaum
et al. (2008) on the correspondence between least squares and maximum likelihood
estimation for linear regression with a normal distribution model.

Another possible application of least squares estimation is where it is more con-
venient than maximum likelihood estimation, such as situations where the MLE is
implicit but the least squares estimate is explicit. An example of this sort of situation
is considered in the exercises.

4.7.2 Method of moments estimation

The discussion of least squares estimation in Section 4.7.1 introduced us to the idea
that there are other general approaches to deriving estimation procedures beyond
maximum likelihood estimation. In fact, there are many other general approaches,
some of which we briefly note here.

For a parameter vector 6 = (0y,..., 6,), recall that both maximum likelihood and
least squares estimation are based on a collection of p simultaneous equations that
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must be solved to produce estimates of the p parameters. We use the general term
estimating equations to refer to the collection of equations that must be solved to
calculate the estimates. Another method of estimation, called the method of mo-
ments, uses a different approach to construct the p estimating equations that must be
solved to provide the estimates. This approach is based on the concepts of a sample
moment and a distribution moment, which are generalisations of the concepts of a
sample mean and a distribution mean. In particular, consider the random variables
",....Y,, all with the same distribution, and let the observed values be yi,...,y,.
Then the k& sample moment and the k" distribution moment are respectively

m(k)leyf and ,LL(k)(Gl,...,Gp):E(YI-k) k=1,2,....

nis

It can be seen that these two definitions of moments generalise the concept of a mean,
in the sense that in both cases the mean is obtained by taking k = 1.

The method of moments chooses the estimate that ensures the sample moments
are equal to the estimated distribution moments. This ensures that the estimated dis-
tribution matches the sample in some sense. Since p simultaneous equations are re-
quired when there are p parameters, method of moments estimation uses the first p
moments, and involves solving the equations

#(l>(917"'76p) = m(l)

u®ey,...,6,) = m.

Like least squares estimation, for some models the method of moments will produce
the same estimate as maximum likelihood estimation, and for other models it will
produce a different estimate. Often it turns out that method of moments estimates are
explicit estimates in situations where the MLE is implicit, which often makes them
more convenient to calculate. However, like least squares estimation, method of mo-
ments estimation tends to be inefficient relative to maximum likelihood estimation.

Example 4.6 A simple example of method of moments estimation is for a sample

Y1,---,yn from random variables Y1,...,Y, with ¥; 4 N(u,062). Then (V) =y and
@)

u® = 6%+ u? so that the method of moments estimates are the solution of the two
estimating equations
Ho=y
2,2 Iy
R Y i
i=1

Solving these two equations gives the method of moments estimates fi =y and 6% =

s2, which are identical to the MLEs. Some further examples of method of moments

estimation are considered in the exercises.
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4.7.3 Modified likelihoods

Finally, it is important to note that we have already seen the basis for alternatives to
maximum likelihood estimation when we discussed modified versions of the likeli-
hood function that deal with nuisance parameters, in Section 3.6. The main modified
version of the likelihood that was discussed in Section 3.6 was the profile likelihood,
which provides a method for eliminating nuisance parameters from the likelihood
function, leaving only the parameters of interest. The profile likelihood, and other
modified versions of the likelihood function mentioned in Section 3.6, can be used
as the basis of estimation and confidence interval construction, in much the same
way as the likelihood function is used with maximum likelihood estimation. Thus,
once the profile likelihood has been determined, for example as illustrated in Sec-
tion 3.7.5, then it can be maximised to produce parameter estimates and its second
derivative matrix can be used to construct standard errors and confidence intervals.
This can have the advantage of being more straightforward than maximum likelihood
estimation, because the nuisance parameters are eliminated from the estimation pro-
cess, while at the same time having the same efficiency as the MLE in large samples.
We will discuss the profile likelihood further in the extended example, in Section
4.8.4, and also consider it further in the exercises.

4.8 Extended example

In Chapter 3 we discussed the development of likelihood functions for a Poisson
model of stroke incidence among individuals with coronary disease, and its rela-
tionship with salt intake. In this extended example the objective is to continue the
discussion to show how to use these likelihood functions to derive the MLE of the
stroke incidence rate and rate ratio, and how to use the concept of information to
obtain standard errors and confidence intervals. We start by discussing the one pa-
rameter situation, where it is assumed that there is no difference between high and
low salt intake populations with regard to stroke incidence. The multiple parameter
situation is then considered for maximum likelihood estimation of the rate ratio and
individual exposure group rates, including a discussion of the likelihood equations
and information matrix. We will then use this to draw conclusions about whether
there is evidence that stroke rates differ between the two salt intake groups.

4.8.1 Modelling stroke incidence

We will rely on the same notation and model that was used in the Chapter 3 extended
example. In particular, we will assume that our sample ¥ = (¥;,Y,) corresponds to
the number of new cases of stroke in the high salt intake and low salt intake exposure
groups, respectively. For concreteness we will discuss a study in which the observed
sample is y = (y1,y2) = (245,239), based on a sample size of (n,n2) = (1150,850)
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individuals having been followed for a total of (Fj, F>) = (5980, 3825) person years.
The stroke incidence rates in the two groups are denoted by (A;,A,), with rate ratio
Y = A2/ A1, and the distribution of ¥; is Poisson(A;F;).

4.8.2 MLE for a common stroke rate

In the one parameter context where a common stroke rate A = A; = 4, is assumed for
the two salt exposure groups, then the likelihood function and log-likelihood function
that were written down in Chapter 3 are (omitting irrelevant terms that do not depend
onA)

L(A)=2A""exp | — (Fi + F)A]

and
[(}\,) = (yl +y2)10gl — (F] -l-Fz)),.

Differentiation of £(24) yields the likelihood equation

d Y1ty .
dlg(l)_ 1 —(F1+F2)—0.

Solving this likelihood equation leads to the MLE

1= yi+y
F+F

which takes the value 4 = 0.0494. In Chapter 3 we noted that this parameter value
was the most supported value of any parameter value. The above discussion illus-
trates why this is the case, namely, because it solves the likelihood equation and
hence maximises the likelihood function. Note that the parameter A represents the
rate at which individuals experience a stroke, per year. Thus, A must be non-negative
for our model to make sense, and the parameter space consists of the values A > 0.
The MLE described above can never be negative, and will provide the parameter
value with the highest value of the likelihood function among all non-negative values.
It is, however, possible to evaluate the likelihood function L(A4) at negative values of
A, even though they have no meaningful interpretation in terms of our stroke inci-
dence model. This highlights the fact that maximisation of the likelihood function,
or log-likelihood function, should be conducted within the parameter space only. For
a Poisson distribution the likelihood function can take on greater values outside the
parameter space, however, it does not have a likelihood interpretation for such param-
eter values and is of no relevance in determining the MLE. In general, if a solution
to the likelihood equation falls inside the parameter space then it will be the MLE.
For some models (not including the current one) it may be possible for a solution to
the likelihood equation to fall outside the parameter space, in which case it cannot be
used as the MLE. This is uncommon but when it occurs care needs to be taken and
the log-likelihood function may need to be inspected graphically.
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4.8.3 Confidence interval for a common stroke rate

To calculate a confidence interval for the stroke incidence rate, we first need to derive
the expected information, based on the second derivative of the log-likelihood. The
first derivative of the log-likelihood was used above in the likelihood equation, and
this can be differentiated again with respect to A, leading to the observed information

IO(A”y): d}\,z A’z

Using the fact that E(Y;) = A F;, the expected information is given by

1(A) =E[lo(A:7)] = ”1;“2 _ FlIFz.

Using /1 (ﬁy)—1 as a standard error for the MLE leads to the following 95% confi-
dence interval for the stroke incidence rate,

~

A
YHY2 4 96 .
F+F F+F

For the particular sample considered above this corresponds to a 95% confidence
interval of (0.045,0.054) for the common stroke incidence rate, per person per year.

4.8.4 MLE for the rate ratio

If we remove the assumption of a common stroke incidence rate then the log-
likelihood function becomes a function of two parameters, 4; and A,. In Chapter 3
we discussed how to use the reparameterisation A, = yA; to write the log-likelihood
function as a function of both the stroke incidence rate in the high salt group, A,
and the ratio of the stroke incidence rates in the two groups, 7. This leads to the
log-likelihood function

L(A1,7) = yilog Ay +y2log(YA) — FiAy — FaYAs.

This function can be differentiated with respect to A; (treating y as a constant) and
with respect to ¥ (treating A; as a constant). This leads to the following likelihood
equations

J ity _

&Alé(ll,Y)_ Arl _FI_FZ,)/_O
)

Zi,y) = yf — B =0.

Iy

These are simultaneous equations that must be solved to obtain the MLE (il, 7).
By rearranging each of the two likelihood equations we obtain the following two
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simultaneous equations

1= yi+y2
1— = ~~
F+7F
2 Y2
A==
YR

and setting these two equations equal to each other and solving for ¥ leads to

Although we are most interested in the rate ratio in the present example, as a
by-product we also obtain

~

V1
A= B 0.0410.
These estimates are of course the natural estimates, and justify our use of these es-
timates in Chapter 3. In particular, in Chapter 3 we found that ¥ = 1.52 is the most
supported value of all values for the rate ratio, based on the profile log-likelihood, a
result that is consistent with it being the MLE. Recall also that in our discussion of
the profile log-likelihood for ¥, we had to take as given that the most supported value
of A; for any given value of ¥ is equal to

3 oyt
M(y) = Fiyh

Notice that this result comes from solving the likelihood equations, and corresponds
to the first of the two simplified simultaneous equations above.

In this section we have derived the rate ratio estimate by maximising the full
likelihood function, which involves simultaneously estimating A;. If we are only in-
terested in the rate ratio and not A;, another approach would be to maximise the
profile likelihood discussed in Chapter 3. This involves first eliminating the nuisance
parameter A;, and then maximising the profile likelihood as a function of y alone. In
the exercises we will see that for this model this leads to identical estimates of . In
general, if we are truly not interested in estimating the nuisance parameter then a pro-
file likelihood approach may be preferable because it avoids unnecessary estimation
of the nuisance parameter. However, for this example we will continue with stan-
dard error estimation for both parameters, as an illustration of a multi-dimensional
context, and defer consideration of the profile likelihood approach until the exercises.

4.8.5 Confidence interval for the rate ratio

To obtain a confidence interval for the rate ratio we first need to obtain the expected
information matrix based on the two-parameter log-likelihood function. This requires
us to differentiate the two derivatives that appear in the likelihood equations, each
with respect to both parameters, thus yielding four second derivatives that make up
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a 2 x 2 matrix. Below we write down each of the four elements that make up the
observed information matrix Ip(A1,y) = [1;j]:

9* yi+y2
I =——=—=/4(A =
11 (9)(«12 ( la}/) )le
2 82
by =1 EI%) (177)_—8}”8)/(1177) F
9? Y2
122:_8_)/28()””):?'

By using the fact that E(Y;) = A F}, and taking the expectation of each element of the
observed information matrix listed above, we obtain the expected information matrix

FIIVF2 123
I()’l’}/) = ! lle *
B

For our particular sample, substituting in the values of ¥ and A1 allows us to evaluate
this expected information matrix

5 . [287658.5 3825
1(7“"7)_[ 3825 103.17}

and its matrix inverse

5 o1 | 686x1076  —2.54x 1074
Ih,7) _[—2.54><10—4 0.0191

Our primary interest lies in the rate ratio MLE 7, for which a standard error is
obtained by taking the corresponding diagonal element of the inverse of the expected
information matrix, namely v/0.0191 = 0.138. This leads to a 95% confidence inter-
val

1.52+£1.96 x 0.138 = (1.25,1.79).

In the Chapter 3 extended example we noted that unequal stroke rates were more sup-
ported by the data than equal rates, with the most supported value for the stroke rate
ratio being 1.52. At that stage, however, we were not in a position to assess whether
there was “significant” evidence against the proposition that the stroke rates in the
two groups are equal. Based on the above confidence interval we are now in a posi-
tion to assess this. In particular, it can be seen that based on the confidence interval, a
rate ratio value of 1 is not plausible since it does not lie inside the confidence interval.
This indicates that there is evidence of a significantly higher stroke rate in the group
exposed to a high salt diet, and introduces us to the idea of hypothesis testing, which
will be studied in some detail in the coming chapters.

4.8.6 Reparameterisation

Although the confidence intervals derived above are valid when the sample size is
large, it sometimes makes sense to calculate confidence intervals after expressing the
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parameters on a transformed scale. An example of this in the present context would
be to transform the parameters, or reparameterise, so that the model is expressed in
terms of the log incidence rates and the log incidence rate ratio. For the single param-
eter situation discussed at the beginning of the chapter, if we were to reparameterise
by writing 8 = log A then the log-likelihood function could be rewritten in terms of
6 instead of A. Maximisation of this reparameterised log-likelihood would lead to
the MLE 6 = logA, where A was defined earlier in this extended example. This is
consistent with the property of invariance of the MLE that we noted earlier in this
chapter, and means that estimation is effectively equivalent whether carried out on
the transformed or original scale. However, a confidence interval for 8 based on the
expected information from the reparameterised log-likelihood would not lead to the
same confidence interval for A as that used previously in this extended example. In
particular, if the confidence interval for 8 obtained using the expected information
from the reparameterised log-likelihood is (éL, éU), then a corresponding confidence
interval for A can be obtained using (exp o, exp éU). The question then arises: why
would we want to carry out our confidence interval calculation based on a trans-
formed parameter rather than on the original scale? One of the reasons for doing this
is that the normal approximation may be more applicable in smaller sample sizes
when the parameters are appropriately transformed, than when they are left on their
original scale. Thus, the confidence interval for A may be more accurate when based
on the transformed parameter. We will consider this issue further in the exercises.
For certain types of distributions there are particular transformations or reparame-
terisations that work best. For example, in the case of the Poisson distribution it is
the log transformation of the parameter that works best. This issue is related to the
topic of generalised linear models, which are generalisations of linear regression that
lead to linear models for a transformation of the mean, rather than the mean itself.
Such models are beyond our scope, but further reading can be found in such books as
Dobson and Barnett (2008) and other texts discussed in Appendix 3. Although con-
fidence intervals for appropriately transformed parameters may be more accurate in
smaller sample sizes, when the sample is sufficiently large then confidence intervals
will be similar, whether based on transformed or untransformed parameters.

Exercises

1. In Chapter 3 we considered a series of examples in which we discussed likelihood
functions for a disease prevalence study, based on the binomial distribution.

(a) Review these examples and write down the likelihood function and log-
likelihood function for the population prevalence 0, in terms of the number
of individuals in the sample n, and the number of individuals in the sample
who have the disease y.

(b) Using differentiation, write down the likelihood equation.
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(c) Based on the likelihood equation determine 8, the MLE of 8. Hence justify
that the sample prevalence is the best estimate of the population prevalence.

(d) Determine the expected information, in terms of 6 and n.

(e) Using part (d), evaluate standard errors associated with the MLE, for the
two samples discussed in Example 3.2 of Chapter 3. Hence calculate con-
fidence intervals for the population prevalence based on each of these sam-
ples.

2. Read the section on reparameterisation in the extended example and review the
log-likelihood function for the case of a common stroke rate 1. Let 6 =logA. We
will now consider the likelihood and MLE based on this transformed parameter.

(a) Using the log-likelihood for A write down the log-likelihood function as a
function of 6, by substituting in 8 =logA.

(b) Using the log-likelihood in part (a), write down the likelihood equation for
6 and hence determine 6 the MLE of 6.

(c) Verify that 6= logi, where A is the MLE that was derived in the extended
example. This is an example of what general property of MLEs?

(d) After differentiating the left-hand side of the likelihood equation, obtain the
expected information. For the sample described in the extended example,
use the expected information to calculate a standard error based on é, and
hence a confidence interval for 6.

(e) Using part (d), calculate a confidence interval for A and compare this con-
fidence interval with the one that was calculated in the extended example.

(f) Consider the two approaches to calculating confidence intervals in part (e).
Would it be possible (in other samples) for either of these two approaches to
yield confidence intervals that include values outside the parameter space?
Which approach is more desirable from this point of view?

3. In this question we return to the systolic blood pressure lowering study described
in Exercise 6 of Chapter 2. Begin by reviewing that exercise. For the current exer-
cise, we will assume that the population standard deviation reduction in systolic
blood pressure is known to be 12 mmHg, so that > = 144. Of course, in practice
it is unrealistic to assume that we know the standard deviation exactly, however,
we will consider the case where the standard deviation is not known in Exercise
5.

(a) Write down the log-likelihood function for the single parameter, the popu-
lation mean u.

(b) Using differentiation write down the likelihood equation.

(¢) Based on the likelihood equation determine f1, the MLE of u.

(d) Determine the expected information, and hence write down a 95% confi-
dence interval for U, in terms of the sample mean y.
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4. This question deals with multiple parameter MLEs for the fertility study exam-
ple, and follows the same type of approach as was used in the extended example
for stroke incidence rates. Review Exercise 8 from Chapter 3, for the fertility
study where women who are smokers have different fertility to women who are
non-smokers. In that exercise we studied a likelihood function that was a func-
tion of two parameters, the fertility parameter for women who smoke (p;), and
the relative fertility rate (7). Start by writing down the log-likelihood function
from part (b) of that exercise.

(a) Differentiate the log-likelihood with respect to p, to obtain the first like-
lihood equation. Then differentiate the log-likelihood with respect to 7y to
obtain the second likelihood equation.

(b) Rearrange both likelihood equations so that p; is on the left-hand side.
Hence solve the likelihood equations to obtain the MLEs of p; and . Based
on these MLEs, what will the MLE of p; be?

(c) Differentiate the left-hand side of each likelihood equation with respect to
p2. Then differentiate the left-hand side of each likelihood equation with
respect to y. Hence write down the observed information matrix, and take
the expectation of this to obtain the expected information matrix.

(d) For the data set described in Exercise 7 of Chapter 3, evaluate each of the
elements in the expected information matrix, by substituting in the MLEs of
the parameters. Take the matrix inverse of the expected information matrix,
and hence obtain a standard error and a confidence interval for 7.

(e) Based on part (d), is there evidence that fertility differs between women
who smoke and women who are non-smokers?

5. This question is a continuation of Exercise 3, but now we make the more real-
istic assumption that the population variance of the reduction in systolic blood
pressure is not known.

(a) Write down the log-likelihood function for the parameters p and 62,
(b) Write down the two likelihood equations.
(c) Solve the likelihood equations to determine the MLEs of u and o2.

(d) Based on your answer in part (c), what would be the MLE of ¢ (give rea-
sons)?

(e) Determine the expected information matrix, and also its matrix inverse, in
terms of u and 62

(f) Based on your answer in part (e), write down a 95% confidence interval for
u.
(g) How does the confidence interval in part (f) differ from the first confidence

interval described in Exercise 6 of Chapter 2? Which confidence interval
would have higher coverage probability?
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6. Consider the disease prevalence study discussed in Exercise 1, where the ob-
served number of individuals with the disease of interest y, from a random sam-
ple of n individuals, is modelled as the observed value of a random variable Y

with binomial distribution ¥ < Bin(n, 6). In this question we will consider the
population prevalence 0, as well as the prevalence log-odds ¢, the log prevalence
B and the prevalence odds ¥, where

¢ Zlog(%) B=log(6) y=-—0.

(a) Write down the MLE of the population prevalence @ and a standard error
se(0).

(b) By referring back to Example 4.5, write down the MLE of the prevalence
log-odds ¢ and a standard error se(¢) obtained using the delta-method.

(¢) Using the same approach as Example 4.5, write down the MLEs of the log
prevalence f3 and the prevalence odds 7, as well as standard errors se(f3)
and se(7), obtained using the delta-method.

(d) Consider samples where n = 20 and n = 100. In each case suppose that
10% of individuals in the sample have the disease of interest. Compute
confidence intervals for each of the 4 parameters 0, ¢, B and ¥, for each of
the 2 sample sizes.

(e) Repeat part (d) supposing that 90% of individuals in the sample have the
disease of interest.

(f) Write down the parameter space in terms of 6, ¢,  and y. Comment on
the appropriateness of the 4 parameter scales for calculating confidence
intervals in small and large samples, using your results from parts (d) and

(e).

7. Consider the common stroke rate model discussed in Section 4.8.2 in which Y},
the number of strokes observed in group i, had a Poission(lF,') distribution,
where F; was the number of person-years of observation in group i, fori = 1,2.
Now suppose that we adopt a model in which there is an additional number of
strokes which has a mean 6 > 0 that is independent of the period of observation,
so that

YiiPoisson(G—l—lF,-) i=1,2.

(a) Write down the log-likelihood associated with this model, £(1,6).

(b) Differentiate (A, 0) with respect to A and 6 to obtain the likelihood equa-
tions. Do these likelihood equations lead to explicit MLEs for A and 6?

(c) Write down the sum of squares, SS(A,0) = (y; — p1)> + (y2 — U2 )?, where
W = E(Y;) and y; is the observed value of the random variable ¥;.

(d) Differentiate SS(A,0) with respect to A and 6 to obtain the least squares
estimating equations.
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(e) Solve the least squares estimating equations from part (d) to obtain the least
squares estimates of A and 6. Hence obtain least squares estimates A and
0 for the data described in Section 4.8.1.

(f) Write down an advantage and a disadvantage of least squares estimation for
this model, compared with maximum likelihood estimation.

8. Consider estimation of the stroke rate ratio ¥, as discussed in Section 4.8.4. Sup-
pose that the stroke rate in group 1, A, is a nuisance parameter that we have no
interest in.

(a) Using the discussion in Section 3.7.5, write down the profile likelihood as
a function of y alone, L(Y), and the profile log-likelihood, £(7).

(b) By comparing back to the results in Section 4.8.4, show that the estimate of
¥ obtained by maximising the profile log-likelihood £(7) is the same as the
estimate obtained by maximising the full log-likelihood in terms of y and
Al

(c) Using the expected information corresponding to the profile log-likelihood
£(7), calculate a standard error associated with the estimate from part (b).

(d) Construct a 95% confidence interval for y on the basis of your results from
part (c), and compare it with the confidence interval obtained in Section
4.8.5 based on the full log-likelihood.

9. For each of the following distributions, determine the method of moments esti-
mator of 6 and decide whether it is the same as the MLE.
(a) Bin(n,0)
(b) Pois(0)
(c¢) Uniform(0,0)
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Hypothesis testing concepts

In Chapter 2 we discussed using confidence intervals to conclude whether or not
particular values of the parameter are plausible. This introduced us to the notion of
hypothesis testing, the principles of which will be developed in the next two chapters.
In this chapter we will discuss some of the basic concepts in hypothesis testing,
including significance level, power and P-values, and further discuss the connection
between hypothesis testing and confidence intervals. Chapter 6 will then make use
of these concepts to develop general methods for carrying out hypothesis tests based
on the likelihood function. Our discussion in this chapter and the next will present
hypothesis tests as rules for deciding whether an hypothesis should be rejected or not,
based on the observed sample. This is useful for assessing the statistical significance
of observed departures from the hypothesis, but reliance on a simple dichotomy can
often lead to misinterpretation, so we will also discuss the importance of viewing
hypothesis testing as complementary to the process of confidence interval estimation.
These notions will be illustrated using an extended example involving randomised
treatment comparisons.

5.1 Hypotheses

In most biostatistical contexts involving hypothesis testing, one is interested in as-
sessing whether there is evidence that a particular factor has an effect on some health
outcome. In practice, the term “effect” is often used loosely to encompass both sit-
uations that truly are the assessment of the effect of a factor, such as a randomised
trial of an intervention, and situations involving only the assessment of associations,
such as an observational study of a particular exposure. In either situation, statistical
hypothesis testing begins with the development of a probability model, as was used
in our discussions on parameter estimation. However, rather than using the sample
to estimate the unknown parameter value, hypothesis testing assesses whether the
“no effect” value of the parameter can be rejected because it is implausible based on
the observed sample. If it can be rejected, then it is reasonable to conclude that the
factor under study does have an “effect” on the outcome of interest. Throughout this
chapter we will frame the discussion in terms of hypothesis testing associated with
an effect parameter such as a rate ratio or mean difference, however, the discussion
applies to any parameter in a probability model.

119
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The basis of hypothesis testing is the specification of a null hypothesis (Hy)
representing the no effect, or null, value of the unknown parameter in our probability
model. An hypothesis test is then a procedure for using the observed sample to decide
whether there is sufficient evidence to reject the no effect null hypothesis in favour
of an alternative hypothesis (H;) that specifies the existence of an effect. The most
common null and alternative hypotheses are of the form

Hp:0=6p versus H;:0+# 6y

where 6 is the unknown parameter and 6y denotes the no effect value of the param-
eter in our model. In this case, the null hypothesis is said to be a simple hypothesis
since it involves only a single value of the parameter, whereas the alternative hy-
pothesis is said to be a composite hypothesis since it involves multiple values of the
parameter. In the above case the alternative hypothesis is also referred to as a two-
sided hypothesis, because it covers values of the parameter on both sides of the null
value.

In some cases, information may be available about the type of relationship that
could potentially exist between the factor and outcome under study, which would
restrict the possible values that the parameter could take if it is not equal to the null
value. The most common hypothesis specification of this type is

Hy:0=6y versus Hj:0 > 0.

In this case the alternative hypothesis is referred to as a one-sided hypothesis, be-
cause it covers values of the parameter on only one side of the null value. This type
of alternative hypothesis may be of interest when it is reasonable to assume the pa-
rameter can take on values only on one side of the null value, as might be the case
if it can be assumed that the factor under study can only have either no effect or a
positive effect on the outcome of interest. However, this assumption is often difficult
to justify, and for this reason two-sided hypotheses are more common in practice.

Both the two-sided and one-sided hypothesis specifications described above in-
volve the testing of a simple null hypothesis corresponding to a single parameter
value, versus a composite alternative hypothesis corresponding to a range of param-
eter values. While this is the most common approach, and will be the approach as-
sumed in this chapter unless stated otherwise, it is possible to specify other types of
hypotheses. In principle it is possible to specify simple hypotheses, that is hypothe-
ses involving only one parameter value, for both the null and alternative hypotheses.
Such hypotheses would require the specification of a single value 6, that the param-
eter would take in the case that it was not equal to the no effect value 8. This leads
to hypotheses of the form

Hy:0=6y versus H;:0=0,.

While such hypotheses are of some importance from a theoretical point of view, they
are rarely of any practical interest, since it would rarely be the case that only two pos-
sible values of a parameter could hold. An additional type of hypothesis specification
is where both null and alternative hypotheses are composite. In this case, rather than
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a single value specifying no effect, a range of values would correspond to no effect,
such as
Hy:0<6y versus Hj:0 > 0.

Composite null hypotheses involve increased complexity in hypothesis tests, but are
of some practical importance. In general, however, the examples that we will consider
will focus on the testing of a simple null hypothesis against a composite alternative
hypothesis.

5.2 Statistical tests

Having specified null and alternative hypotheses, a statistical test is a procedure,
or a rule, for using the observed sample to decide whether or not to reject the null
hypothesis in favour of the alternative hypothesis. In previous chapters we introduced
certain concepts related to our sample and our model that are useful in providing a
precise statement of what a statistical test is. Recall that a statistic is any function
T(Y) of the sample Y that does not depend on the parameter 6, while the parameter
space consists of all possible values for 6. The specification of our statistical test
begins with the choice of a statistic, 7(Y), on which the rule for rejecting (or not
rejecting) the null hypothesis will be based. In this chapter we will not discuss how
to make this choice, but in Chapter 6 we will consider general methods that supply
us with an appropriate statistic on which to base our test.

The second stage in the specification of our statistical test is to identify which
part, or subset, of the parameter space corresponds to values of the parameter cov-
ered by Hy, and which part corresponds to values covered by H;. These subsets of
the parameter space should together cover all possible values of the parameter and
be non-overlapping. Labelling the subsets as ®y and @y, respectively, allows us to
rewrite our hypotheses in a general form, regardless of whether the hypotheses are
simple or composite:

Hy:0 €0y versus H;:0 € 0.

For the common case of a simple null hypothesis, ® will consist of just one point,
6y, while a composite alternative hypothesis will consist of either an interval (one-
sided tests) or the union of two intervals (two-sided tests). With this specification,
our final step is to define the statistical test to be a rule for deciding whether 0 is in
®) or O, depending on the observed value T (y) of the statistic 7(Y). We specify
this rule by considering all possible values that T'(y) could take, and then identifying
a subset of these values, labelled C, such that if the observed value of T(y) is in C
then we reject the null hypothesis. Our decision rule, or hypothesis testing procedure,
can therefore be stated in full as

either rteject Hy if T (y) € C and conclude 6 € O,
or accept Hy if T(y) ¢ C and conclude 6 € @y.
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Often hypothesis tests involve a simple null hypothesis versus a two-sided alternative
hypothesis, where the collection of values C refers to all values exceeding a certain
cut-off c. In this case the decision rule can be stated more simply as

either rteject Hy if T(y) > ¢ and conclude 6 # 6,
or accept Hy if T(y) < ¢ and conclude 6 = 6.

On the face of it, this decision rule seems to provide a basis for either discounting
or confirming the null hypothesis. In practice, however, the idea of “acceptance”
of the null hypothesis is often more appropriately interpreted as “non-rejection”. In
other words, accepting the null hypothesis usually does not correspond to concluding
that it is true, but rather that it is not possible to reject it. This is a very important point
and we will discuss it in detail in the next section.

We refer to the statistic 7 () as the test statistic, while the observed value of this
statistic, T'(y), is referred to as the observed test statistic. The collection of values C
that will lead us to reject the null hypothesis is referred to as the critical region, while
the cut-off value c is referred to as the critical value of the test. Expressing a test in
terms of a critical region allows greater generality than expressing it in terms of a
critical value, because the critical region does not necessarily have to correspond to
an interval above a certain cut-off. However, the critical regions for many important
tests can be conveniently expressed in terms of critical values and we will therefore
frame most of our discussion in terms of critical values.

One of the most important aspects of hypothesis testing is to decide what test
statistic to use, and having decided on the test statistic, what critical value to use.
In the extended example and exercises we will study some specific examples of test
statistics without considering how the test statistic is chosen. In Chapter 6, however,
we will consider general methods for choosing appropriate test statistics, based on
the likelihood function. Having chosen the test statistic, the important decision of
what critical region to use is based on the notion of controlling statistical errors,
which we will discuss later in the chapter.

5.3 Acceptance versus non-rejection

The above purely theoretical description of an hypothesis test may seem to imply that
we will either reject the null hypothesis and accept the alternative hypothesis, or else
accept the null hypothesis and reject the alternative hypothesis. In fact, while it will
be reasonable to conclude that if the null hypothesis is rejected then the alternative
hypothesis must be accepted, the question of what interpretation to draw when the
null hypothesis is not rejected is less clear.

From one point of view, it may be argued that in the absence of evidence to the
contrary we should assume that no effect exists, and that a failure to reject the null
hypothesis leads us to accept the “default” option as true. Thus, if the test statistic
was in the critical region we would reject the null hypothesis, and if it was not in the
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critical region we would accept the null hypothesis. From a practical point of view,
however, this can be misinterpreted because in most situations a failure to reject the
null hypothesis does not correspond to a confirmation that it is true. In particular, as
we shall discuss later in this chapter, although one explanation for a failure to reject
the null hypothesis is that the null hypothesis is indeed true, another explanation
is that the size of our sample was too small to be confident that the true effect is
different from the null value. Almost always in biostatistical applications, a failure to
reject the null hypothesis should be interpreted as an inconclusive lack of evidence
for an effect, rather than providing conclusive evidence that there is no effect. Thus,
we generally do not interpret a statistical test as a rule to decide whether to reject or
accept the null hypothesis, but rather a rule to decide whether to reject or not reject
the null hypothesis.

The above discussion leads us to the importance of estimation concepts as a com-
plement to information obtained from hypothesis testing. Just as a failure to reject the
null hypothesis does not constitute a confirmation that it is true, nor does an accep-
tance of the alternative hypothesis give us precise information about the unknown
value of the parameter. It is for this reason that the simple dichotomy of hypothe-
sis testing needs to be combined with the more detailed information available from
estimation, particularly confidence intervals. In particular, when a null hypothesis
is rejected, a confidence interval can be used to provide more detailed information
about the magnitude of the effect, whereas if the null hypothesis is not rejected, a
confidence interval can be used to assess how far away from the null value the true
effect could plausibly be.

5.4 Statistical errors

When the above testing procedure is used to decide whether or not to reject the null
hypothesis, there is clearly the possibility that the resulting decision will not reflect
reality. In practice we would not know whether we had made an incorrect conclusion
based on our hypothesis test, just as we would not know whether our confidence in-
terval covers the unknown true value of the parameter. These unidentifiable “errors”
can be thought of as falling into two distinct types. The desire to minimise the chance
that either one of these errors might occur is an important consideration in choosing
the test statistic and critical region of the test.

The two types of possible errors correspond, respectively, to an incorrect conclu-
sion in a circumstance where the null hypothesis is true, and an incorrect conclusion
in a circumstance where the alternative hypothesis is true. Thus, the first type of
hypothesis testing error, referred to as a type I error, corresponds to reaching a de-
cision to reject the null hypothesis when in fact it is true, while the second type of
error, referred to as a type II error, corresponds to reaching a decision not to reject
the null hypothesis when in fact the alternative hypothesis is true. These scenarios
are summarised in Table 5.1.
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TABLE 5.1

Hypothesis test decisions

Reject Hy Do not reject Hy

Hy is true Type I error Correct decision
H; istrue Correct decision  Type II error

Since type I and type II errors are clearly undesirable, our goal is to construct
statistical tests that control the probabilities of these errors occurring. In practice,
there is a trade-off between the chance of a type I error and the chance of a type 11
error. To consider this we will focus on the situation where the critical region can
be defined based on the critical value c of the test statistic. For a given sample size,
increasing c (or reducing the critical region) will lead to a decrease in the probability
of a type I error @ and an increase in the probability of a type II error . Decreasing
¢ will have the opposite effect of increasing the probability of a type I error and
decreasing the probability of a type II error. Thus, it is not possible to simultaneously
lower both @ and B by altering the critical value ¢ of the test statistic.

In view of this trade-off between type I and type II error probability, the “classi-
cal” approach to hypothesis testing is to begin by choosing a critical value for the test
statistic so as to achieve a suitably low type I error probability. Often the definition
of suitably low is taken to be o = 0.05, although this is arbitrary and can in prin-
ciple be fixed at whatever level is considered appropriate for controlling the chance
of rejecting the null hypothesis when it is in fact true. Once this objective has been
achieved, attention can be focussed on the type II error, and the test manipulated so
as to control 3, in ways discussed in the next section. The primary focus on the type
I error is consistent with the fact that, while it is important to control both types of
error, it is usually more important to control the tendency for incorrectly identifying
positive effects, than the tendency for an inconclusive result when an effect actually
exists.

The specific approach to choosing a critical value that will achieve the desired
type I error probability is as follows. Based on the distribution of the test statistic
under the assumption that the null hypothesis is true, the critical value is taken to
be the value that the test statistic will exceed with probability . That is, the critical
value c is determined by the equation

Pr(T(Y)>c|0=6)) =a.

The above probability statement uses the notation that we introduced in Chapter 3,
which in the present context means the probability of the event 7(Y) > ¢ under the
assumption that 0 = 0, that is, under the assumption that Hy is true. For example,
this probability might be determined by a normal distribution with mean 8 = 0.

In interpreting the type I error probability it is useful to bear in mind the repeated
sampling interpretation of frequentist probability. Based on this interpretation we
expect that in repeated studies of an identical nature on a population in which no
“effect” exists, a proportion o of these studies will nonetheless conclude that an



Hypothesis testing concepts 125

effect does exist. By choosing o to be low we limit the tendency for this to occur,
however, we can never fully exclude it. The fact that we expect a certain proportion
of tests to reject the null hypothesis purely on the play of chance, is important for
interpreting the results from multiple studies, or multiple tests conducted on the same
study. Such multiple testing issues will be considered further in the exercises.

5.5 Power and sample size

In the previous section we discussed how, given a particular test statistic, we can
determine the critical value that ensures the type I error probability is controlled at
an acceptably low level. Having ensured this, the next question is how to limit the
type II error probability to an acceptably low level. As we have already discussed,
the error probabilities o and B compete with each other in the sense that lowering o
tends to raise 3. This property, however, is only true for a fixed sample size. When
the study design is such that the sample size is flexible, an increase in the sample size
will lead to a decrease in the chance of a type II error. This provides the fundamental
approach to controlling the type II error.

An important quantity related to the type II error is the power of the test. The
power is defined as 1 — 3, and corresponds to the probability of rejecting the null
hypothesis when the null hypothesis is false. In Table 5.1, the power is represented by
the decision cell in the lower left-hand corner and therefore corresponds to a correct
decision. Thus, in constructing our test it is desirable to have high power. Since power
is just one minus the probability of a type II error, there is a mathematical equivalence
between controlling the type II error probability to be acceptably low, and controlling
the power to be acceptably high. In practice, however, it is more common to express
such considerations in terms of power, particularly in relation to determining the
sample size. Common values for the power are 0.9 and 0.8, which are usually referred
to as 90% or 80% power, and which correspond to values of 0.1 or 0.2 for 3.

In our previous discussion of the critical value that will ensure a desired type I
error, our calculations were carried out under the assumption that the null hypothe-
sis was true. This corresponds to making the assumption that the parameter takes a
single particular value y. In considering the power of the test we must consider the
probability of rejecting the null hypothesis under the assumption that the alternative
hypothesis is true. However, the alternative hypothesis does not correspond to a spe-
cific parameter value, but rather a range of values. Thus, the power will depend on
whatever alternative hypothesis parameter value we choose to consider. This leads
to a function of the parameter, which is referred to as the power function or power
curve. This can be expressed as

Power(0) =Pr(T(Y) >c| 6)

where the dependence on 0 reflects the fact that the distribution of the test statistic
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will depend on whatever alternative hypothesis value is considered for 6. For exam-
ple, the test statistic may have a normal distribution with mean 6.

We consider some specific examples of power in the extended example. In gen-
eral, however, the following two general properties hold for the power of a statistical
test:

1. For a particular sample size, the power will increase as the value of 6 gets further
away from the null value 6p;

2. For a particular value of 8, the power will increase as the sample size gets larger.

The first property reflects the fact that if the size of the effect is large, then we have
greater chance of identifying this effect. The second property reflects the fact that the
power can be increased by increasing the sample size, and it is this fact that we use
to ensure an adequate power is achieved, as we now describe.

The usual approach is to begin by specifying an effect size such that if this rep-
resents the truth then we would want to have high power to reject the null hypothesis
of no effect. This effect size will correspond to a particular alternative hypothesis
value for the parameter, which we will call 0;. The power assuming 0; is the true
parameter value is given above by Power(0, ). If our desired power is 1 — 3, then the
sample size can be chosen so as to achieve this desired power. In particular, using
property 2 above, we can increase the sample size until the desire power is achieved:

increase n until Power(6;) > 1—f3.

The effect size used in the power calculations may be interpreted as the smallest ef-
fect that is of any practical importance, and is sometimes referred to as the detectable
difference. The concept of a practically important effect will be illustrated further in
the extended example. The idea is to distinguish small effects of little practical im-
portance, from large effects that would be of substantial practical importance if they
exist. In considering the power of the study, we would like to ensure adequate power
for “detecting” the important effect sizes, but would not be too concerned about the
power achieved for effect sizes so small as to be unimportant from a practical point
of view. Often there may be doubt about the smallest effect size that is of practical
importance, so a number of different values for the detectable difference may be of
interest. In this case, power calculations may be conducted under a number of differ-
ent assumptions for 0y, to assess the sensitivity of the power (or the required sample
size) to different values.

We make note also of one additional complication in considering the power of a
study. While there may be a particular parameter 0 that we are interested in testing
an hypothesis about, in practice our probability model may have other parameters as
well. Just as we have to specify the value of 0 to carry out a power calculation, so too
will we need to specify the value of any other parameters. These values may need
to be determined based on data from other studies, or a range of plausible values
may be considered based on experience with the context under study. A common
example of this is when we are interested in testing an hypothesis about the mean
of a normal distribution, and we need to make an assumption about the variance of
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that distribution to assess the power of the study. The extended example illustrates
the need to make assumptions about other parameter values when undertaking power
calculations.

Determining the sample size to achieve a desired power is a study design issue
that needs to be considered prior to the study beginning, and is useful when the
size of the study is flexible. If the sample size is not flexible then the power cannot
be manipulated in this way and we will need to hope the power we end up with
is acceptably high. If power calculations indicate that this is not the case then the
study should perhaps be reconsidered. This avoids wasting resources by conducting
a study that has a substantial chance of not concluding that there is evidence of an
effect, even when the truth is that an important effect exists.

While the sample size is an important way to increase the power, the choice
of test statistic can also have an effect on the power. This is an important topic in
theoretical statistics, where much effort has been devoted to considering the types of
test statistics that lead to the most powerful test. In practice, however, the general
methods that will be covered in Chapter 6 provide a practical approach to identifying
appropriate test statistics that achieve high power among all possible test statistics in
parametric models. While we will not consider the theoretical topic of most powerful
tests in any detail here, the exercises provide an illustration of the power obtained by
two different test statistics applicable to the same situation.

5.6 P-values

When an hypothesis test rejects the null hypothesis, the result is said to be statisti-
cally significant. This terminology reflects the fact that the observed effect size is
never exactly equal to the null value specified by the null hypothesis, and the role
of an hypothesis test is to identify whether the observed effect size is significant in
the sense that it is large relative to what would be expected on the play of chance.
Statistical significance only has a meaning when it is interpreted in the context of
the critical value that was used for the test, or equivalently the type I error probabil-
ity a. For example, the result of an hypothesis test may be statistically significant if
we choose o = 0.05, but not significant if we choose a = 0.01. For this reason the
conclusion that a null hypothesis is rejected (or not rejected) must be accompanied
by the value of & used to conduct the test, and in this context « is referred to as
the significance level of the test. Thus, the terms significance level and type I error
probability may be used interchangeably.

In practice, there will be a particular value for the significance level such that if o
is chosen to be larger than this value then the test will be significant and if ¢ is chosen
to be smaller than this value then the test will not be significant. This value is referred
to as the P-value of the test, and corresponds to the smallest significance level such
that the test would be statistically significant. When the P-value does not exceed
the significance level o then the test is statistically significant and we can reject
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the null hypothesis. Conducting our test by checking whether the P-value is above
or below the significance level « is effectively equivalent to the procedure described
previously of checking whether the test statistic is below or above the critical value c.
However, the magnitude of the P-value yields additional information in that it allows
us to quantify the degree of statistical significance. In order to understand what is
meant by this quantification, we consider the interpretation of the P-value in more
detail.

Consider an observed sample y in which the observed value of the test statistic
is t = T(y). Since the P-value is the smallest significance level such that the test
would be significant, it corresponds to the significance level of a test conducted with
a critical value of ¢. That is, using our definition of the significance level (or type I
error probability)

P-value =Pr(T(Y) >t |6 =6).

Thus, the P-value represents the probability, under the assumption that the null hy-
pothesis is true (6 = 6), of obtaining a test statistic at least as large as the one we
observed. This provides a useful intuitive interpretation for the process of hypothesis
testing. In particular, a small P-value corresponds to an observed test statistic that
is unlikely under the assumption that the null hypothesis is true. If it is sufficiently
unlikely to be as large as the one observed, that is, with probability less than ¢, then
we conclude that the null hypothesis is inconsistent with our observed sample and
we will reject it in favour of the alternative hypothesis.

The repeated sampling interpretation of probability is again useful to bear in
mind in interpreting the probability statement that defines the P-value. It means that
if we were to repeat a large number of identical studies on a population in which
there was no effect, then the proportion of studies that yielded a test statistic more
extreme than the one we obtained will equal the P-value. Thus, the P-value denotes
the proportion of studies that would obtain results as extreme as ours, purely on
the play of chance. When this proportion is small, we reject chance as a potential
explanation of our results, and conclude that there must be a non-null effect size. Of
course, in any particular situation the word “effect” must be interpreted carefully, and
for non-randomised studies it will usually mean “association”.

In interpreting the magnitude of a P-value it is important to recall our previous
discussion on the issue of acceptance and non-rejection of the null hypothesis. While
a small P-value is a useful indicator that the null hypothesis is implausible, a large
P-value cannot be interpreted as indicating support for the null hypothesis. In par-
ticular, it is a serious misinterpretation to view the P-value as the “probability” that
the null hypothesis is true. This mistake is similar to the misinterpretation of confi-
dence intervals that we discussed in Chapter 2, as an interval that contains the true
parameter with a probability of 0.95. In both cases the probability statements have no
meaning in the context of the frequentist view of probability, however, the mistake is
more dangerous in the case of P-values. A large P-value may arise because of a type
II error, particularly due to a small sample size. To use a large P-value as support
for the null hypothesis would not identify studies in which the effect was large, but
the P-value was insignificant due to low power. It is for this reason that confidence
intervals should always be quoted with P-values to give a range of plausible values
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for the effect size. Furthermore, as discussed previously, the interpretation of “ac-
cepting” the null hypothesis should be that there is no evidence against a null effect,
rather than that there is evidence for a null effect.

5.7 Extended example

The objective of this extended example is to illustrate the important concepts of hy-
pothesis testing within a standard context, namely, the comparison of two proportions
in a binomial model for response to HIV treatment. As well as demonstrating the ba-
sic concepts, such as test statistics, significance level, and P-values, we focus on the
appropriate interpretation of results from an hypothesis test, particularly when the
null hypothesis is not rejected. In relation to this, we focus on the concept of practi-
cal significance, and contrast it with statistical significance. Leading on from this we
explore how power is related to detectable difference and sample size, and consider
the determination of sample size to achieve the desired power. Finally, we illustrate
some additional issues related to hypothesis tests, in particular their relationship with
confidence intervals.

5.7.1 Randomised interventions

We consider a study involving individuals who are HIV positive, and consider the
comparison of two possible antiviral treatments. The first treatment, which we can
interpret as the standard or control therapy, involves using a single drug to reduce the
extent of HIV in the body. The second treatment, which we can interpret as the ex-
perimental therapy, involves administering the control therapy in combination with a
second drug. We will refer to the control treatment as mono-therapy and the experi-
mental treatment as combination therapy. The treatment that each individual receives
is determined by randomisation, by which we mean that equal numbers of individ-
uals are randomly assigned to each treatment. The goal of the study is to compare
the two therapies with respect to the “response” to treatment. The main outcome of
treatment is the binary indicator of whether or not viral load is adequately reduced
at the end of a six month period of treatment. Thus, the study aims to compare the
proportion of patients who achieve an adequate response in each treatment group. We
will call these proportions the “response rates”. In reality they are not really rates,
they are proportions, however this terminology is common in health and medical ap-
plications. The central quantity that will be used to compare the response rates is
their observed difference, which can be considered an estimate of the difference in
population response rates.

We have already discussed earlier in this chapter that there could be two expla-
nations for the magnitude of the observed treatment difference: a genuine therapy
effect or simply chance. The role of the P-value is to assess the extent to which
chance is a plausible explanation, and if it is not, this would leave only a genuine
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therapy effect as an explanation of the observed difference. There is, however, a third
potential explanation. In practice, it is possible that there could be bias caused by
differences between the groups being compared which may lead to an apparent dif-
ference between the treatments. This is referred to as confounding. In this book we
are focussing on the principles of statistical inference under the assumption that our
sample is not biased, but in practice it is a very important issue to justify a lack of
bias. Randomised studies, in which people are assigned to comparison groups at ran-
dom, are the best way to avoid confounding in assessing interventions. In particular,
they ensure that comparison groups are similar in all respects except the intervention
under study, thus eliminating bias as an explanation of differences between treat-
ments. Of course, randomisation is not always feasible or ethical, particularly when
we are interested in comparing groups that are not defined by an intervention. In
this case, epidemiological or observational studies are often used to study groupings
defined by exposures, lifestyles and other characteristics.

5.7.2 Model and hypotheses

A natural model for the data from our randomised trial is the two sample binomial
model. Throughout we will subscript quantities associated with the control therapy
by a 0 and the combination therapy by a 1. Let n be the total number of individuals
in the study, with the number on each therapy being ny = ny = n/2, since the number
in each group is equal. The full sample is y = (y1, ...,y ), Where y; is 1 if individual i
responded to treatment and is O otherwise. However, this full sample can be reduced
to the sufficient statistics xo and x|, the observed numbers achieving a response on
the two therapies, respectively. There are two parameters in the model, pg and p1, the
population response rates for each therapy. Assuming independence of the outcome
from each individual, the model assumes that xo and x; are the observed values of
random variables with Bin(no, po) and Bin(n;, p;) distributions, respectively. These
parameters are estimated by the sample response rates po = xo/n and p; = x1 /n.

For the purpose of hypothesis testing it makes sense to focus on the response rate
difference, 0 = p; — po, which is estimated by the sample response rate difference
6= P1 — Po. Then the null value specifying no treatment difference is 0, and a two-
sided pair of hypotheses is

Hyp:0=0 versus H;:0#0.

While this is a natural way to express the treatment difference it is not the only way.
For example, we could have used the ratio of the response rates with a null value of 1.
Note that the two-sided alternative hypothesis specifies a difference either in favour
of the combination therapy (8 > 0) or in favour of the mono-therapy (6 < 0). It may
be possible to argue for a one-sided alternative hypothesis H; : 8 > 0, if it could
be argued that adding an additional therapy could only improve the response rate.
However, this will usually be a difficult argument to make. For example, in our case
it would seem plausible that extra toxicities from the more intensive combination
therapy could potentially lead to less effectiveness than the mono-therapy. Thus, it
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TABLE 5.2
Observed data for a randomised study of HIV therapies

Mono-therapy Combination therapy  Total

Response xo =47 x1 =57 104
No response 53 43 96
Total ny =100 np =100 n =200

would seem sensible to allow for both alternatives, and this will usually be the case
in biostatistical applications.

5.7.3 Testing for a difference

The data can be summarised in a cross-tabulation that can be analysed using a com-
parison of proportions test or x> test. We discuss the construction of the associated
test statistics based on the observed data in Table 5.2.

Based on these data the estimated response rates are py = 0.47 and p; = 0.57,
with a response rate difference of & = 0.10 in favour of the combination therapy. One
approach to constructing a test statistic is based on the distribution of the estimator
of the treatment difference assuming the null hypothesis is true. It is necessary to
consider this distribution under the assumption that the null hypothesis is true, be-
cause the critical value for our test statistic is determined based on this distribution.
In the present situation the estimate 6 is an observation from an approximate normal
distribution, using the normal approximation to the binomial distribution. Assuming
the null hypothesis to be true, the population response rates in the two therapy groups
are equal, pg = p; = p, and the normal distribution has mean 6 = 0, with variance
4p(1 — p)/n. Based on the observed data, and assuming the null hypothesis to be
true, our best estimate of the common response rate p is p = 104/200 = 0.52, lead-
ing to an approximate normal distribution of N(0,0.0707?) for the estimator of the
treatment difference, under the assumption that the null hypothesis is true. Thus, the
standardised quantity

z= __9 =1.415
Vap(I=p)/n
is an observation from a random variable Z with an approximate standard normal
distribution, assuming the null hypothesis is true.

Based on the two-sided alternative hypothesis, large positive or large negative
values of 6 indicate departures from the null hypothesis. This suggests two possible
test statistics that we will know the distributions of under the null hypothesis, namely,
t1 = |z| and to = 7> which are the observed values of random variables 7} = |Z| and
T, =Z7%

The critical values for these test statistics, ¢; and ¢, are determined by

Pr(Ty >¢1|0=0)=Pr(|Z| >c; |0 =0) =«
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and
Pr(T>c |8=0)=Pr(Z2>c,|0=0) =a.

Here, the probability refers to the standard normal distribution of Z, assuming the
null hypothesis is true. Thus, using a conventional significance level of @ = 0.05,
and using the fact that the square of a standard normal random variable is a x2(1)
random variable, we obtain critical values of 1.96 and 3.84 for the two test statistics,
respectively.

Not surprisingly, we can see that the two approaches will give equivalent results,
since 1.962 = 3.84. The second approach can be shown to equivalent to a 2 test
for independence. That is, conducting a x2 test for a 2 x 2 table is equivalent to
conducting a two-sided comparison of two binomial proportions, and it therefore
does not matter which one we use. For our observed data set, since 72 = 1.415% =
2.00 < 3.84, our test is not statistically significant and we would therefore not reject
the null hypothesis that the response rate on combination therapy equals the response
rate on mono-therapy.

According to our definition of the P-value, which we will just call P,

P=Pr(l,>1]0=0)=Pr(z>2.00| 6 =0)=0.16 > o = 0.05.

Thus, we would not reject the null hypothesis on the basis of the P-value, which is
consistent with the result obtained by comparing the test statistic with the critical
value. However, the P-value allows us to quantify how extreme our result is, relative
to what we could have expected purely on the play of chance. Indeed, it is useful to
think of the repeated sampling framework and imagine a large number of identical
randomised trials, conducted on a population that has equal response rates for the
two therapies. Figure 5.1 plots the observed value of the test statistic 77 for 1000
such studies, simulated based on the assumption that there is no difference in re-
sponse rates between the two therapies. Given where the observed test statistic from
our sample lands on this plot, with approximately P = 16% of the studies exceeding
the value 2.0, it is quite plausible that our test statistic could have arisen from a pop-
ulation that has identical response rates for the two therapies. This explains why we
would not be in a position to reject the null hypothesis of equal response rates based
on our data. Notice, however, that with a more extreme hypothetical test statistic of
say 8.0, it would be somewhat implausible that such a value arose from such a popu-
lation, and it would therefore be reasonable to reject the hypothesis of equal response
rates.

5.7.4 Interpretation

In view of the insignificant result obtained above, it is useful to return to our discus-
sion of the difference between acceptance and non-rejection of the null hypothesis.
Previously we argued that a failure to reject the null hypothesis should be interpreted
as an inconclusive result, rather than evidence that the null hypothesis is true. A con-
fidence interval for the response rate difference is useful for illustrating this. Based
on the standard errors for each of the response rates, a standard error for the response



Hypothesis testing concepts 133

(@)

()

=

(@)

S -

\O

(@)

o —

vl
> 8 -
g ~ Observed Hypothetical
2 o test statistic test statistic
g K
ko A

s \V2

(¢\]

(@)

=7 \V2

1
o - I 1
| | | | | |
0 2 4 6 8 10
Test Statistic

FIGURE 5.1

Histogram of test statistics (73) from 1000 studies on a population with no difference
in response rates between therapies
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rate difference is
se(8) = \/po(1— po)/100+ p1(1 — p1)/100 = 0.0703.

Thus, a 95% confidence interval is 0.10 £ 1.96 x 0.0703 = (—0.04,0.24), for the
true response rate difference between the two therapies. The range of this confidence
interval shows that, although we do not have evidence that there is a non-null effect,
we cannot rule out an effect size as large as 24% in favour of the combination therapy.
That is, we cannot rule out a 24% greater response rate on combination therapy, in
absolute terms. This confidence interval shows that if we consider such an effect as
large, then we are not in a position to accept the null hypothesis, despite having been
unable to reject the null hypothesis.

It is useful at this point to consider what we would define as a “large” effect. This
is a clinical question rather than a statistical question, and depends on the magnitude
of effect that would be considered of practical significance. The notion of practical
significance will depend very much on the situation, but in this context it might be
considered to be the magnitude of effect that would lead clinicians to change clinical
practice and adopt the new combination therapy as the standard of care. Suppose
in our situation a 10% larger response rate on the combination therapy would be
required to change clinical practice. This would mean that, when compared to the
control therapy, one extra viral load response is achieved for each 10 patients that
are treated with the combination therapy. By comparing our confidence interval with
this practically significant effect, it is clear that we can neither rule out effects of
an important magnitude nor effects of an unimportant magnitude. This is consistent
with the inconclusive result that we obtained from the hypothesis test.

It is instructive to consider a number of other potential results that could have
arisen, along with their P-values, to get a feel for the distinction between practical
significance and statistical significance. Figure 5.2 considers such results, beginning
with the confidence interval for the data described above, and followed by four other
confidence intervals that hypothetically might have arisen. The first two alternative
results depict statistically significant situations in which it would be reasonable to
conclude that the response rates favour the combination therapy group. However, no-
tice that only in the first case would it be reasonable to strongly conclude that the
effect is of practical significance, since the second result could not exclude response
rate differences between 0 and 10%. The third alternative result is potentially mis-
leading because the statistical significance may appear to suggest that there is an
important advantage of combination therapy over mono-therapy. However, the mag-
nitude of this response rate difference is of a magnitude that would not be considered
of any practical significance, and has likely arisen because of a very large sample
size. This shows that statistical significance does not necessarily imply practical sig-
nificance, particularly if a very large sample size is used in a situation where the
effect is minimal. The final alternative result is not statistically significant as in our
original analysis, however, it differs in that it excludes all response rate differences
of a magnitude that are of any practical significance. Thus, if ever we were prepared
to “accept” the null hypothesis, this would be such a situation since it is reasonable
to exclude the possibility of a practically significant effect. In general, however, it
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is wise to limit such acceptance to situations where the study has been specifically
designed to confirm the equivalence of two treatments, using a special design called
an equivalence study. One reason for this is that opportunistic post hoc choice of the
practically important difference could be used to inappropriately argue that the two
treatments are equivalent. Equivalence studies are beyond our scope in this book, but
an introduction is provided in Armitage et al. (2002) together with discussion of a
number of other special types of randomised clinical trial designs. Overall though,
the examples presented in Figure 5.2 illustrate the importance of augmenting an hy-
pothesis test with both a confidence interval and a quantification of the practically
important effect size. It is seen that for an effect to be meaningful it should be both
practically significant and statistically significant, and that these two concepts are not
identical.

5.7.5 Assessing power and sample size

The above analysis was unable to reject the null hypothesis despite the magnitude
of the observed treatment difference being identical to the magnitude that we would
consider practically significant (10%). We now take a step back to the design stage of
this randomised trial, and investigate this issue in relation to power and sample size.

Suppose we were designing the above study and planned to have 200 individu-
als in the study, 100 on each of the mono and combination therapies. What power
would we have for detecting a practically significant treatment difference of 10%? In
other words, what is the probability that we will conclude that there is statistically
significant evidence of a treatment effect, if the true population treatment difference
is 10%? According to our definition of power,

Power(0.1) =Pr(7; > 1.96 | 6 =0.1).

Previously we used the distribution of 77 assuming the null hypothesis was true
(6 = 0), however, in order to calculate the above power we need to know the dis-
tribution assuming 6 = 0.1. An important difference between these two situations
is that the variance of the treatment difference estimator is different under the null
and alternative hypotheses. This is not always the case, but it introduces an extra
level of complexity in the present context. As used above, under the null hypoth-
esis the variance is Vy/n = 4p(1 — p)/n where p is the common overall response
rate. Under the alternative hypothesis, where the response rates differ, this variance
isVi/n= %[po(l — po) + p1(1— p1)]. This implies that the test statistic 7} is the
absolute value of a random variable with the normal distribution

0 Vi
N ( — L ) :
Vo / n Vo
If the variance of the treatment difference estimator was identical under the null and
alternative hypotheses, then we would have the simpler situation of a variance equal

to 1. It is left as an exercise to verify that the variance is the ratio specified above.
Based on the normal distribution identified above, it is possible to carry out the
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required power calculation. Notice, however, that although we have specified a value
for the treatment difference 0, the power calculation also depends on the parameter
values po and pi, since the distribution of the test statistic depends on these values.
These are clearly unknown, however, usually there would be prior information avail-
able about the response rate for the control treatment in a randomised trial. Suppose
then that we have information from previous studies that suggest a control response
rate on the order of 50%. Then, together with our assumption about 6 for the power
calculation, this would imply that p; = 0.540.1 = 0.6. Given the equal sample sizes,
the overall response rate would be the average of py and pp, so that p = 0.55. Substi-
tuting these values into our normal distribution, we now know that our test statistic
T is the absolute value of a N(1.42,0.99) random variable. Thus, the power of our
test with a detectable difference of 10%, is

1.96 — 1.42 —1.96— 1.42
Power(0.1) = 1 —¢(L> +¢(L> — 029
V0.99 V0.99

where @ is the standard normal cumulative distribution function. A power on the
order of 29% would be considered very low, and it is generally more appropriate
to have a power on the order of 80—-90%. In particular, with an approximately 70%
chance of not finding a significant difference even if the true difference was 10%), it
is perhaps not surprising that the study with 200 individuals did not conclude that
there was a statistically significant difference between the response rates on the two
therapies.

We can carry out the same calculations for values of 0 other than 0.1. A plot of the
resulting power calculations over a range of values for the true treatment difference
is provided in Figure 5.3, for a number of different sample sizes. These functions are
referred to as power functions or power curves.

Observe that these power functions satisfy the two properties that we highlighted
earlier in this chapter: for a fixed sample size the power increases as the treatment
difference gets further away from the null, and for a fixed treatment difference the
power increases as the sample size increases. It can be seen that if we increase the
sample size sufficiently then we will be able to achieve a high power for detecting
a treatment difference of 10%. For example, with n = 1037 individuals overall the
resulting power is 90%. For very small treatment differences it can be seen that the
power is very low, however, this would not concern us because such treatment differ-
ences are of little practical significance. All power curves have the value 5% at § =0
because this corresponds to the null hypothesis, in which case we have oo = 0.05 for
all sample sizes.

Sample size calculation can be carried out by trial and error based on the power
function, by trying different sample sizes and calculating the resulting power. When
the alternative hypothesis is one-sided it is possible to straightforwardly invert the
relationship between power and sample size to give the following formula for the
required sample size:

2

1
n=3 (Z1a\/‘70+zlﬁ\/‘71)
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For two-sided alternative hypotheses, an approximation is to use this formula sub-
stituting /2 for a, or else more complex methods can be used based on the 2
distribution. The approximate method leads to n = 1035 for 90% power in our ex-
ample, which is in excellent agreement with the calculation of » = 1037 obtained
above.

5.7.6 Confidence intervals and hypothesis tests

We have already emphasised the importance of augmenting information obtained
from hypothesis testing with information obtained from estimation, particularly con-
fidence intervals. In fact there is a correspondence between hypothesis testing and
confidence interval estimation. A null hypothesis Hy : 8 = 6y can be tested against
a two-sided alternative hypothesis, using a significance level o, by determining
whether the value 6y is contained in the 100(1 — )% confidence interval for 6. This
is consistent with the intuitive interpretation of a confidence interval as the range of
plausible parameter values. Figure 5.2 provides an illustration, where we see that the
confidence intervals that do not cover O are associated with significant P-values. Fig-
ure 5.2 also illustrates how the confidence interval can be used to test the hypothesis
that the parameter is equal to any other specific value. For example, in our previous
discussions of whether the confidence interval included the practically significant
value of 10%, we were effectively carrying out a test of whether we could reject the
hypothesis that the true difference is 10%.

Since there is an equivalence between hypothesis testing and confidence interval
estimation some statisticians argue that only confidence intervals should be used,
because they are less open to misinterpretation than P-values. Nonetheless, the P-
value does provide information that a 95% confidence interval does not provide,
namely, it quantifies how extreme the results are relative to what could be expected
by chance alone. In general, a properly interpreted hypothesis test augmented by a
confidence interval provides a more complete summary of the available information.

Another way of looking at the equivalence between confidence intervals and hy-
pothesis tests is that the confidence interval includes any parameter value 6y for
which we would not reject the null hypothesis Hy : 0 = 6y against a two-sided al-
ternative hypothesis. This fact can be exploited to construct confidence intervals in
complicated situations, based on the types of test statistics we will cover in the next
chapter.

Exercises

1. In the extended example we discussed a setting in which antiviral drugs were
used to reduce HIV viral load, with the binary outcome being whether or not
patients achieved adequate suppression of the virus. In these exercises we look
at the magnitude of reduction in viral load as a continuous outcome, that is, the
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change from just prior to therapy to that achieved after six months of therapy.
To simplify things we will just look at the reduction in one of the treatment
groups, say the combination therapy group, and consider hypothesis testing of
whether the reduction on this therapy is statistically significant. In practice, it
would be worthwhile comparing this reduction with that of the control group in
a randomised trial. Testing of this type, which is analogous to the two-sample
comparisons of proportions in the extended example, will be considered as one
of the illustrations in the next chapter. Consider a sample y = (y1,...,y,) corre-
sponding to observation of the reduction in viral load over a six month period for
n individuals on combination therapy. In this exercise we will assume that this
change has a N(u, 6?) distribution. We will study the one-sample z-test, which
is based on the decision rule

reject Hyif [t > ¢ wheret =

y
Sn—1//n

and where the test statistic ¢ is an observation from a t,,_; distribution if Hy is
true.

(a) Write down the null-hypothesis and two-sided alternative hypothesis that
would be of interest for this one-sample context.

(b) Describe how to determine the critical value ¢ for the one-sample z-test,
based on a significance level o = 0.05, and calculate ¢ for n = 50.

(c) Describe how to calculate the P-value for the sample, and calculate it sup-
posing that the mean reduction in viral load was ¥y = 0.2 and the observed
variance was s,zl_l =1.04.

(d) What would you conclude regarding the hypotheses from part (a)?

(e) Calculate a 95% confidence interval for the mean reduction in viral load u.
Explain how it is consistent with the result in part (d).

(f) Suppose that the reduction in viral load is only of practical benefit if it
exceeds 0.3. Interpret this information in the context of your answers to
parts (d) and (e).

2. This question concerns the significance level or type I error of the ¢-test com-
pared to a second test. The second test is called the Wilcoxon signed-rank test,
which is a non-parametric test that uses only the ranks of the observations in
the sample and not their numerical value. For now, we do not need to define the
Wilcoxon signed-rank test in detail but we will discuss it further in Chapter 8.
Use the function cnorm. sim described in Appendix 2 to simulate 1000 repeated
studies of size 50, from a population in which there is no average reduction in
viral load from the treatment. Assume that the variance of the reduction between
individuals is 1.0 (on the scale used to measure viral load), and that the reductions
are normally distributed.

(a) Write down the interpretation of the significance level of an hypothesis test,
in the context of conducting repeated studies.
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(b) For each study decide whether the null hypothesis would be rejected or
not at the 5% significance level, based on the results of each of the two
types of hypothesis tests. Hence obtain a simulation-based estimate of the
significance level for each of the two tests.

(c) Based on the results in part (b), do the two tests seem to have the signifi-
cance level that you would expect?

3. This question concerns the power of the two tests studied in Exercise 2. Use the
same assumptions as Exercise 2, except we will now assume that the population
does have a reduction in viral load when treated with this therapy.

(a) Write down the interpretation of the power of an hypothesis test, in the
context of conducting repeated studies.

(b) Repeat the simulations carried out in Exercise 2, except now assume that
the population mean reduction is 0.2, 0.4, 0.6, 0.8 and 1.0 (i.e. carry out
5 additional sets of simulations). For each study decide whether the null
hypothesis would be rejected or not at the 5% significance level, based on
the results of each of the two types of hypothesis tests. For each value of the
mean reduction, obtain a simulation-based estimate of the power for each
test.

(c) For a mean reduction ranging from O to 1, plot a simulation-based estimate
of the power function for each test (plot both functions on the same graph).

(d) What advantage does the 7-test have? Based on your simulation results, is
it an important advantage and why do you think it arises?

4. Repeat the simulations in Exercises 2 and 3, except use simulation from a “con-
taminated” normal distribution, in which 90% of observations come from a nor-
mal distribution, and 10% of observations are from a distribution that is uni-
formly distributed between —5 and 5 (i.e. we have a large proportion of outliers
in the sample).

(a) Plot the same simulation-based estimates of the power functions for each
test, as was carried out in Exercise 3.

(b) Which test seems to have an advantage? Hence summarise the relative mer-
its of each of these tests.

5. Suppose we have a population in which there is no reduction in viral load on
average. Suppose we conduct k studies on this population and test whether there
is a statistically significant reduction in each case. The test statistic that we use
is unimportant for this exercise.

(a) Write down an expression for the probability that at least one of these stud-
ies yields a result that is statistically significant, using a significance level
of «a for each test.

(b) Calculate this for ¢ =0.05,and k =1, 2, 3, 5, 10, 15, 20.
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(c) By referring to your results in part (b), summarise the problem with con-
ducting multiple tests and concluding statistical significance if one of them
rejects the null hypothesis.

(d) Suppose we let our significance level depend on the number of tests we
are conducting. In particular, if we are conducting k tests, suppose we use
a significance level of a/k for each test, where o = 0.05. Based on this,
repeat the calculation in part (b), of the probability that at least one of the
studies will yield a statistically significant result.

(e) Using the results of part (d), explain how this correction to the significance
level rectifies the problem identified in part (c). (This is called Bonferroni
correction for multiple comparisons, which is one of a number of possible
approaches to deal with the problem.)

6. Suppose you can approximate the z-distribution by the normal distribution (i.e.
assume n is large). Analogous to the expression given in the extended example,
the expression for the sample size required for a one-sided test is:

2
g 2
n= ﬁ(zl—a +z1-p)

where d is the detectable difference in the mean viral load reduction. How does
the required sample size change as the following quantities increase (give rea-
sons):

(a) The variance of the reduction in viral load?
(b) The detectable difference d?

(¢) The power 1 —f3?

(d) Justify the above formula.

7. Consider the relationship between power and sample size in Exercise 6. For this
question we will assume a one-sided test. Suppose that it is known from prior
data that the variance ¢ is approximately 1.0 and suppose that the hypothesis
test will be conducted using a significance level of 5%.

(a) How many patients are required in the study if a power of 80% is desired
and the mean viral load reduction is 0.25?

(b) Write down an expression for the power, in terms of the sample size and
the detectable difference. Assuming 100 patients are available for the study,
what power is achieved if the mean viral load reduction is 0.25?

(c) Write down an expression for the detectable difference, in terms of the
sample size and the power. Assuming 100 patients are available for the
study, what difference can be detected with a power of 80%?

(d) Suppose that it is anticipated that D% of patients will not adhere to the
therapy. Suppose also that the mean viral load reduction is d in patients
who do adhere to therapy, and is O in patients who do not adhere to therapy.
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What is the mean viral load reduction in a population in which D% of
patients do not adhere to therapy?

(e) Hence write down an expression for the sample size as a function of the de-
sired power, the mean viral load difference d, and the proportion of patients
who do not adhere to therapy D.

(f) By what factor would you inflate the sample size in part (a), to account for
an expected 10% of patients not adhering to therapy?
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6

Hypothesis testing methods

In Chapter 5 we studied general properties of hypothesis tests and illustrated the main
concepts using particular examples of hypothesis tests. However, we did not discuss
how such tests might be motivated in the first place. Just as we were able to provide
a general likelihood-based method for motivating estimators in Chapter 4, so too
are we able to provide general likelihood-based methods for motivating hypothesis
tests. The objective of this chapter is to present three such methods that can be used
in most situations where inference is based on a likelihood function. We begin by
presenting the motivation for these methods and describing them in detail when the
model involves a single parameter. After comparing the different approaches, we then
consider how they extend to situations where the model involves multiple parameters.
We will discuss a number of types of hypotheses in multiple parameter situations,
particularly the context of testing whether a model can be reduced to a simpler model
having a smaller number of parameters. Finally we return to the connection between
confidence intervals and hypothesis tests, and its relation to the methods introduced
in this chapter. The methods are illustrated using mortality comparisons within a
randomised clinical trial.

6.1 Approaches to hypothesis testing

The likelihood function that was used previously as the basis for estimation of un-
known parameters can also be used as the basis for testing hypotheses about these
parameters. There are three common approaches to making use of the likelihood
function for testing hypotheses, and each leads to a general method that can be ap-
plied regardless of the statistical model that has been assumed for the sample. The
three methods differ in that they are each based on different aspects of the likelihood
function: the log-likelihood; the derivative of the log-likelihood (the score function);
and the value at which the maximum likelihood is achieved (the MLE). In this chap-
ter we will present each of these methods in detail and discuss their relative merits.
Our discussion of hypothesis testing methods will focus primarily on testing a
simple null hypothesis against a two-sided alternative hypothesis. This is a common
scenario in biostatistics because we often wish to decide whether to reject the hypoth-
esis that an intervention, risk factor or some other “effect” is unrelated to an outcome
of interest. That is, if our parameter 8 measures the effect size, and the value 6 cor-
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responds to there being no effect, then we are often interested in deciding whether
to reject the null hypothesis 6 = 6y in favour of the two-sided alternative 6 # 6y. As
discussed in Chapter 5, occasionally there are other hypotheses of interest, such as
a one-sided alternative or a composite null hypothesis, but the two-sided situation is
most common.

Accordingly, our discussion in this chapter will assume, with a few signposted
exceptions, that the null and alternative hypotheses are of the form

Hp:0=6y versus H;:0 # 6.

We will begin by focussing on models with a single parameter, in other words where
0 is one-dimensional, but in later sections we will show how the general methods of
hypothesis testing extend naturally to include multiple parameter models.

Before considering the general approaches to hypothesis testing in detail, we
start by discussing the idea of measuring the extent to which the sample departs
from the null hypothesis. Since the object of our inference is the unknown model
parameter, the extent to which the sample departs from the null hypothesis can be
measured by the difference between the parameter value under the null hypothesis
and the parameter value most supported by the sample. This difference corresponds
to the difference between 6y and the MLE, 6. If this difference is “large” then the
sample is inconsistent with the null hypothesis, suggesting we should reject the null
hypothesis. We can therefore use this difference as a basis for constructing a test
statistic, and hence an hypothesis test.

This leads to the notion of testing our hypotheses using a measure of the differ-
ence between the null hypothesis and the sample, D(Go, é), and raises the question:
what choices for D are appropriate for measuring the departure of the sample from
the null hypothesis? Clearly this difference measure should achieve a minimum of
zero when the null hypothesis and the sample coincide, that is when 6 = 6, and
should become increasingly large as the sample departs further from the null hy-
pothesis. With these basic requirements there are many possible choices for D, but
there are three in particular that form the basis of the three most common approaches
to hypothesis testing. These three choices are based on the log-likelihood function
£(8) =1logL(8), the score function S(6) = ¢'(0), and the simple difference between
6y and O:

1. Log-likelihood difference: difference between the maximum value of the log-
likelihood and the value of the log-likelihood evaluated at the null parameter
value

Dy (60,6) = £(8) — £(80):

2. Score difference: difference between the value of the log-likelihood derivative
or score function, evaluated at the MLE, and the value of the score function
evaluated at the null parameter value

D, (60.0) = [3(6) ~ (&)

k)
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3. Estimate difference: difference between the MLE and the null parameter value

D3(60,0) =6 — 6.

Notice that because S (é) = 0 by the definition of the MLE, the score “differ-
ence” simplifies to |§ (90) |, and so has the advantage of not requiring calculation of
the MLE. Notice also that since E(é) > 8(60) by definition of the MLE, no abso-
lute value signs are necessary in the definition of D;. More detailed comparison of
the three approaches will be considered later in this chapter, after we describe the
corresponding hypothesis tests in detail.

We have said that a “large” value for the difference measure indicates that the ob-
served sample is inconsistent with the null hypothesis. However, this is too vague to
allow us to actually reject the null hypothesis because we have not specified exactly
what is meant by “large”. In order to do this, we will need to identify the sampling
distribution of each of the difference measures, assuming the null hypothesis is true.
This distribution can then be used to define what we mean by an extreme value for our
difference measure, and hence to determine the critical value of an hypothesis test.
As we will see later, one of the reasons why these three choices are so commonly
used in practice is that they all have simple sampling distributions when the sample
size is sufficiently large and the difference measure has been appropriately scaled. In
the coming sections we will consider this for each of the three approaches. Impor-
tantly, these approaches apply to virtually all situations where a likelihood function is
available, and can therefore be used regardless of the statistical model that has been
assumed for the sample.

6.2 Likelihood ratio test

In Chapter 3 we discussed the likelihood ratio as a measure of the difference in sup-
port that the sample has for two parameter values. The log-likelihood difference can
be used in the same way, since it is simply the log of a likelihood ratio. This means
that the first of our difference measures can be thought of as measuring the difference
in support that the sample has for the MLE value as compared to the null parameter
value. If this difference is large, then the sample does not provide support for the null
hypothesis value. This gives the log-likelihood difference an appealing interpretation
and makes it a natural basis for the development of an hypothesis test. The resulting
test is referred to as the likelihood ratio test, since log-likelihood differences have a
one-to-one correspondence with likelihood ratios.

In order to specify the details of the likelihood ratio test we need to understand
the sampling distribution of the log-likelihood difference. Of course, we could equiv-
alently try to understand the sampling distribution of the likelihood ratio, but it turns
out to be mathematically easier to work on the log scale. The exact distribution of the
log-likelihood difference is generally complicated and would only be useful for deter-
mining the critical value of a test in a limited number of simple situations. However,
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when the sample size n is large, then under very general assumptions about the prob-
ability model, the sampling distribution has a simple form when the null hypothesis
is true. In particular, when the parameter 0 is one-dimensional, the observed statistic

tir = 2D (907 é) = 2[€(é) —E(@o)} - 210g(£((9é())) )

is the observed value of a random variable 7j g that has an approximate x2(1) distri-
bution when the null hypothesis is true. Since the non-negative quantity 7 g will be
large when the sample does not provide support for the null hypothesis value, this
leads to a general hypothesis test with significance level &, which is applicable when
n is large and there is just one parameter:

Likelihood ratio test: reject Hy if g > x7 o(1).

Here, the critical value ¢ = )(12_ o (1) is the 1 — o percentile of the )(2 distribution with
1 degree of freedom. Since

Pr(reject Hy | 0 = 6y) =Pr(Tir > x{_4(1) | 0 = 6) =,

it can be seen that the critical value has been chosen so as to give the likelihood ratio
test a significance level o. For example, when using the 5% significance level the
critical value is ¢ = 3.84.

The theory justifying the asymptotic distribution of the likelihood ratio test statis-
tic, and hence the validity of the above likelihood ratio test, will not be considered in
detail here. It is based on a series expansion of the log-likelihood function and will
be touched on later in this chapter when we consider the relationship between the
various test statistics. An important point in relation to this theory, and the results
to follow in relation to the other test statistics, is that they do depend on certain as-
sumptions over and above the large sample size. We will briefly consider some of
the more important assumptions later in the chapter, which essentially parallel the
caveats identified in Chapter 4, for the asymptotic properties of the MLE. It is worth
remembering, however, that these assumptions will be satisfied in the vast majority
of situations that are likely to be encountered in practice.

Example 6.1 Consider the stroke incidence study discussed in the extended exam-
ples of Chapters 3 and 4. In this example we will assume that the stroke rates in
the two diet groups are identical, so that we have a one parameter model. Our data
consist of 484 strokes from among 2000 individuals, who were observed for a total
of F = 9805 person-years. The number of strokes is assumed to follow a Poisson
distribution with mean AF, where A is the stroke rate per person per year. Suppose
our goal is to test

Hp:A =0.05 versus Hj:A #0.05.

The log-likelihood function for this sample is £(A) = 4841log(A) — 98051 with the
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corresponding MLE being A =484 /9805 = 0.0494. The likelihood ratio test statistic
is therefore
Hr =2 [6(0.0494) — ((0.0S)] = 0.080.

Comparing # r With the critical value 75&95 (1) = 3.84 means that we would not reject
the null hypothesis at the 5% significance level, with P = Pr(x?(1) > 0.080) = 0.78.

6.3 Score test

The second test that we consider is based on the second of our difference measures,
the score function §(0) = ¢/(0), evaluated at the null parameter value. The test that
comes from using this quantity is referred to as the score test. In order to specify such
a test, we need to understand the sampling distribution of the score function when it
is evaluated at the null hypothesis value. Assuming the null hypothesis is true, it turns
out that S(6p) is an observation from a distribution that is approximately normally
distributed when the sample size n is large. This normal distribution is N(O,I (90)),
where 1(6y) is the expected information evaluated at the null hypothesis parameter
value. This approximate normality means that when there is just one parameter, the
observed statistic o
- D>(60,0) _ S(60)?
1(6o) 1(6o)

is the observed value of a random variable 75 that has an approximate y2(1) distri-
bution when the null hypothesis is true. This statement of course makes use of the
fact that the square of a standard normal random variable has a x?(1) distribution.
The non-negative quantity tg is interpreted similarly to # g, in that large values indi-
cate that the sample is inconsistent with the null hypothesis. This again motivates a
general hypothesis test applicable when 7 is large and there is just one parameter:

Score test: reject Hy if g lez,a(l).

This test will have significance level «, as described for the likelihood ratio test in
the previous section.

Example 6.2 Continuing from Example 6.1, the score function is S(1) = 484/4 —
9805 and the information is /(1) = 484 /A2. The score test statistic is therefore
5(0.05)?

tg= """ —0.081.
S~ 7(0.05)

Since this is less than 15,95(1) = 3.84 we would not reject the null hypothesis at the
5% significance level, and P = 0.78. These results are similar, although not identical,
to the results from the likelihood ratio test in Example 6.1.
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6.4 Wald test

The final test that we consider is based on the third of our difference measures, the
difference between the MLE and the null parameter value. The test that comes from
using this difference is called the Wald test, and takes its name from the statistician
who first suggested it, Abraham Wald.

In Chapter 4 we discussed the properties of the MLE, and based on this discussion
we know that if 6 is the true parameter value, that is the null hypothesis is true, then
in large samples 6 is an observation from a distribution that is approximately normal,
namely N(Go 1(6p)7! ) . This approximate normality means that the observed statistic

o _Di(8.6)  (6—a)
A ~1(6p)!

is an observation from an approximate x2(1) distribution when the null hypothesis
is true. As with 71 r and g, large values of the non-negative quantity tw indicate that
the sample is inconsistent with the null hypothesis. This again motivates a general
hypothesis test applicable when 7 is large and there is just one parameter:

~
—~
&
~
|
~

Wald test: reject Hy, if tw > x7 o (1).

As for the other two tests, this test will have significance level o.

Recall that in the extended example discussed in Chapter 5, we could either use
the square of the standardised difference in proportions, and compare it to the x>
distribution, or use the standardised difference and compare it to the standard normal
distribution. This was an example of a Wald test, and in general it is equivalent to
using the standardised difference

b0
1(6p)~!

together with the hypothesis test
Wald test:  reject Hy if [sw|>z1_q/2-

Written in this form, the Wald test has the most familiar form of the three tests,
and arises in a number of basic hypothesis testing contexts, some of which will be
discussed subsequently in this chapter. Writing the Wald test in this form also allows
it to be adapted to one-sided hypothesis testing contexts. In particular, a simple null
hypothesis and a one-sided alternative hypothesis

Hy:06=6, versus H;:0 > 6y
can be tested using

Wald test (one-sided) : reject Hy if sw > z1_q.



Hypothesis testing methods 151

A common modification of the Wald test is to use the estimated information 1(6),
instead of the information under the null hypothesis 1(6p), in the denominator of the
test statistic. This means that the test statistics used to specify the Wald test become

06— 6))> 66
twa = % and SWa = 2
1(6) 1(6)-1
When this modification is used we refer to the test as the approximate Wald test.
It is often used because, while providing a reasonable approximation to the regular
Wald test, it allows convenient calculation of the test statistics when the estimate 6

and its standard error 1/1(6)~! are available.

Example 6.3 Continuing from Examples 6.1 and 6.2 the Wald test statistic is

(0.0494 —0.5)?

=0.07
1(0.05) ] ’

tw =
which is very similar to the other tests, although not identical, and would not lead
to rejection of the null hypothesis when compared with the critical value 3.84. Note
that the approximate Wald test would involve using 7(0.0494) instead of 7(0.05) in
the above calculation which yields a test statistic of tw, = 0.081, identical to the
score test statistic. Indeed, in this context it can be shown that the score test and
the approximate Wald test are algebraically identical, although this is not always the
case.

6.5 Comparison of the three approaches

As presented above, all three methods of constructing hypothesis tests are approxi-
mate methods applicable in large samples. While they were each derived from dif-
ferent perspectives, a series expansion of the log-likelihood function can be used to
show that all three tests actually approximate each other. This generally means that in
situations where the sample is large enough for one method to be applicable, the other
methods will also usually be applicable and should give similar results. Nonetheless,
there are some noteworthy practical and theoretical differences between the tests that
we summarise in this section.

In some limited cases it is possible to determine the exact distributions of the
test statistics, without relying on the large sample approximation. In this case the
test statistics could be compared with the exact distributions, rather than the y2 ap-
proximations used above, and the associated hypothesis tests may perform better. In
practice though, biostatistical analyses commonly make use of the tests as presented
above. When the exact distributions of the test statistics are known, the likelihood
ratio test has a theoretical advantage in that it is always the most powerful test when
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testing a simple null hypothesis versus a simple alternative hypothesis. This is an
important result in theoretical statistics, known as the Neyman-Pearson lemma, but
in practice this type of hypothesis test is rarely of interest. For the usual situation of
testing a simple null hypothesis versus a composite alternative hypothesis, none of
the three tests is always more powerful than the others. In some circumstances one
method may be more powerful while in other circumstances another method may be
more powerful. Since the three methods can be expected to approximate each other
in large samples, if substantial differences in the P-values of the three methods arise,
it is likely caused by the large sample approximation not being applicable. This may
indicate the need to investigate exact methods of inference, and we will return to
such methods on Chapter 8.

In practice, deciding which method to use in any given situation is largely a mat-
ter of convenience. When testing an hypothesis about a single parameter, the approx-
imate Wald test using the estimated information is commonly the most convenient,
especially when the estimate and standard error are available. Although we have not
discussed it yet, all of the methods generalise to hypotheses involving multiple pa-
rameters. In this case the likelihood ratio test is often the most convenient. This is
particularly true where interest may rest on whether a group of parameters can be
dropped from the model, such as occurs in some types of regression modelling. The
score test has the computational advantage that the MLE does not actually have to be
computed to compute the test statistic. Thus, in situations where an estimate is not
needed, then the score test will often be the most convenient, although in practice it
is usual to require an estimate and a confidence interval.

In addition to the large sample requirement, there are some other important lim-
itations that apply to all three methods. These limitations essentially parallel those
that were noted in Chapter 4 in relation to the properties of MLEs. The first of these
is when the MLE of the parameter falls on the boundary of the parameter space, such
as a value of 0 or 1 for a proportion. In this case the tests described above are not
valid, and special exact methods specific to the context would need to be considered.
The second relates to multiple parameter models, in which the number of parameters
increases as the sample size increases. As discussed in Chapter 4, in this case the
MLE may not be consistent, and the test methods described here are generally not
valid.

As a final issue, note that computation of the score and Wald test statistics re-
quire the expected information to be computed. In some applications the expected
information may be difficult to compute whereas the observed information may be
straightforward to compute. In such situations it is standard to use the observed in-
formation as an approximation to the expected information, and calculate the test
statistics based on the observed information (such an approximation can also be used
for the calculation of standard errors for MLESs). This is relevant to the issue of how
our tests are affected if we carry out a transformation of our parameter, or a reparam-
eterisation, which is a concept that we discussed in Chapter 4. When the expected
information is used, the score test will lead to exactly the same result if we carry
out a reparameterisation, whereas when the observed information is used the score
test will change when we reparameterise. The Wald test will always change when
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we reparameterise, whether we use the observed or expected information, while the
likelihood ratio test never changes when we reparameterise. Ideally we would like
our test not to change if we measure our parameter on a different scale, so this rep-
resents an advantage of the likelihood ratio test over the other two tests. When taken
together with the fact that the likelihood ratio test has the theoretical advantage of
being the most powerful test for comparing simple hypotheses, the likelihood ratio
test is often seen as being the more desirable of the three. However, this will not al-
ways necessarily be the case, and all three tests are generally valid and acceptable in
the vast majority of situations encountered in practice.

6.6 Multiple parameters

In Chapters 3 and 4 we discussed likelihood functions and maximum likelihood es-
timation based on models with multiple parameters. When our model depends on a
vector of p parameters, 8 = (0y,...,6)), all of the hypothesis testing methods de-
scribed above can be generalised to accommodate this extra complexity. However,
the details of the generalisation, and the convenience of implementing it, will depend
on the nature of the hypotheses being tested. In particular, it will depend on whether
or not we are interested in testing hypotheses about all of the p parameters. Some-
times one parameter from among the vector of p parameters may be our primary
interest, while in other situations we may be interested in more than one parameter
but not the entire collection of p parameters. This means that when we generalise
our three testing approaches to allow for multiple parameters, we need to consider a
range of different types of hypotheses that may be of interest.

With the above discussion in mind, we will be concerned with the following
three common scenarios for testing hypotheses about a vector of parameters 8 =

(61,...,917)5
1. hypotheses about all of the p parameters;
2. hypotheses about just one of the p parameters;

3. hypotheses about some, but not all, of the p parameters.

The likelihood ratio, score and Wald testing methods discussed previously in this
chapter can all be extended to allow for any of the three hypothesis types listed above.
For testing hypotheses about all of the parameters simultaneously, the generalisations
of each of the testing methods will be presented below. We will not consider all of
the generalisations for the other two types of hypotheses, but will focus on the most
convenient and useful of the testing methods in each case. The next three sections
will consider each of the three types of hypotheses listed above.
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6.7 Hypotheses about all parameters

Previously in this chapter we discussed methods for testing whether a single param-
eter 6 is equal to a particular value 6y. In the context of a vector of parameters,

0 = (01,...,0,), a natural generalisation of this is to test whether the vector 0 is

equal to a particular value 6y = (Bél), s Bép >). This amounts to testing an hypoth-

esis about all of the parameters simultaneously. The statement of the null and al-
ternative hypotheses in this situation looks similar to before, but now 6 and 6, are
p-dimensional vectors:

Ho:0 =6y versus Hj:0 # 6.

When 6 is a vector of p parameters, then all of the ingredients we used pre-
viously to define our test statistics become vector generalisations of their one pa-
rameter counterparts: the log-likelihood, £(0), is a function of p variables; the
MLE, 8 = (6y,...,8,), and the score function, S(8) = (51(6),...,5,(0)), are p-
dimensional vectors; and the information, /(6), is a p X p matrix. While this can all
be incorporated straightforwardly into a generalised form of each of our test statis-
tics, an important change is that the generalised test statistics no longer have a (1)
distribution when the null hypothesis is true, they have a y(p) distribution. Thus,
rather than comparing our generalised test statistics with the (1) distribution, we
will use the y?(p) distribution instead.

Bearing all this in mind, the specific forms of the multiple parameter tests can be
stated in terms of the three generalised test statistics:

LR 2[¢(6) —£(60)]
ts = S(60)I(60)""S(60)"
tw = (6—60)(6)(6—6)".

Then, in each case, an hypothesis test with significance level & can be carried out
by rejecting the null hypothesis if the test statistic exceeds the critical value ¢ =
X 12—oc (p)-

Notice that the likelihood ratio test statistic looks the same as it did in the one pa-
rameter case, but remember that the log-likelihood is now a function of p variables
rather than one. The form of the Wald and score test statistics is in each case a matrix
generalisation of the form of these test statistics in the one parameter case. Calcula-
tion of these test statistics involves matrix transpose, multiplication and inversion. As
was the case in the one parameter test, the information used in the definition of the
Wald test will often be approximated by the estimated information / (é), to produce
a more convenient approximate version of the Wald test.
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6.8 Hypotheses about one parameter

Often in multiple parameter situations there is one parameter that is of primary con-
cern, while the other parameters are of only secondary concern. It may then be of
interest to test an hypothesis about the parameter of primary concern, without say-
ing anything about the other parameters. That is, if 6; is our primary concern from
o)

among the p parameters (6,...,6,), and ;" is the null value for 6;, then our null

and alternative hypotheses can be stated as:
Hp:6; = 6(§j) versus Hj:0; # Go(j).

In situations where our primary interest rests with one parameter 6;, we will
usually have available the parameter estimate, ) ;, and its estimated standard error,
se(éj). When this is the case, an approximate Wald test is the most convenient way
to conduct an hypothesis test concerning this single parameter. In this case the test
statistic is A ‘

e — (9] _ 9(§J>)2
se(6;)’
which is compared with the (1) distribution, and the null hypothesis is rejected if
tw exceeds the critical value ¢ = x7_,(1).

Notice that by using the estimated standard error in the denominator of tw,, the
above approach makes use of the estimated information rather than the information
under the null hypothesis. That is why this test is referred to as an approximate Wald
test, because it is analogous to the approximate Wald test discussed in Section 6.4.
The test statistic could alternatively be computed using the information under the null
hypothesis, making the test analogous to the regular Wald test, but this will usually be
less convenient and is therefore not the way such tests are generally carried out. One
notable exception to this is the situation discussed in detail in the extended example
of Chapter 5, the comparison of two proportions.

Analogously to the discussion for the one parameter case, the square root of tw;
can equivalently be compared with the standard normal distribution. This approach
is useful when carrying out a one-sided test, as was explained in Section 6.4.

The approximate Wald test described above is probably the most common way
of conducting a test concerning a single parameter of primary concern from among a
larger number of parameters. Nonetheless, such tests are also sometimes conducted
using the other testing methods, particularly the likelihood ratio test. We will not
write down the explicit form of these tests here, but for the likelihood ratio test the
approach for a single parameter is just a special case of the approach that we will
discuss in the next section for a subgroup of parameters. This will be illustrated in
the next section.

Example 6.4 Consider the stroke incidence study without the assumption that the
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two diet groups have the same event rate, and suppose we are interested in testing
whether there is a difference in stroke rates between the two groups. Based on the
data used in the extended example of Chapter 4, the 484 stroke events were split 245
and 239 into the low and high salt intake groups, respectively. Likewise, the 9805
person-years of total follow-up were split 5980 and 3825 into the two diet groups.
Letting the stroke rate in the low intake group be A; and in the high intake group be
YA1, then we have a two-parameter model in terms of A; and y. Our primary interest
is the rate ratio parameter Y, and we wish to test

Ho:y=1 wversus Hy:y#1

without saying anything about A;. In Chapter 4 we derived the MLEs il =0.0410
and ¥ = 1.52, as well as a standard error estimate se(f/) = 0.138. It follows that the
approximate Wald test statistic is

(1.52—-1)?

o3s 1420

Iwa =
which is greater than the critical value x?(1) = 3.84 and would lead us to reject the
null hypothesis at the 5% significance level, with P = 0.0002. That is, we would
conclude that there is evidence that the stroke rates in the two dietary groups are
different.

6.9 Hypotheses about some parameters

It is often the case that we are interested in testing hypotheses involving some sub-
group of the p parameters. As discussed later, this arises most commonly in statistical
model building where we may be interested in whether a collection of parameters can
all be dropped from the model. The context of testing hypotheses about a subgroup
of parameters leads to a very general approach to hypothesis testing. In particular,
it provides a generalisation of the situations discussed in the previous two sections:
if the subgroup of parameters includes just one parameter then we are in the situ-
ation discussed in Section 6.8; whereas, if the subgroup of parameters includes all
of the p parameters then we are in the situation discussed in Section 6.7. However,
importantly, it also covers situations intermediate to these two extremes.

The most common way to test hypotheses about a subgroup of parameters is
using a generalised version of the likelihood ratio test. Suppose the parameter vector
6 can be divided into two groups of parameters 6 = (9“] , 9[2]), where 0!!] is a vector
of p — g parameters and 612 is a vector of q parameters. For example, we might
have 8!/ = (6,,6,) and 1%/ = (6;,...,6,). If we are interested in testing hypotheses

about the parameters contained in 0 1 without saying anything about the parameters

(1]

contained in 62, then for a vector of p — g values 601 , the hypotheses are:

Hy : ol = B(gl] versus Hj: ol!l #* 631].
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We use the term full model to refer to the model involving all p parameters. We
use the term null model to refer to the model involving the g parameters contained
in 02, with the other parameters assumed to follow the null hypothesis O/ = (gl}_

The full model has a log-likelihood function that is a function of all p parameters

(o) :e(@M,eM)).

The null model, which assumes the null hypothesis is true, has a log-likelihood func-
tion £o(0!%) that is a function of the ¢ parameters that do not occur in the null hy-
pothesis. This is obtained by substituting the null hypothesis values for 8! into the
full log-likelihood, namely

to(612) :e(@gﬂ,em))

The maximum value achieved by the null log-likelihood ¢y will be no greater than
that achieved by the full log-likelihood ¢. Furthermore, the magnitude of the differ-
ence between the two is a measure of the extent to which the full model provides a
better explanation of the sample than the null model. That is, it provides a measure
of the extent to which the sample departs from the null hypothesis.

To describe a test based on the above log-likelihood difference, let 612 be the
value of 62 that maximises £y, in other words the MLE of 62 under the null hy-
pothesis. That is, £ (ém) is the maximum value achieved by the log-likelihood cor-
responding to the null model. Furthermore, let 6 be the MLE from the full model, so
that ¢ (é) is the maximum value achieved by the log-likelihood corresponding to the
full model. Then the likelihood ratio test statistic becomes

e =2[(8) — 1o (67)]
and the likelihood ratio test is
Likelihood ratio test: reject Hy, if g > x7 o(p—q).

Notice that the y? distribution used in this likelihood ratio test has p — g degrees
of freedom, being the number of parameters that are involved in the null hypothesis.
In the special case that 6 consists of just one parameter, then the above likelihood
ratio test is analogous (but not identical) to the one parameter Wald test described in
the previous section. In the special case that 61!l consists of all p parameters, 6!/ = 0,
then the above test corresponds to the likelihood ratio test involving all parameters
as described in Section 6.7.

The most common situation in which this type of test is used is for testing whether
a model can be simplified by removing a subgroup of parameters from the model.
This often occurs in regression modelling, where the goal may be to assess whether a
collection of predictors can be removed from the model by having their coefficients
all set to zero. It also occurs in tests of interaction, in which the goal is to test whether
all parameters involved in a multi-way interaction can be removed from the model.
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Another application of this type of test is in situations where we have nuisance pa-
rameters. Thus, 8!/ may be interpreted as the collection of parameters of interest,
while 82 is interpreted as the collection of nuisance parameters. In this case the
likelihood ratio test described above is equivalent to conducting a likelihood ratio
test based on the profile log-likelihood, which was discussed in Chapter 3. Finally, it
should be noted that the methods discussed in the section can be extended even fur-
ther to provide a likelihood ratio test for testing a general composite null hypothesis
against a general composite alternative hypothesis. This makes the likelihood ratio
test a very powerful approach in multiple parameter settings. A detailed illustration
of the methods discussed in this section is provided in Section 6.11.5 of the extended
example.

6.10 Test-based confidence intervals

In Chapter 5 we stressed the importance of accompanying an hypothesis test with a
confidence interval for the parameter under study, and described the correspondence
between confidence intervals and hypothesis tests. We now look at how the test meth-
ods described in this chapter can be used to provide confidence intervals. The basic
idea is that hypothesis tests reject the null hypothesis when the parameter estimate
is “far” from the value specified by the null hypothesis. Thus, for any of the three
hypothesis test methods, the range of parameter values that would not be rejected
corresponds to the range of plausible values for the parameter, or in other words, a
confidence interval.

To describe this correspondence, consider a one-dimensional parameter 6. If the
model actually involves more than one parameter, then for the purpose of this discus-
sion O can be interpreted as one component of the vector of parameters for which a
confidence interval is desired. For testing the null hypothesis Hy : 8 = 6y, each of the
three test statistics is a function of the value 6y, for example # g =1.r(6p). The range
of values of 6y for which the null hypothesis would not be rejected can be interpreted
as a 100(1 — o) % confidence interval. This range of values corresponds to the set

{60 : 1R (60) < 2i_a (1)}

This definition can also be used based on the test statistics 75 (6p) and tw(6p) to obtain
alternative definitions of a confidence interval for 6.

The question now arises, how do these test-based confidence intervals relate to
the usual confidence interval:

é:l:zl—(x/2 X se(é).

In fact, it can be shown that the usual confidence interval corresponds to using a Wald
test statistic in the test-based definition. In particular, the approximate version of the
Wald statistic is used, based on the estimated information rather than the information
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under the null hypothesis. The definitions obtained using the other test statistics will
lead to different confidence intervals, and may have more accurate coverage proba-
bilities. In general, however, they will approximate the usual method of confidence
interval estimation and will be somewhat less convenient to calculate.

Importantly, the same test-based definition of a confidence interval can be used
even if the parameter is a vector rather than a single parameter. In this case, however,
the resulting confidence “interval” is actually a multi-dimensional region referred to
as a confidence region. Such a confidence region represents a region within which
we are confident that all parameters lie simultaneously, and has a similar repeated
sampling interpretation as a confidence interval for a single parameter. The construc-
tion of a confidence region for more than one parameter will be illustrated in the
extended example.

Example 6.5 In this example we will consider a test-based confidence interval for
the one-parameter stroke incidence example discussed in Example 6.1. In the ex-
tended example to follow we will study a more detailed example in which a con-
fidence region for multiple parameters is considered. Based on the one-parameter
log-likelihood function from Example 6.1, the test-based 95% confidence interval
using the likelihood ratio test is the interval

(Ao :tir(h) <3.84} = {Ao:l(A) > (L) —3.84x0.5}
= {Ao:484log(Ag) — 98050 > —1942.064 .

By plotting out the log-likelihood function ¢(A) and marking a line at the value
—1942.064, it can be seen how the test-based confidence interval is related to the
log-likelihood function. This correspondence is presented in Figure 6.1, where it can
be seen that the confidence interval corresponds to all parameter values that lead to
a sufficiently high log-likelihood. That is, the confidence interval consists of all pa-
rameter values that have sufficiently high support from the sample. Equivalently, we
could have plotted the test statistic #1.r (Ao) as a function of A and identified the range
that leads to values less than 3.84 (see Exercise 2). Based on Figure 6.1, the test-based
95% confidence interval is (0.045,0.054). This is identical to the 95% confidence in-
terval calculated in Chapter 4 using the usual method, although in general the two
are not numerically equivalent.

6.11 Extended example

In this example we consider a study in which the outcome is the time from dis-
ease progression until death for individuals with end stage terminal cancer. The main
objective is to illustrate the derivation and use of the different testing methods de-
scribed in this chapter. We will begin by considering a single study group and use
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Test-based 95% confidence interval using the likelihood ratio test in the stroke inci-
dence example
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a one-parameter model based on the exponential distribution. Using this model we
will derive each of the different types of test statistics discussed in this chapter, for
testing a null hypothesis that the mortality rate is equal to a particular number de-
termined from historical data. We will then generalise the context to a randomised
study comparing three treatment groups: no treatment; radiotherapy alone; or the
combination of radiotherapy and chemotherapy. Using a three parameter model we
will consider tests of various hypotheses concerning the equality of mortality rates in
different treatment groups. There are some important assumptions in this illustrative
example that are worth keeping in mind. Firstly, as in previous contexts, we assume
that the parametric model based on the exponential distribution is appropriate, but in
practice this would need to be assessed. In addition, it will be assumed that all partic-
ipants die prior to the end of the study. This assumption is reasonable in the present
context of end stage cancer; however, in many other settings involving the study of
the time to death the study may end before all participants die. This leads to the need
for so-called “censored” data methods, also called survival analysis, which allow
for the incomplete observation of some individuals in the study. Survival analysis
is an important topic in biostatistics which is beyond our scope, but an introduction
is provided in some of the general methods texts discussed in Appendix 3, such as
Armitage et al. (2002).

6.11.1 Survival with end stage cancer

Consider a randomised trial of the treatment of patients with terminal cancer. Three
potential approaches to caring for such patients are studied, involving three groups
of n patients with end stage cancer, leading to 3n patients in total. The groups are la-
belled 1-3, and consist of patients who were randomised to receive one of three treat-
ments: (1) no treatment other than regular palliative care; (2) radiotherapy alone; or
(3) the combination of radiotherapy and chemotherapy. The outcome is the time from
progression into end stage cancer until the patients dies, and is denoted xy, ... ,x, for
the no treatment group, yy,...,y, for the radiotherapy alone group, and z1,...,z, for
the combination therapy group. The survival time for each patient is modelled using
an exponential distribution, as described in Appendix 1. In particular, we assume that
the survival times for each group have the following distributions:

Group 1 : exp(1) Group 2 : exp(pA) Group 3 : exp(p34).

Thus, overall we have a three-parameter model involving the vector of parameters
0 = (A,7,7). The parameter A is interpreted as a “baseline” mortality rate under
no treatment, while y; is the mortality rate ratio of the active treatment group j,
compared to the no treatment group. Values less than 1 for 9 or 3 indicate a reduced
mortality rate, while values in excess of 1 indicate an increased mortality rate, relative
to the no treatment group.

Based on historical data it is believed that these patients would live for an average
of 4 months in the absence of treatment, or in other words, the mortality rate is 3.0
per person per year. One problem that we will consider is whether there is evidence
of a difference between the mortality rate in our control group and the historical mor-
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TABLE 6.1
Mean survival time (months) after progression into end stage
cancer
No treatment Radiotherapy Combination
Sample size 100 100 100
Mean survival 4.8 7.4 5.6

tality rate. In practice this is likely to be a secondary consideration in a randomised
trial, since there are many reasons why there might be inconsistencies with historical
data. It does, however, provide a useful illustration of the various types of tests in
a simplified context. Of more interest are hypotheses concerning whether the active
treatment groups have different survival patterns to the control group receiving no
treatment. We will consider this in two ways: separate tests of whether the active
treatment groups differ from the control group, and a test of whether there is an over-
all difference between the treatment groups. Thus, there are three types of tests that
we will consider:

1. Based on the control group only, test whether the mortality rate is different to the
historical rate of 3.0 per person per year;

2. Based on data from all three groups, test whether radiotherapy alone results
in a different mortality rate to no treatment, and whether the combination of
chemotherapy and radiotherapy results in a different mortality rate to no treat-
ment. This involves two separate tests, and allows an assessment of whether ei-
ther of the active treatment arms extends life relative to no treatment;

3. Based on data from all three groups, test whether there is any difference in the
mortality rates among the three treatment groups. This involves one test, and
is often the primary hypothesis test in a randomised trial involving more than
two treatment groups. The tests described under item 2 above would usually be
carried out after this “global” test of difference.

We will consider the above testing problems based on the observed data described
in Table 6.1.

6.11.2 Comparison with an historical rate

In order to compare the mortality rate of the control group with the historical mor-
tality rate, we consider each of the following four tests: (i) likelihood ratio test; (ii)
score test; (iii)) Wald test; and (iv) approximate Wald test. Recall that the approxi-
mate Wald test evaluates the information at the MLE of the parameter, rather than
the null hypothesis value of the parameter. In each case, the hypotheses under con-
sideration are as follows, reflecting a desire to test whether an historical mortality
rate of Ay = 3.0 per person per year is consistent with the observed sample:

Hp: A =3.0 versus H;:A #3.0.
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Using data from the control group only, the survival time of individual i, x;, is
an observation from an exponential distribution with probability density function
f(xi;A) = Aexp(—Ax;). It follows that the log-likelihood function associated with
the sample xp,...,x100 1S

100
((A) =100log(A) — A Y x;,
i=1

which leads to the score function

de(A) 100 0
SA)=—=— -V x.
a  r =

Solving the score equation S(A) = 0 leads to the MLE

and taking the derivative of the score function leads to the information (both expected
and observed)

The four equations above supply all the quantities that we need to specify each of
the desired tests. In particular, the following numerical calculations are required to
construct the four test statistics, using the fact that ¥ = 0.4 years:

Ao =3.0 () = —10.14 S(Ay) = —6.67 I(A) =11.11
A=25 ((A)=-837 S(A)=0 I(A)=16.0.
These calculations lead to the following values for the four test statistics:

Likelihood ratio : g =2[¢(A) —€(Ag)] =3.54
S(%0)®
1(20)
Wald 1w = (2 —20) 1(%) =2.78

Wald (approximate) : fwa = (i — AO) i (ﬁ) =4.00.

=4.00

Score : g =

Notice that the score test statistic and the approximate Wald test statistic have the
same value. In fact, it can be shown that for this particular model these test statis-
tics are algebraically identical, although this is not always the case. In view of this
equivalence for the present context, we will consider only the likelihood ratio, score
and Wald tests below. In each case the test statistics are compared with a y?(1) dis-
tribution. Using a significance level of 5%, the critical value for each test statistic is
)(3_95(1) = 3.84, and the P-value associated with each test is obtained by calculating
the probability that a (1) random variable exceeds the observed value of the test
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statistic, e.g. P = Pr(x?(1) > 3.54) for the likelihood ratio test. By comparing the
observed test statistics with the critical value it can be seen that the score test would
reject the null hypothesis but the other two tests would not reject the null hypothesis.
The associated P-values for each test are:

Likelihood ratio : P =0.060
Score : P =10.046
Wald : P =0.095.

Before attempting to explore the reason why the three tests yield different qual-
itative conclusions, it is important to emphasise that the quantitative difference be-
tween the three P-values is not great, and whichever test is used the result is on the
border of significance and non-significance. In particular, it is important not to read
too much into the fact that one test may lead to the rejection of the null hypothesis
with a P-value of 0.046, while another test may lead to non-rejection of the null hy-
pothesis with a P-value of 0.060. In reality these two P-values are indistinguishable,
and their different qualitative conclusion arises only because of the arbitrary choice
of 5% as the cut-off for statistical significance. Rather than relying solely on whether
the cut-off of 5% has been achieved, a better approach is to emphasise the magnitude
of the P-value, which in this case leads to the suggestion that the mortality rate may
be lower in this population than the historical rate, however, a strong conclusion is
not possible.

Recall that the hypothesis tested above would not be the most important hypoth-
esis in this study, as the comparison of mortality rates between groups would be
primary. Furthermore, even if we did conclude that there is a significant departure
from the historical mortality rate, the reason for this is not clear — it could be im-
provements in the background standard of care, differences between the historical
patients and those included in this study, or many other explanations. However, the
present example does provide a useful illustration of the application of the tests,
which will be continued in the next section, and then followed by an assessment of
the comparative hypotheses in later sections.

6.11.3 Repeated sampling properties

Itis often a good idea to pre-specify the type of test that will be used, so that it cannot
be claimed that the method has been chosen opportunistically after the results were
known. In this case, it is useful to be able to assess the properties of the tests, so
that the “best” method can be chosen as the one that will be used. Previously in this
chapter we noted that none of the three approaches will be the best in all situations.
We now consider a more extensive comparison of the three tests to help explain the
manner in which they differ for this particular setting. To do this we consider the
repeated sampling interpretation of the three tests, and in particular their tendency to
reject the null hypothesis in a large number of identical studies repeated in the same
way as that described above. By considering a range of assumptions about the true
underlying mortality rate, this amounts to considering a simulation-based assessment
of the power and significance level of the three tests.
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Consider a large number of identical hypothetical studies (in this case 10,000)
carried out on the same population of end stage cancer patients, in which the survival
time after progressing into end stage cancer is observed in a sample of 100 patients.
Assuming that the mortality rate in this population of cancer patients is 3.0 per per-
son per year (i.e. that the null hypothesis is true), Figure 6.2 displays the observed
values of the likelihood ratio test statistic for the 10,000 studies. Also shown are
the frequencies that would be expected assuming the likelihood ratio statistic has a
x%(1) distribution. Analogous graphs for the score and Wald tests look very similar
to Figure 6.2. In light of Figure 6.2, it can be seen that the distributions of the test
statistics closely approximate a y2(1) distribution, so that the large sample approx-
imation seems reasonable. The proportion of studies where the test statistic exceeds
the critical value of x(.95(1) = 3.84 corresponds to the proportion of type I errors,
or false positives. This is close to 0.05 for all three tests, which is what it should be
given that the critical value has been determined so as to yield a significance level of
0.05. The actual values are 0.047 for the likelihood ratio and score tests, and 0.053
for the Wald test.

Since all three tests behave appropriately in terms of controlling the chance that
the null hypothesis will be rejected when in fact it is true, it is of interest to compare
how the three tests behave when the null hypothesis is not true. Consider a range
of different hypothetical end stage cancer populations in which the mortality rate
ranges from 1.0 to 5.0 per person per year. Suppose 10,000 studies were conducted
on each of these populations, and the three tests were used to test the null hypothesis
that the mortality rate is 3.0. Then, for a particular population (that is, a particular
assumption about the mortality rate) the proportion of Wald tests that reject the null
hypothesis indicates the power of the Wald test, and likewise for the other testing
methods. Figure 6.3 plots this proportion as a function of the assumed mortality rate,
for each of the three tests. This plot is sometimes referred to as the empirical power
function, since it is a simulation-based approximation to the power function.

Figure 6.3 shows that no single test provides the greatest power for all possible
values of the underlying mortality rate. For a population in which the true mortality
rate is lower than the null hypothesis value of 3.0, the score test is the most powerful
of the three tests, in that it will reject the null hypothesis in a greater proportion of
studies sampled from this population. For a population in which the mortality rate
is greater than the null hypothesis value of 3.0, the Wald test is the most powerful
of the three tests. The likelihood ratio test is not the most powerful for any value of
the mortality rate, but when considered across the whole range of possible values for
the population mortality rate it might be considered to provide the most robust power
function, in that it is the second most powerful test for all mortality rates. Notice
that all three tests have a power of approximately 0.05 when the population mortality
rate is equal to the null hypothesis value of 3.0, which is equivalent to our earlier
observation that all three tests have a significance level of approximately 0.05.

The above power comparisons are consistent with our earlier analysis results in
that the data led to an estimated mortality rate that was lower than the null hypothesis
value of 3.0, and the score test provided the most significant P-value, followed by the
likelihood ratio test and then the Wald test. In a two-sided hypothesis situation, where
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FIGURE 6.2
Histogram of the likelihood ratio test statistic in 10,000 studies with the expected
x%(1) frequencies shown by diamonds (score and Wald test results look similar)
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FIGURE 6.3

Proportion of studies rejecting the null hypothesis (power) in 10,000 simulations of
studies on populations with various mortality rates (per person per year). Simulations
were conducted for 17 mortality rates in the range 1.0—5.0, and the power functions
were plotted by joining the points for each of the likelihood ratio (solid line), score
(dashed line) and Wald (dotted line) tests
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mortality rates above and below the null hypothesis value of 3.0 are both plausible,
the likelihood ratio test would seem to have the best overall power function. However,
if mortality rates below 3.0 were anticipated then a score test might be preferred. In
either case the results of our analysis based on these two tests are highly consistent,
and the fact that they led to P-values on either side of 0.05 should not be over-
interpreted.

6.11.4 Comparison with a control rate

We now consider tests of whether the active treatment groups, radiotherapy alone
or radiotherapy plus chemotherapy, have mortality rates that differ from the control
group receiving no treatment. Since both of these treatments have potential toxicities
as well as potential beneficial effects, two-sided tests are appropriate, allowing for
the possibility of both decreases or increases in mortality. In this section we con-
sider separate comparisons of the active treatment mortality rates with the control
mortality rate, as described in the second of our testing problems at the beginning
of this extended example. Thus, recalling that 9 and }3 are the mortality rate ratios
for comparing the no treatment group with the radiotherapy and radiotherapy plus
chemotherapy groups, respectively, we are interested in separate tests of the follow-
ing two sets of hypotheses:

(€))] Hy:p=1 versus H:p#1
2) Hy:p3=1 Versus Hy:p#1.

There are a number of ways in which this can be done, however, as described in Sec-
tion 6.8 the most common way is based on an approximate Wald test using the esti-
mated standard errors associated with the parameter estimates. Using this approach,
the test statistics for the two tests are:

5 1 2 5 1 2
M ma= B gy = (B
se(f) se(f3)

which in each case must be compared with the critical value )(395(1) =384 to
achieve significance levels of 0.05.

Based on the data from all three treatment groups, together with the exponential
distributions described earlier in this section, the full log-likelihood function is:

00)=L(A,y,75) = 300log(A)+100log(y,)+ 100log(ys)
100 100 100
—X(ZXi+Y22Yi+Y3ZZi>-
i=1 i=1 i=1

Differentiating this log-likelihood with respect to each of the three parameters leads
to the following MLEs for the data described in Table 6.1:

A=-=25 $H=-=065 H===086.

IS IR

=l —
<l =l
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Similarly, differentiating the log-likelihood twice with respect to each parameter
leads to the expected information matrix /(6) and its value I (9) when evaluated
at the MLE:

3 1 1

2Bk Bk 48.00 61.54 46.51
10)=100x |z % 0 1(0)=| 61.54 236.69 0

1 1 46.51 135.21

0 3 6.5 0 35

Taking the inverse of / (é) leads to the standard error estimates se(f/z) = +/0.00845
and se(%) = 1/0.0148, which yield the following Wald test statistics based on the
previous formulae:

2
0.65—1 .
( ) _ 1450 () twa=——t =132

1 )
M twa = 550845 0.0148

The first test statistic exceeds the critical value of 3.84, with P = 0.0001, while the
second test statistic is less than the critical value with P = 0.25. It is therefore rea-
sonable to conclude based on these data that radiotherapy alone extends the life of
end stage cancer patients. There is insufficient evidence in these data to conclude that
the combination of radiotherapy and chemotherapy extends the life of such patients.
Note that while some of the computational details of the above calculations have
been omitted, they follow the same pattern as the methods described in Chapter 4 for
deriving MLEs and their standard errors.

Since we have conducted two tests, each with a type I error probability (signif-
icance level) of o = 0.05, the probability that at least one of the tests is significant
purely by chance will be greater than 0.05. This phenomenon was studied in the ex-
ercises in Chapter 5. In particular, we referred to a correction for this multiple testing
problem, called the Bonferroni correction, which in our case would require that we
conduct each or our two tests using a significance level of &¢/2 = 0.025. This would
ensure that the probability of at least one test being significant purely by chance does
not exceed o = 0.05. Even with this correction, however, we see that the compar-
ison involving the radiotherapy group would remain statistically significant, since
the P-value is less than 0.025. In general, when more than one test is carried out
then a correction for multiple testing, such as the Bonferroni correction, should be
considered.

6.11.5 Global test of mortality difference

Although the separate comparisons described above will often be of most interest, in
practice it is common in randomised studies having more than two treatment groups
to carry out an initial “global” test of the hypothesis of equal mortality rates in all
treatment groups. This allows a test for an overall difference in mortality rates with-
out the multiple testing concerns described above. If the global test is not significant
then the separate tests do not need to be carried out. This corresponds to the third of
our testing problems described at the beginning of this extended example. It involves
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testing a null hypothesis about some but not all of the parameters in the model. The
null and alternative hypotheses for a global test of treatment effect are:

Hop:p=1landys=1 versus H:p#lorpy #l.

As described in this chapter, the usual way to carry out such an hypothesis test is
using the likelihood ratio test. Using the notation that was introduced earlier, these
hypotheses involve splitting the vector of parameters into two parts 6 = (9“] , 9[2]),

where 0" = (15, 73) is the part that is involved in the hypotheses, and 812 = 1 is the

part that the hypotheses do not concern. Thus, for G(gl] = (1, 1), the hypotheses may

be rewritten as
Hy: 6l = (gl] versus Hj : 6l #* 6&1].

The log-likelihood associated with the full model involving all three parameters
was written down in the previous section, along with the MLEs under the full model.
The log-likelihood associated with the null model, that is assuming the null hypoth-
esis is true, corresponds to 300 observations from an exponential distribution with
mortality rate A:

100 100 100
lo(6%) = y(1) =300log(A) — A (le- +Y i+ Zzi) :
i=1 i=1 i=1
Thus, the MLE under the null model is

3
X+y+z

PN

62— 3 =

=2.02

which gives 60(9[2}) = —88.70. This is the maximum value of the log-likelihood
under the assumption that the null hypothesis is true. In contrast, the maximum value
of the log-likelihood under the full model is ¢ (é) = —83.82, using the MLEs and the
full log-likelihood described in the previous section.

The fact that £(8) > £(8/?) reflects the fact that the most supported parame-
ter combination under the null hypothesis, (1, ,73) = (2.02,1,1), is less supported
than the most supported parameter combination under the full model, (4,%,73) =
(2.5,0.65,0.86). Indeed, it will always be the case that the MLEs under the full
model have more support than the MLEs under the null model. The role of the likeli-
hood ratio test is to assess whether this increase in the level of support is statistically
significant, that is, to assess whether the data provide sufficient evidence to reject the
null hypothesis. In this case the likelihood ratio test statistic is

R =2[0(8) —£o(6%)] =9.76

which must be compared with a critical value of x3¢5(p — q) = X30s(2) = 5.99,
where p = 3 and g = 1 are the number of parameters under the full and null models,
respectively. Thus, the null hypothesis would be rejected with P = Pr()(g_% (2) >
9.76) = 0.008, and there is sufficient evidence to conclude that the mortality rates in
the three treatment groups are not identical.
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Since the above global test of equality of the mortality rates is statistically sig-
nificant, it should be followed up with individual tests investigating how the rates
differ. One common approach to this was described in the previous section, based
on the Wald test. The likelihood ratio method employed above could also be used
to provide separate tests of the null hypotheses Hy : » = 1 and Hy : 15 = 1, which
would allow separate assessments of whether the active treatment rates differ from
the control rate. It could also be used to test the null hypothesis Hy : 5 = 73, which
would allow an assessment of whether the two active treatment arms have different
mortality rates. We will not discuss the details here, but we would expect them to be
in relative agreement with the conclusions from the analogous Wald tests described
previously, and the exercises will verify this.

6.11.6 Confidence intervals

We have emphasised the need to accompany a test result with a confidence interval
for the parameter that the hypothesis concerns. One approach to this was discussed in
Chapter 4, where we used the MLE plus and minus 1.96 times the standard error de-
termined by the information matrix (for a 95% confidence interval). More generally,
as described earlier in this chapter, there is a correspondence between hypothesis
tests and confidence intervals, so that a confidence interval can be determined corre-
sponding to any particular test. This is obtained by identifying all values of 6y such
that the null hypothesis would not be rejected. We start by illustrating this using the
likelihood ratio and Wald tests, for the one-parameter hypothesis test that was the
first of our testing problems considered in this extended example.

Based on the likelihood ratio and approximate Wald tests with estimated vari-
ance, the ranges of values for Ay that will not lead to rejection of the null hypothesis
are:

Likelihood ratio : {Ag:2[¢(2) —£(A)] < 2_«(1)}
Wald (approximate) : {Ag: (i ,%)21(1) < xlz_a(l)}.

For the data from group 1 analysed earlier in this section, these ranges correspond to
the following 95% confidence intervals:

Likelihood ratio  : {2 : {(Ag) > K(i) - 0.513_95(1)}
{X: 0(A) > —10.29} = (2.04,3.02)

Wald (approximate) {A@ : |i fﬂo| < \/%5_95(1)1(1)1}

= {d0:[2.5— 2| <0.49} = (2.01,2.99).

Notice that since 4/ 95127 (1) = 21_g/2, the interval corresponding to the approxi-
mate Wald test is identical to that which would be obtained based on the usual method
of confidence interval construction, that is, the MLE plus and minus 1.96 times the
standard error. The interval based on the likelihood ratio test has the interpretation of
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including all parameter values that have sufficiently high likelihood, or in other words
are sufficiently well supported by the data. Recalling that the approximate Wald test
is equivalent to the score test in this example, it can be seen that the confidence
intervals are consistent with the earlier P-values, in that the null hypothesis value
of 3.0 is contained in the likelihood ratio interval but not in the approximate Wald
test interval. For all practical purposes, however, these two intervals are essentially
equivalent. Ideally the confidence interval should be calculated using whatever test
has been used, however, in practice the approximate Wald test is the most common
and convenient method for calculating a confidence interval for a single parameter.
The above test-based methods for one parameter can be generalised to calculate
confidence regions for multiple parameters. To do this we use the same approach
as above, based on the test statistics for testing hypotheses about all parameters, as
described earlier in this chapter. For the likelihood ratio test this method again cor-
responds to the set of all parameter values that have sufficiently high likelihood. For
our three parameter model, a 95% confidence region is the set of parameter values:

{4 1,1) 61, 18) > £(A, 92 %3) — 0.5x5.05(3) }
= {(Anmn) LA p ) > 8773}

This set represents a three-dimensional region in which we are 95% confident that
all three parameters lie. Strictly speaking, this means a confidence region calculated
in this way will contain the true values of all three parameters in 95% of samples.
Earlier we saw that the log-likelihood corresponding to the parameter combination
(A, %,73) = (2.02,1,1) is —88.70. Since this does not exceed —87.73, this param-
eter combination would not be in the 95% confidence region, which is consistent
with our earlier rejection of the null hypothesis Hyg : 7» = 1 and y3 = 1. Similarly
the log-likelihood corresponding to all other parameter combinations can be used
to determine those combinations that satisfy the required condition. The analogous
method can also be used based on any of the other test statistics, although it is most
intuitively meaningful based on the likelihood ratio test.

Finally, note that we have already discussed how to construct separate confi-
dence intervals for multiple parameters in Chapter 4, based on the information ma-
trix. However, the confidence region for all parameters will not simply correspond to
the rectangle formed by these separate confidence intervals. For example, the 95%
confidence region described above is plotted in Figure 6.4, for the parameters » and
%. In reality this region should be a three-dimensional “football” to accommodate
A, however, for simplicity a cross-section has been plotted at the value A = 1=25.
Figure 6.4 shows that the corners of the rectangle generated by the individual confi-
dence intervals for 9> and y3 are not part of the confidence region. That is, although
it is plausible that 95 or 3 could individually be at the extremes of their respective
confidence interval ranges, it is not plausible that both parameters are simultaneously
at the extremes of these ranges.
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Cross-section of the three-dimensional 95% confidence region for (4,7,73), at the
value A =2.5
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Exercises

1. In the Chapter 5 exercises we considered the reduction in HIV viral load for each
individual on antiviral therapy over a six month period. We considered a one-
sample situation, in which for a group of individuals all on the same therapy we
tested whether the average reduction was different to zero. A better study design
is to include a control group receiving no treatment (or placebo) and to ran-
domise patients to receive either no treatment or the antiviral treatment. We can
then compare the average reduction in viral load in the two treatment groups.
Let (xj,...,x,) be the observed reductions in viral load for individuals on no
treatment, and let (yy,...,y,) be the reductions for individuals on antiviral ther-
apy. Thus, there are equal numbers of individuals (n) on each treatment. We will
assume that the reductions on no treatment have a N(u,v) distribution, while
the reductions on antiviral treatment have a N(u + &, v) distribution. That is, u
denotes the mean reduction in the absence of treatment, and 6 denotes the ex-
tra reduction received from the antiviral treatment. The hypotheses of interest in
testing whether the antiviral treatment is effective at reducing viral load are:

Ho:6=0 wversus H;:0 #0.

(a) Write down the log-likelihood function in terms of the three parameters,
¢(u,8,v). Derive the MLEs of each parameter.

(b) Write down a standard error associated with 5. One way to do this is by
using the informatiorl matrix, however, in this case you should be able to
see from the form of 6 what the associated standard error is (which is easier
than using the information matrix).

(c) Construct the approximate Wald test for testing the above null hypothesis.

(d) In this chapter we described how a Wald test based on a (1) distribution
can be rewritten in terms of a standard normal distribution. Rewrite the
approximate Wald test from part (c) in this way. How does this test differ
from the usual two-sample ¢-test that could also be applied to this problem?
In what circumstance will the two tests be equivalent?

2. In this exercise we consider a number of different tests associated with the dis-
ease prevalence in a particular population, based on a prevalence sample as con-
sidered in previous chapters. Based on these different tests we will also consider
a number of different approaches to confidence interval calculation for the pop-
ulation prevalence (or in other words, for any binomial proportion). Begin by
reviewing Exercise 1 from Chapter 4.

(a) Write down the log-likelihood function for the population prevalence 0, as
well as the MLE of 6 and its standard error.
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(b)

(©

(d)

(e)

Consider testing the hypothesis that the population prevalence is equal to a
particular value:

Hyp:0 =6y versus H;:8 # 6.

Write down the test statistics corresponding to each of the following tests:
(1) likelihood ratio test; (ii) score test; (iii) Wald test; (iv) approximate Wald
test. Show that using the score test is equivalent to using the Wald test.

Suppose 6y = 0.5, that is we wish to test whether the disease prevalence is
equal to 50%. Evaluate each of the test statistics in part (b) (except the score
test which is equivalent to the Wald test), based on the samples described
in Example 3.2 from Chapter 3. Carry out each of these tests and give P-
values.

For the same data as used in part (c), plot the test statistics as a function
of the null hypothesis value 8y. By using the test-based definition of a con-
fidence interval, mark a horizontal line on each graph, such that a 95%
confidence interval corresponds to all 6y values that have a test statistic be-
low this line. Hence calculate the 95% confidence interval corresponding
to each test (you can use trial and error to work out where the function you
have plotted crossed the horizontal line).

Show that the confidence interval arising from the approximate Wald test
in part (d) is equivalent to the usual confidence interval for a binomial pro-
portion.

3. This question deals with multiple parameter tests for assessing the relationship
between fertility and smoking exposure. Review Exercise 8 from Chapter 3, and
Exercise 4 from Chapter 4, for the fertility study where mothers having smoking
exposure have different fertility to mothers without such exposure. In those ex-
ercises we studied a likelihood function that was a function of two parameters,
the fertility parameter for mothers with smoking history (p,), and the relative
fertility rate (7). Start by writing down the log-likelihood function from Exercise
8(b) of Chapter 3. Our goal is to test the hypothesis that the fertility rates are
identical, that is:

(a)

(b)

(©

Ho:y=1 versus Hj:y#1.

For the data set described in Exercise 7 of Chapter 3, evaluate the MLEs
of p, and Y. Hence evaluate the maximum value achieved by the log-
likelihood under the full model, ¢ ( P2, )7) .

Write down the log-likelihood function under the assumption that the null
hypothesis is true. Hence derive and evaluate the MLE of p, under the
assumption that the null hypothesis is true and evaluate the maximum value
achieved by the log-likelihood under the null model.

Based on your results in parts (a) and (b), write down the likelihood ratio
test statistic for testing the above hypotheses, and carry out a likelihood
ratio test. Evaluate the P-value for this test.
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(d) Using your results of Exercise 4(d) of Chapter 4, evaluate the approximate
Wald test statistic for testing the above hypotheses. Carry out the test and
calculate the P-value.

(e) Recall yourresults from parts (d) and (e) in Exercise 4 of Chapter 4. Explain
why these are consistent with the tests conducted above.

4. Consider the stroke incidence study discussed in the extended examples of
Chapters 3 and 4, and the examples throughout this chapter. In particular, we
will assume that our sample (¥1,Y,) corresponds to the number of new cases
of stroke in the high salt intake and low salt intake exposure groups, respec-
tively. The observed sample is (y1,y2) = (245,239) based on a sample size of
(n1,n2) = (1150,850) individuals having been followed for a total of (F,F) =
(5980,3825) person years. The stroke incidence rates in the two groups are
denoted by (A41,4;), with rate ratio Y = A,/A;, and the distribution of ¥; is
Poisson(A;F).

(a) As with the examples discussed in this chapter, assume first that the stroke
rate is identical in the two diet groups, so that A; = A, = A. Then the to-
tal number of strokes, Y = Y; + Y», has a Poisson(AF) distribution where
F = F; + F, = 9805 person years. Recall the approach to simulation of
this context used in the exercises of Chapter 1, using the function inc.sim
described in Appendix 2. Simulate 10,000 studies under each of the as-
sumptions A = 0.4, 0.5 and 0.6. For each sample calculate the likelihood
ratio and Wald test statistics for testing

Hp:A =0.05 versus Hj:A #0.05

and determine whether these statistics would lead to rejection of the null
hypothesis. For each value of A identify the proportion of repeated samples
that lead to rejection of the null hypothesis and interpret your results. Hence
comment on the relative merits of these two tests in this particular situation.

(b) Now consider the two-parameter model where we do not assume A; =
A2. Write down the log-likelihood function for the two-parameter model,
£(A1,7). Making use of the MLEs and standard errors from the extended
example of Chapter 4, conduct the likelihood ratio test of whether the stroke
rates in the two diet groups are identical:

Ho:y=1 wversus H;:y#1.

5. Consider the number of heart attacks per week arriving at the emergency de-
partments of two different hospitals. During one hundred different weeks the
heart attack numbers arriving at each hospital were recorded. It was found that
the sample means were X = 20 heart attacks per week arriving at hospital 1 and
y = 22 heart attacks per week arriving at hospital 2. You can assume that the
number of heart attacks in each week arriving at hospital 1 are independent and
identically distributed with a Poisson distribution having mean A;. Likewise, you
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can assume that the numbers of heart attacks in each week arriving at hospital
2 are independent and identically distributed with a Poisson distribution having
mean A,, independently of hospital 1. In comparing the number of heart attacks
arriving at the hospitals, it is of interest to test the hypothesis that the rates of
arrival of heart attack patients are identical in the two hospitals.

(a) For the above setting write down the null hypothesis Hy and the two-sided
alternative hypothesis Hy, in terms of A; and A,.

(b) Derive the maximum likelihood estimators of A; and A,, first assuming
Hy and then assuming H;. Calculate each of the corresponding maximum
likelihood estimates for these data.

(c) Provide approximate standard errors associated with your estimates in part
(b).

(d) Now consider a reparameterisation of the model in terms of the parameters
0, and 6,, where 8; = A; — A, and 6, = A,. Repeat parts (a)—(c) in terms
of 0; and 6,, instead of A; and A,.

(e) Derive the likelihood ratio test for testing Hy versus H; and undertake the
test for these data using a significance level of o = 0.01.

(f) Repeat part (e) using an approximate Wald test and compare your conclu-
sions from the two tests.

6. Consider the HIV viral load example in Exercise 1, based on a normal distri-
bution model. Suppose that we now allow for the possibility that the variance
in the control group (no treatment) is different from the variance in the antivi-
ral treatment group. That is, we will now assume that the viral load reductions
on no treatment have a N(u, v;) distribution, while the viral load reductions on
antiviral treatment have a N(u + 9, v,) distribution.

(a) First consider just the sample (xp,...,x,) of viral load reductions in the con-
trol group. For a given value vy, derive the likelihood ratio test for testing
Hy : vi = vy versus H; : v; # .

(b) Now consider the samples from both treatment groups, (x,...,x,) and
(¥1,---,yn). Derive the likelihood ratio test for testing Hy : v; = Vv, versus
Hi:v| # .

(c) Find approximate critical regions for the tests in parts (a) and (b) assuming
n is large and a = 0.05.
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Bayesian Inference

Most of this book has been concerned with the so-called frequentist approach to
inference, which is based on the concept of repeated sampling and the relative fre-
quency interpretation of probability. At a couple of points we have referred to the
existence of a completely different approach, called the Bayesian approach. In one
chapter we do not have enough space to give a full treatment of Bayesian inference,
but given its growing importance in modern statistical practice we provide here an
introduction. Our aim is to provide a grounding in the basic concepts of Bayesian
statistics, supplemented by some simple illustrations based on our earlier examples
and exercises. We first give a brief overview of how the Bayesian approach differs
from the frequentist approach, including the subjective interpretation of probability,
and then provide some basic technical details relating to Bayes’ rule. Next we intro-
duce the important Bayesian concepts of prior and posterior distributions, as well as
the Bayesian counterpart of confidence intervals, credible intervals. The connection
between Bayesian and likelihood inference is then reviewed, followed by a Bayesian
re-examination of the treatment comparison example discussed in Chapter 5.

7.1 Probability and uncertainty

Bayesian inference is named after the Reverend Thomas Bayes, who discovered a
probabilistic theorem in the eighteenth century that is now referred to as Bayes’ rule.
This theorem is the foundation of the Bayesian approach to statistical inference. Be-
fore moving on to discuss Bayes’ rule and its importance, we begin by introducing
some of the differences between Bayesian inference and the frequentist approach
that we have used elsewhere in this book. In particular, we begin by contrasting the
relative frequency definition of probability that underlies the repeated sampling inter-
pretation of frequentist concepts such as confidence intervals and P-values, with an
alternative view of probability that is used in Bayesian inference, namely, subjective
probability.

The essence of the Bayesian approach is that it allows the data analyst to make
inferences in terms of probability statements about the unknown parameters. This
approach is quite different to the frequentist approach we have been discussing up
until now, where the unknown parameters are considered to be fixed constants for
which probability statements are not meaningful. To explore this further, consider
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the familiar concept of a confidence interval for the population prevalence, as was
first introduced in Chapter 2. There we examined the simple statistical task of esti-
mating the prevalence of disease using a sample of individuals from the population
of interest. In this chapter we will examine this same example from a Bayesian point
of view.

In Chapter 2 we used an illustrative example of a sample of 1000 individuals, 121
of whom have the disease. The estimated prevalence is therefore 12.1% with a stan-
dard error of 1.0% and a 95% confidence interval for the unknown population preva-
lence runs from 10.1% to 14.1%. We carefully considered the correct interpretation
of this confidence interval in terms of coverage probability in repeated samples. That
is, we regarded this interval estimate as a useful summary of uncertainty because it
was calculated in such a way that 95% of such samples will produce a confidence
interval that includes the true population prevalence.

This strict interpretation of a confidence interval, which requires us to think in
terms of a large number of repeated samples, each with its own confidence interval,
is one that some people find unintuitive. For this reason, the strict repeated sampling
interpretation is often loosened to some extent when confidence intervals are used in
practice. For example, it is not uncommon to summarise a confidence interval with a
statement that we can be 95% confident that the unknown parameter lies somewhere
in the range specified by the confidence interval. Although the term “confident” does
not have a strict interpretation here, when one looks carefully at statements such as
this, what is actually meant is that it is “likely” that the true parameter value lies
in the calculated confidence interval. This is essentially an attempt to interpret the
calculated confidence interval using a probability statement. However, as we know
from our discussion in Chapter 2, such probability statements are not meaningful
when they are made using a confidence interval calculated from a particular sample.
Thus, for our prevalence example, it is not correct to say that there is a probability
of 95% that the true prevalence lies between 10.1% and 14.1%. One of the main
attractions of Bayesian inference is that it allows us to make this sort of probability
statement in a meaningful way. But we shall see that this attractive feature does not
come without a cost.

Recall the interpretation of probability that underlies the frequentist approach to
inference, namely, that the probability of an event is the long-run relative frequency
with which the event occurs in many repeated samples. Such an interpretation makes
sense when our sampling process can be repeated, such as the tossing of a coin, but is
more difficult to interpret when repeated sampling is not possible. For example, the
interpretation of the statement “it will rain tomorrow with probability 80%” is not
clear given that tomorrow cannot be repeated. Although it is possible to argue that
the repeated sampling interpretation can be used by imagining what would happen
in the hypothetical scenario that tomorrow could be repeated, some people find this
interpretation somewhat cumbersome.

Bayesian inference, on the other hand, makes use of an alternative interpreta-
tion of probability, which is usually referred to as subjective probability. Under a
subjective interpretation of probability, probability statements reflect the degree of
belief that the person making the statement has that the event will occur. With this
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broader view of probability, statements such as “it will rain tomorrow with proba-
bility 80%” are just as meaningful as probability statements concerning contexts in
which repeated sampling is possible. Indeed, under the subjective interpretation of
probability used in Bayesian inference, probability statements can be made about
anything that is uncertain. Thus, in Bayesian inference, probability statements are
a quantification of uncertainty, rather than a quantification of what will occur in
repeated samples.

This difference in interpretation leads to perhaps the most fundamental distinc-
tion between frequentist and Bayesian inference, namely, that Bayesian inference
allows probability statements to be made about the parameters in a statistical model.
Since parameters are simply constants whose values are unknown, Bayesian infer-
ence allows uncertainty about parameters to be expressed using subjective probabil-
ity statements. This has some intuitive appeal, particularly given our discussion of
the informal interpretation of confidence intervals earlier in this section. However,
some statisticians argue that this comes at too high a cost in terms of subjectivity and
assumptions that must be imposed on the analysis.

There have been many deep philosophical arguments about the meaning and ap-
plicability of probability, and it is beyond the scope of this book to attempt to resolve
these disputes. Some further reading on foundational topics is provided in Appendix
3, particularly the book by Cox (2006) along with a number of other texts that discuss
the foundations of probability and statistical inference. What we will do in this chap-
ter, however, is to introduce some of the key concepts in Bayesian inference, since
these concepts are becoming increasingly common in modern biostatistical practice.

7.2 Bayes’ rule

The basic mechanism of Bayesian inference is the calculation of conditional proba-
bilities. In Chapter 1, we reviewed the fact that if we consider two events A and B,
the conditional probability that A occurs given that B has occurred, is defined as

Pr(ANB)

PY(A|B):W,

where Pr(A N B) is the probability of both A and B occurring. The central tool of
Bayesian inference, which we will call Bayes’ rule but which is also known as
Bayes’ theorem, is the observation that if we consider the same definition of condi-
tional probability in reverse, then it is clear that

Pr(A | B)Pr(B)

Pi(B|A) = =5

Essentially then, Bayes’ rule provides a mechanism for getting from a conditional
probability that goes in one direction, A given B, to a conditional probability that
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goes in the reverse direction, B given A. For this reason, Bayes’ rule and Bayesian
inference was historically referred to as the method of inverse probability.

To understand how Bayes’ rule is used in Bayesian inference, we need to take
a broader interpretation of the events A and B, beyond what we mean by events in
the context of frequentist probability. Firstly, we consider B to be a statement about
the unknown parameter 6, so that Bayes’ rule then involves probability statements
about 0. As discussed in Section 7.1, this is acceptable using the subjective inter-
pretation of probability in which such statements are interpreted as a quantification
of our uncertainty about 6. Secondly, we consider A to be a statement about the
observed sample, or the data, so that Bayes’ rule then also involves probability state-
ments about the data. These probability statements, which involve both conditional
and unconditional probabilities, then form the basis for making Bayesian inferences
about the parameter.

Specifically, we begin with a parametric model for how the data were generated,
conditional on the parameter. This provides us with the Pr(A | B) part of Bayes’ rule.
Then we use Bayes’ rule to invert the conditional probability to give us the Pr(B | A)
part of Bayes’ rule. This provides us with a probability distribution for the parame-
ter, conditional on the data, and it is this probability distribution that is used as the
basis of Bayesian inference. In the next section we will elaborate on these ideas and
introduce some important terminology related to the above probability distributions,
however, first we consider a simple example of the application of Bayes’ rule.

Example 7.1 A common biostatistical application is diagnostic testing to determine
the presence or absence of a particular disease. Consider a randomly sampled indi-
vidual from a population in which the disease prevalence is g. We will assume that
the prevalence ¢ is known, or at least that we have a good estimate. We are interested
in determining the disease status of the individual, which is unknown and will be
denoted by 6. The individual’s disease status can take just two values, which we will
define to be

0 1 if disease is present
10 if disease is absent.

The diagnostic test is carried out on the individual in order to obtain information
about the disease status 6, which yields a test result that will be denoted by Y. The
individual’s test result can also take just two values, which we will define to be

1 if the test result is positive
0 if the test result is negative.

Suppose that we are only interested in deciding which value of 6 is more likely,
that is, whether it is more likely that the individual has the disease or does not have
the disease. Prior to observing the individual’s test result, our uncertainty about the
disease status would be quantified using the disease prevalence in the population

Pr(6=1)=gq and Pr(6=0)=1—gq.
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So if ¢ > (1 —g), or equivalently ¢ > 0.5, then our degree of belief in the disease
status @ = 1 is greater than our degree of belief in the disease status 8 = 0, and vice
versa.

Now suppose that the individual’s test result is positive, and consider how our
uncertainty about the individual’s disease status is modified by observing this test
result. The extent to which our uncertainty about 0 is modified by the observation that
Y =1 will depend on the accuracy of the diagnostic test. There are two probabilities
that summarise the accuracy of a diagnostic test and hence influence our beliefs about
0. The first probability is the probability ¢ of the test producing a false positive
result, that is, producing a positive result for a person without the disease. The second
probability is the probability B of the test producing a false negative result, that is,
producing a negative result for a person with the disease. In view of their definitions,
these measures of test accuracy are given by the conditional probabilities

o=Pr(Y=1]6=0) and B=Pr(Y=0]|6=1).

Obviously we would place more trust in the accuracy of the test result if @ and 3 are
small.

Bayes’ rule can now be used to assess how our prior beliefs about 6 have been
modified by observing ¥ = 1. If we let ¢; and g be the conditional probabilities that
6 =1 and 0 = 0, respectively, given that we have observed a positive test result, then
Bayes’ rule implies

Pr(Y=1|6=1)Pr(6 =1) (1-PB)q

G =Pr(0=1]Y=1)= Pr(Y = 1) TP(r=1)

and

oo ol B ey

Thus, having observed the positive test result, our degree of belief in the disease
status O = 1 is greater than our degree of belief in the disease status 8 =0, if g; > qo
or equivalently ¢ > a/(1+ a— ).

Some numerical calculations for particular values of ¢, 3 and ¢ can illustrate the
interpretation of these results. Suppose that the population of interest is a low preva-
lence population, say with g = 0.05. Then for any individual sampled at random from
this population our prior belief would be strongly in favour of the individual not hav-
ing the disease. Now consider two diagnostic tests, the first being quite accurate, with
false positive and negative values of o = 8 = 0.01, and the second being somewhat
inaccurate, with @ = 8 = 0.2. For the accurate test ¢ > o /(1 +a — ) = 0.01 so
our belief would be modified in favour of the individual having the disease. For the
inaccurate test ¢ < o/(1 4+ o — ) = 0.2 so our belief would remain in favour of
the individual not having the disease. The intuitive interpretation of this is that for a
low prevalence population, a positive test result from an inaccurate test will not be
convincing enough to modify our prior belief that the individual does not have the
disease. On the other hand, if the test is accurate enough, then a positive test result
will lead us to modify this belief.
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Notice that since both g1 and g have Pr(Y = 1) in their denominators, the value
of this probability was irrelevant for comparing ¢q; and go because it is simply a
scaling factor that cancels out. However, if we actually wanted to calculate the value
of g1, rather than just compare it with g, then we would need to calculate Pr(¥Y = 1).
This can be carried out by noticing that go + g1 = 1 because 0 must be either O or 1,
so that
Pr(Y =1)=(1-B)g+a(l —q).

We shall see below that the denominator term in Bayes’ rule plays the same sort of
role more generally in Bayesian inference.

7.3 Prior and posterior distributions

We now elaborate on the use of Bayes’ rule to provide an approach for conducting
inferences about the parameter 6. The aim of a Bayesian analysis is to produce a
probability distribution for the unknown 6 that takes account of, or in other words
conditions on, the information in the sample Y. This probability distribution quanti-
fies the uncertainty in the parameter 6, conditional on having observed a particular
value for the sample, ¥ = y. We will denote the distribution of 6 given Y =y by
p(6]y), which may be either a probability function if the parameter space is discrete,
or a probability density function if the parameter space is continuous. Most paramet-
ric models in statistics are based on continuous parameter spaces so typically p(60|y)
will be a probability density function.

The notation p(6ly) is an example of shorthand notation that will be used
throughout this chapter to refer to a variety of distributions involving 6 and Y. Thus,
as is customary in describing the elements of Bayesian inference, we will use a gen-
eral function p to stand for either a probability function or a probability density
function, and the function arguments 6 and y will tell us which distribution we are
referring to. This was the case in defining p(6|y) and will be the case for various
other distributions described below.

Bayes’ rule will be used to produce p(6]y) by combining two fundamental quan-
tities. The first is the distribution of the sample Y, given the parameter 6, which
specifies the parametric model that we are assuming for the data. This may again be
characterised by a probability function or a probability density function, depending
on the type of sample Y, and in both cases the value of the function corresponding to
an observation of Y = y will be denoted by p(y|0). The second is an assumed prob-
ability distribution for the parameter prior to the data having been observed. This
distribution is characterised by the probability density function p(6), assuming that
0 can take values in a continuous parameter space. As for p(6|y), in the less common
situation that the parameter space is discrete, p(0) is a probability function.

The combination of p(6) and p(y|6) to produce p(8]y) is now facilitated by
Bayes’ rule. Re-expressing Bayes’ rule from Section 7.2 using the notation from this
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section, we obtain

p(6ly) = % « p(y|0)p(6)

which is applicable regardless of whether the probability distributions are discrete or
continuous. Notice that in addition to the three distributions p(6), p(y|0) and p(6|y)
discussed above, there is a fourth distribution p(y) that occurs in the denominator
of Bayes’ rule. This is the distribution of the sample without conditioning on the
parameter 0, called the marginal distribution of the sample Y. Since p(y) does not
depend on @ it will not affect the shape of our posterior distribution and only acts
as a normalising constant which makes the probability distribution p(6|y) a valid
distribution that sums or integrates to 1.

The intuition behind using Bayes’ rule in combination with a subjective inter-
pretation of probability is as follows. The probability distribution specified by p(6)
quantifies our prior beliefs, or uncertainty, about the unknown parameter 6. We can
then use the observed sample Y =y, to update our prior beliefs about 6. This is
achieved by using Bayes’ rule to produce a distribution that quantifies our updated
beliefs about 6, p(6]y). Leaving aside the normalising constant which is indepen-
dent of 0, the form of Bayes’ rule implies that this updated distribution is simply the
product of the distribution quantifying our prior beliefs about the parameter, p(0),
and the distribution of the sample conditional on the parameter, p(y|0).

In light of the above discussion, there are two very important pieces of termi-
nology that are frequently used when describing a Bayesian analysis. Firstly, the
distribution that quantifies our prior beliefs about the parameter, p(6), is referred
to as the prior distribution. Secondly, the distribution that quantifies our updated
beliefs about the parameter after having observed the sample, p(8]y), is referred to
as the posterior distribution. The quantity p(y|6), which is the link between the
prior distribution and the posterior distribution, does not need any new terminology
because it is simply the likelihood that we have discussed at length in other chapters.
We will return to the role of the likelihood in Bayesian inference a number of times
throughout this chapter.

Carrying out a Bayesian analysis is then seemingly simple: we just need to cal-
culate the posterior distribution of 0 using the ingredients described above. Based on
this distribution, we can then make a variety of subjective probability statements that
represent our beliefs about 6 having observed the sample. For example, we can quote
an interval within which 0 lies with a certain probability, or we can give the prob-
ability that 0 is greater than some value of special interest, such as 0 if 8 measures
the difference between two groups. While this sounds straightforward in principle,
practical challenges arise due to two important complications.

Firstly, the computations involved in determining the posterior distribution are
often very challenging. This is particularly the case for computations involving the
marginal distribution p(y) which may involve very difficult integrals. Example 7.2
illustrates this for a simple setting, but the problem magnifies greatly for very com-
plex models. Fortunately, advances in Bayesian computational methods and software
have greatly alleviated this complication, even for very complex models. Such meth-
ods are based on a class of simulation techniques called Markov chain Monte Carlo
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methods, which are discussed in detail in Bayesian inference texts such as Gelman
et al. (2013).

Secondly, and more fundamentally, calculation of the posterior distribution re-
quires two levels of assumptions, including an extra level over what is required for
frequentist inference. The first level of assumptions is the model for the data given
the parameter, p(y|6), which is simply the likelihood function used in frequentist
inference. This prominent role of the likelihood function in Bayesian inference is
an important feature that we will return to later in the chapter. The second level of
assumptions is the prior distribution for the parameter, p(6). It is this component
of Bayesian inference that is generally speaking the controversial one, since its pres-
ence tells us that conclusions about 6, in the form of the posterior distribution, cannot
be obtained without making some prior assumptions about the unknown parameter.
Some statisticians object to the use of Bayesian inference because of its perceived
dependence on the prior distribution. This dependence may lead to concern that the
results of an analysis will be determined by the prior assumptions rather than by the
data being analysed. Other statisticians consider the specification of a prior distribu-
tion quite natural and find the ability to make probability statements about the pa-
rameter attractive. Either way, the prior distribution is the price we must pay in order
to have the intuitively appealing interpretations associated with a Bayesian analysis.

Example 7.2 As an illustrative example we will work through some of the mechan-
ics of Bayesian inference for a very simple example, the problem of assessing disease
prevalence. Suppose that Y is the number of individuals who have a particular dis-
ease, out of a random sample of n individuals from a population of interest. The
parameter is the population prevalence 0, which is the probability that a randomly
chosen individual from the population will have the disease. The distribution of the
sample Y, given a particular value for the parameter 6, can be specified using the
binomial distribution

For now we have omitted the normalising constant p(y), which is the denominator
term in Bayes’ rule that is constant with respect to 0. Later in this example we will
briefly return to the normalising constant, which we also called the marginal distri-
bution of Y.

Now let us consider our prior beliefs about 6, before considering the information
contained in the sample. Suppose we had no prior information about 6, and that
we therefore believed that there was no reason to give any value of 6 more prior
support than any other. We could represent this prior belief by giving 6 a uniform
prior distribution. In fact, this simply means specifying that

p(6)=1 forall 8 € [0,1].

Since the prior distribution is so simple in this case, it is straightforward to use Bayes’
rule to calculate the posterior distribution of 6

p(B]y) =< p(y|6)p(0) < 6”(1—6)".
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With this step we have now turned the likelihood function for 6 into a posterior
distribution for 0. Thus, for this simple example where the likelihood function and
the posterior distribution have the same form, frequentist and Bayesian inference
will yield similar conclusions, albeit with different probabilistic interpretations. This,
however, would not necessarily be the case for other prior distributions, as we will
explore further later in the chapter.

Some examples of the posterior prevalence distribution for samples of size 10,
100, and 1000, are presented in Figure 7.1. Notice that the posterior distribution for
the population prevalence has high probability density for values of 0 that are close
to the observed prevalence, y/n. Notice also that the range of 6 values with high
probability density is narrower when the sample size is larger. Furthermore, it can be
seen that as the sample size gets larger, the posterior distribution seems to converge
to a normal distribution. This asymptotic normality is a common feature of posterior
distributions. All of these features of the posterior distribution are useful for making
inferential statements about the population prevalence and we return to the manner
in which we can use the posterior distribution later in this chapter.

It is worth noting in passing that the probability density functions plotted in Fig-
ure 7.1 required calculation of the normalising constant p(y) in the denominator of
the Bayes’ rule calculation. This facilitates comparison between the different sample
sizes depicted in Figure 7.1 because all of the probability densities integrate to 1 and
are therefore comparable on the same scale. In this example, the requirement that
p(0]y) integrates to 1 leads to a normalising constant of the form

1 1
p0)= [ p0IOIP(0)d0 = [ 0(1—0)" a0 = Bly+1n—y+1)

where B is a special mathematical function called the beta function. This function
does not have a closed form so p(y) requires numerical calculations using a com-
puter, which is possible in many common statistical software packages. However, it
should be remembered that although it was useful for our illustrative comparisons
between different hypothetical samples, inclusion of the normalising constant in the
posterior distribution calculation does not affect the shape of the posterior distribu-
tion, it only affects the scale of the y-axis in Figure 7.1.

7.4 Conjugate prior distributions

For a particular parametric model of the sample given the parameter, p(y|0), the type
of prior distribution that is chosen will determine the type of posterior distribution
that is obtained. Since the posterior distribution will be used as the basis for our infer-
ences about the parameter, there is some advantage to having a posterior distribution
that is mathematically and computationally convenient to work with. This suggests
that we could choose our prior distribution in such a way that we know the resulting
posterior distribution will have a convenient form. We may go one step further, and
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FIGURE 7.1

Posterior distribution of 0 for three different prevalence samples: y = 1 diseased from
a sample of n = 10 (solid line); y = 12 diseased from a sample of n = 100 (dashed
line); and y = 121 diseased from a sample of n = 1000 (dotted line).
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seek a prior distribution that leads to a posterior distribution that is in the same para-
metric family of probability distributions. When a particular type of prior distribution
p(0) leads to a posterior distribution p(6|y) that has the same parametric form, then
we call it a conjugate prior distribution for the model p(y|6). Conjugate prior dis-
tributions are typically the most convenient and natural prior distributions, and are
often the first choice that one considers in undertaking a Bayesian analysis.

A distribution may be a conjugate prior distribution for one model, but not for an-
other model. That is, the property of being a conjugate prior distribution is a property
that holds with respect to a particular parametric model for the sample. In a Bayesian
analysis we often start by specifying a model for the sample that is aligned with how
the sample was obtained, and then choose a prior distribution that is a conjugate prior
for the particular model we have chosen.

A very important example of a conjugate prior distribution arises for parametric
models in which p(y|6) is a normal distribution with mean 6 and known variance.
For this model, if we choose a prior distribution p(8) that is also a normal distribu-
tion, then the posterior distribution p(0|y) will always be a normal distribution. In
other words, the normal distribution is the conjugate prior distribution for a normal
model where the parameter is the mean. Thus, the normal distribution can be thought
of as being the conjugate prior distribution for itself, and so it is sometimes called
self-conjugate. The normal model is such an important model in Bayesian inference
that we will study it in some detail in the next section. Before doing this we return
to the prevalence study discussed in Example 7.2, which will allow us to discuss the
conjugate prior distribution for a binomial model.

Example 7.3 In Example 7.2 we considered a uniform prior distribution on the inter-
val [0, 1] for the population prevalence 6. The uniform prior distribution is a specific
case of a more general and flexible distribution on the interval [0, 1] called the beta
distribution, denoted Beta(c, ). The beta distribution is commonly chosen as the
prior distribution for the probability in a binomial distribution and leads to a prior
distribution with two parameters & > 0 and 8 > 0

B 90{71(1 _ 6)[371
- B(a,p)

where B is the beta function that was discussed in Example 7.2. We can see that the
uniform distribution is a special case of the beta distribution by setting o = = 1.
However, as we will see in the exercises, the more general beta distribution allows
much more flexibility in the shape of the distribution on the interval [0, 1].

Recall from Example 7.2 that the likelihood for the binomial prevalence model
has the form

p(0)

p(y|6) =< 67(1—-6)"".

It is therefore clear that the posterior distribution will have the same beta form that the
prior distribution had. This is because, after dropping the term that does not depend
on 6,

P(6]y) < p(y])p(6) < 67 (1 — gy AL,
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In other words, if we assume a Beta(c, f3) prior distribution then the posterior distri-
bution is Beta(y + a,n — y + 3), having observed y individuals with the disease out
of a sample of n individuals. We have therefore shown that the conjugate prior distri-
bution for the probability in a binomial model is the beta distribution. A useful way
of thinking about the Beta(c, ) prior distribution is that it is analogous to assuming
prior knowledge of a similar strength to having o — 1 additional individuals with the
disease and B — 1 additional individuals without the disease. This can be seen by
comparing the form of p(y|0) and p(0]y).

7.5 Inference for a normal mean

Although the mechanics of the binomial model with a beta prior distribution make
a nice introduction to Bayesian analysis, the overwhelmingly most important ap-
plication of Bayesian inference relates to normal distributions. This is not because
most quantities of interest follow a normal distribution, but rather because so many
summary statistics and estimators of important parameters have normal sampling
distributions, at least in large samples. In the extended example discussed in Section
7.10 we will explore these issues further, and show how Bayesian inference based
on normal distributions can be applied in situations where the outcome is essentially
non-normal. In this section, however, we will concentrate on the basic calculations
of Bayesian inference for normal models, in particular focussing on inference for the
mean of a normal distribution.

7.5.1 Single observation

Suppose we have a single random variable Y that follows a normal distribution with
unknown mean 6 and known variance 6. The assumption of known variance is of
course unrealistic, but it enables us to work through some of the basic details in a
simple case. Furthermore, there is a very real sense in which variance estimation is
usually of secondary concern, and variance estimates can often be “plugged in” if the
main aim is estimation of the mean. The sampling model can be represented by the
normal density function

p010) = el -5 007},

Although the normal density function may look formidable, its key feature is that
it is an exponential of a quadratic function of 8. It follows that the conjugate prior
density function is also the exponential of a quadratic function of 0, because only
then will the product p(y|0)p(60) remain the exponential of a quadratic function of
6. Thus, the conjugate prior density function has the form

p(0) =exp{A(6 —B)*+C} = exp{A(6 — B)*}
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Wthh can be rewritten as

using the reparameterisation ’L'g = —(2A)~! and py = B. That is, the conjugate prior
density function has the form of a normal distribution, N (L, Tg). We can therefore
add to the long list of interesting properties of the normal distribution that a conjugate
prior for the mean of a normal distribution is itself a normal distribution. This is what
we meant in Section 7.4 when we said that the normal distribution is self-conjugate.

With this conjugate prior distribution, we can now consider the posterior distri-
bution of 6. Combining the likelihood and the prior using Bayes’ rule, and ignoring
factors that are constant with respect to the parameter 6, we obtain

p(8y) =< p(y0)p(6)
xexp{_l {(y_e)z n (9—510)2} }

2
2 o T

Some algebra can then be used to express this as

IRV
o= exp{ 50
1

where
CW/R0/e) 11
MR /e 75 o
This means that the posterior distribution is N (1, 77).

The form of the posterior distribution leads to a number of important observa-
tions. Firstly, in manipulating normal distributions, the inverse of the variance plays
a prominent role, and is called the precision. The algebra above shows that for nor-
mal data with a normal prior distribution, the posterior precision equals the prior
precision plus the data precision. In other words, the uncertainty represented by the
spread of the posterior distribution is a combination of uncertainty due to the prior
distribution and variability in the data. This means that if either component is re-
duced, the posterior uncertainty reduces. Furthermore, we can see that the posterior
mean is a weighted average of the prior mean and the data, with the weights being
proportional to the precision of the prior distribution and the data, respectively. This
provides a nice illustration of the manner in which the prior distribution and the data
combine to produce the posterior distribution.

7.5.2 Multiple observations

It is straightforward to extend the above discussion based on a single observation
to the situation where we have a sample of independent and identically distributed
observations, Y = (Y1,...,Y,). The likelihood function for the mean 6, based on the
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observed value of a sample of n observations Y = y, depends only on the observed
value of the sufficient statistic Y =, the observed value of the sample mean. Using
our shorthand notation we can therefore write

MﬂszWWﬁﬂﬁmwmeM®

where the last distribution refers to the normal distribution of the sample mean with
known variance N(8, 62 /n). Using our results for the single normal observation we
can then see that the posterior density p(0|y) = p(6|y) is the density function from
a N(u,, t2) distribution, where

1o(1/72) + 3(n/0?) L1
n— d - = —F QKA
=2 ey MM w TR e

These formulae are very instructive. Firstly, they are a natural generalisation of
the corresponding formulae for the single observation case. Thus, we can see that the
posterior precision 1/72 is the sum of the prior precision 1/ Tg and the data preci-
sion n/02. Likewise, the posterior mean i, is a weighted average of the prior mean
Uo and the sample mean y, weighted by the prior precision and the data precision,
respectively. This means that if the sample size is large, so that the data precision
is large, then the posterior distribution will be primarily determined by the sample
mean ¥ and the variance o. It also gives us some intuition about how the infor-
mation from the prior distribution is incorporated into the posterior distribution. For
example, if the prior variance 72 is similar in magnitude to the sampling variance
o2 then the prior distribution has the same weight as one extra observation with the
value . Furthermore, if the prior variance becomes larger with n remaining fixed,
or if n becomes larger with the prior variance remaining fixed, the posterior distri-
bution approaches a form that is completely independent of the prior specification,
namely, N(y, o’ / n) This shows us that when the information in the sample greatly
outweighs the information in the prior distribution then the posterior distribution is
essentially unaffected by the prior specification.

The normal mean model discussed in this section is instructive because it trans-
parently shows how the prior and the likelihood combine to produce the posterior
distribution. Although other models do not always have formulae that are as inter-
pretable as the model discussed in this section, the concept remains basically the
same: the posterior distribution can be thought of as an average of the prior and the
likelihood. In its entirety the posterior distribution quantifies the overall uncertainty
in the parameter after combining the information contained in the prior and the like-
lihood. In the next section we will consider how specific features of the posterior
distribution can be used to produce counterparts to the point and interval estimates
discussed previously for frequentist inference.
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7.6 Point and interval estimation

The fundamental object of Bayesian inference is the posterior distribution, and the
overarching philosophy is to use the entire posterior distribution as a summary of our
uncertainty about the parameter. Nonetheless, having obtained a posterior distribu-
tion, practical considerations often make it desirable to use the posterior distribution
to produce point and interval estimates of the parameter. Essentially, this amounts to
choosing certain key features of the posterior distribution to summarise our beliefs
about the parameter, having observed the sample. In this section we will consider
how this can be done, focussing on our previous normal and binomial models as
illustrations.

In our discussion of estimation concepts in Chapter 2 we referred to a point es-
timate as a single best value with which to estimate the unknown parameter 6. In
a Bayesian context, a point estimate is a single value of 0 that best summarises the
posterior distribution. Unfortunately, the definition of “best” is not unique, so there is
more than one way to use the posterior distribution to produce a point estimate. One
common method is to use the mode of the posterior distribution, that is, the value
of 6 for which the posterior probability density function is maximised. This esti-
mate is called the maximum posterior estimate or sometimes more elaborately the
maximum a posteriori estimate. Such an estimate is often considered intuitively
appealing since it can loosely be interpreted as the most probable value of the un-
known parameter according to the posterior distribution. It can also be considered
the Bayesian version of the frequentist MLE, which is the most supported parameter
value according to the likelihood function. An alternative approach to Bayesian point
estimation is to use the mean of the posterior distribution, or indeed other measures
of central tendency such as the median. For the normal mean model the posterior dis-
tribution is a normal distribution which is always symmetric and unimodal, so these
different methods of estimation will all lead to the same value, namely, u, defined
in Section 7.5.2. However, this will not always be the case, as illustrated below in
Example 7.4.

A natural extension of point estimation using the maximum posterior estimate is
an interval estimate constructed by finding an interval with high probability under
the posterior distribution. The definition of “high” in this case is usually taken to be
95%, but could also be some other appropriate value such as 90% or 99%. Such an
interval is called a credible interval, and can be considered the Bayesian version
of a confidence interval. A 95% credible interval has the interpretation that there
is a probability of 95% that the unknown parameter value lies within the interval.
As discussed in Section 7.1, this is a highly appealing interpretation, and is one the
people often wrongly ascribe to the frequentist confidence interval.

Although the interpretation of a credible interval is intuitively appealing, a tech-
nical complexity arises in that there is not just one interval that has 95% posterior
probability. This means that a further requirement is needed to define such an inter-
val estimate in a unique way. The requirement that is usually used is that the interval
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of values must not only contain 95% posterior probability, but must also be con-
structed such that no value outside the interval has higher posterior density than the
values inside the interval. In this way the credible interval is uniquely defined as the
highest posterior density interval.

Recall that for the normal mean model discussed in Section 7.5.2, the posterior
distribution is the N([,Ln, T,%) distribution. In this case the 95% credible interval for
the mean 0 will be the symmetric interval u, £ 1.967,, which is centred around the
maximum posterior estimate U, It is interesting to consider how this interval behaves
when the prior distribution is not very informative relative to the sample. In Section
7.5.2, we discussed what happens to the posterior distribution in this case, which is
that it approaches a form that is completely independent of the prior specification,
namely, N(y,6%/n). Thatis, t, ~y and 72 ~ 62 /n, so that the 95% credible interval
reduces to y + 1.960/+/n. Remarkably, this is precisely the same interval that we
would use as a 95% confidence interval. In other words, when the prior is not very
informative compared to the sample, then the Bayesian point and interval estimates
are approximately the same as the frequentist point and interval estimates. In both
cases, all of the information about 6 is obtained from the sample, or equivalently the
likelihood. The concept of a prior distribution that is not very informative compared
to the sample is an important concept that will be taken up in the next section, but
first we will explore how the estimation concepts discussed in the current section
carry over to another model, the binomial prevalence model.

Example 7.4 In a prevalence sample where y individuals have the disease out of n
individuals, we saw in Example 7.3 that the posterior distribution for the population
prevalence 0 is Beta(y+ a,n —y+ ), assuming we started with a Beta(ct, 3) prior
distribution. Point estimates based on the posterior distribution can be derived using
the properties of the beta distribution, as described in Appendix 1. In particular, the
maximum posterior estimate of 6 is the mode of the beta posterior distribution. As-
suming we have at least one diseased and one non-diseased individual in the sample,
so that both y+ o« > 1 and n — y+ 8 > 1, then the mode is
b — y+o—1 oyt a—1
(n—y+B-1)+0+a—1) nta+p-2

Notice that if we assume a uniform prior with @ = B = 1, then 6 is identical to the
MLE y/n. In this case, assuming a large sample size, the normal approximation to
the beta distribution gives

~ 6(1—6
6N (e, M) |
n
This leads to the 95% credible interval for 6

6+1.961/6(1—6)/n

which is equivalent to the 95% confidence interval that we obtained based on the
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MLE in Example 2.5 of Chapter 2. We also discussed alternative methods for con-
structing a Bayesian point estimate, particularly the mean of the posterior distribu-
tion. Using the mean of a beta distribution we obtain the estimate

~ y+a

0=——

n+o+p

which, in the case of a uniform prior, becomes (y+ 1)/(n+2). Notice that, unlike the
maximum posterior estimate, the mean of the posterior distribution is not equivalent
to the MLE when we assume a uniform prior distribution, but it will be approximately
equivalent to the MLE in large samples.

7.7 Non-informative prior distributions

The concordance between the Bayesian credible interval and the frequentist confi-
dence interval discussed in the previous section arises because of our assumed prior
distribution which was essentially “non-informative” relative to the information in
the likelihood. The same sort of result can often arise in practical Bayesian analy-
sis, in the sense that the inference we arrive at is often not affected substantially by
the specified prior distribution. This leads to the question: how do we know when
the prior distribution will be non-informative? A general answer to this question is
somewhat complex and beyond our scope here, but we can consider it for the nor-
mal mean model and binomial prevalence model that we have been discussing in this
chapter. In particular, for the one-sample normal mean model with known variance,
it is not hard to work out just how informative any particular prior distribution will
be. Indeed, we have already seen that a prior with similar variance to the sampling
variance will have similar weight to one additional observation in the sample. Simi-
larly, in the prevalence estimation problem, we saw in Example 7.3 that one way of
thinking about the parameters of the conjugate beta prior distribution was in terms
of additional observations. Both of these results allow us to assess the informative-
ness of a particular prior distribution relative to the informativeness of additional
observations in the sample. While this is useful for these specific models, for other
models this may not be possible, particularly where a conjugate prior may be less
appropriate. In such cases it may be necessary to experiment a little with the prior
specification to gain some appreciation of how influential it may be.

The concept of a non-informative prior distribution is one that has received a
lot of attention in Bayesian statistics. Some people have argued that it is best to use
a non-informative prior distribution because this allows the data to “speak for them-
selves”, and limits the danger of letting subjective prior opinions unduly influence the
final results. Others have taken the view that this is something of a misconception,
because if we can make a reasonable range of alternative assumptions about the prior
distribution and they result in a wide range of different conclusions, then it is most
likely the case that the data themselves do not contain a very clear message about
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the parameter. This sensitivity to the prior distribution may be considered important
information in some contexts. Nonetheless, for practical purposes where we have a
reasonably large amount of data and a small number of parameters, then the notion
of a non-informative prior distribution can be a useful starting point for a Bayesian
analysis.

The precise nature of an appropriate non-informative prior distribution depends
on the model. For the normal mean model, it is clear that a non-informative prior
distribution arises by allowing the variance of the prior for the mean 0 to be very
large. Indeed, according to our previous discussion, the larger the variance is, the less
informative the prior becomes relative to observations in the sample. A convenient
way of representing a non-informative prior in this case is to say that the prior density
for the mean 6 is uniform on the whole real line (—oo, o). That is,

p(0) <1 forall 6 € (—oo,00).

This is somewhat similar to the way we used a uniform distribution as a non-
informative prior distribution for the binomial prevalence sample in Example 7.2.
However, an important distinction is that for the normal mean model, the uniform
prior is an example of what is called an improper prior distribution, because it is
of course not possible to have a distribution giving positive probability to all finite
segments of the whole real line. The total probability would then be infinite, not 1 as
it must be for a proper probability distribution. Fortunately, because the likelihood
function is itself a normal density when regarded as a function of 8, the posterior
distribution is perfectly proper despite the improper prior. We can therefore regard
the improper prior specification as a convenient approximation to a very “flat” proper
prior density, and use the posterior distribution in the same way as if the prior had
been a proper distribution.

In other models, the notion of a non-informative prior distribution becomes a
little more complex, and the uniform distribution is not always the natural choice.
We will not pursue this issue further here, but it is taken up in greater detail by more
advanced Bayesian inference texts, such as the book by Carlin and Louis (2000) and
further texts discussed in Appendix 3.

7.8 Multiple parameters

In principle, our introduction to prior and posterior distributions in Section 7.3 ap-
plies to both single parameter models and multiple parameter models where 0 is a
vector, 0 = (0y,...,6,). The multiple parameter situation is of course more complex,
since the prior and posterior distributions will then be multivariate distributions, but
conceptually the interpretation is the same as in the single parameter case. In par-
ticular, the multivariate prior and posterior probability distributions quantify our un-
certainty about the collection of parameters 6 = (6,...,6,), before and after our
sample is observed. Furthermore, key features of the multivariate posterior distribu-
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tion can be used for estimation purposes, as was discussed for the one-dimensional
case in Section 7.6. Thus, for example, it is possible to construct a credible region
for a parameter vector, which is a generalisation of the credible interval discussed in
Section 7.6. This is a Bayesian analogue of the confidence region that we introduced
in Section 6.10 from a frequentist perspective.

In fact, the Bayesian approach is often seen as advantageous in multiple param-
eter situations, by virtue of the fact that the parameters in the model are viewed as
having a probability distribution. This means that in very high-dimensional models
we can tie together a collection of the parameters using the assumption that each
parameter in the collection has the same probability distribution. For example, if we
wish to estimate a collection of means, such as the mean cholesterol level in each of
a number of local areas, then we may be able to model the collection of means as if
they came from a common probability distribution. Here, the mean of the common
distribution would represent the overall mean-of-means and the variance would rep-
resent the extent of variability between the areas. This approach, and more complex
variants of this approach, often allow convenient model specification and inference
for high-dimensional contexts because the common probability model for the collec-
tion of parameters introduces greater parsimony into the model and makes the model
parameters more easily estimable. Such models, which are sometimes referred to as
hierarchical models or multilevel models, are often useful in biostatistics and are a
core tool in Bayesian data analysis, as exemplified in the the book by Gelman et al.
(2013).

One property of multiple parameter models that we discussed for frequentist in-
ference and which is also important in Bayesian inference is that they may contain
nuisance parameters. We introduced the concept of a nuisance parameter in Chapter
3, where we saw that it is a parameter that occurs in our model but which is not of
any interest in it own right. The extended examples of Chapters 3 and 4 considered
an important context in which nuisance parameters occur, namely, where the differ-
ence in disease rates between two groups is of interest but where the actual disease
rates in each group are of less interest. Another very important context in which nui-
sance parameters can occur is where the mean in a normal model is of interest but
the variance is not. Since we considered Bayesian inference for a normal mean in
some depth when the variance is known, we will briefly consider how this gener-
alises to the situation where the variance is unknown and is a nuisance parameter in
the model.

Firstly, consider how a nuisance variance parameter is dealt with in frequentist
inference for a normal mean. It can be shown that the MLE of a normal mean with
unknown variance is always the sample mean, regardless of the value of the un-
known variance. Thus, the nuisance parameter does not affect point estimation of the
parameter of interest in this context. However, the sampling distribution of the MLE
is dependent on the unknown variance, so the nuisance parameter will affect frequen-
tist inferences based on the MLE. The usual approach to dealing with this is to use
the sample variance Sﬁfl as an estimator of the unknown variance 62, and to base
our inferences about the mean 0 on the ¢-distribution with n — 1 degrees of freedom,
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using the fundamental property
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Remember, from a frequentist point of view, this is the distribution of a random
variable observable in the sample, given a specific value for the parameter 0.

It turns our that the Bayesian and frequentist approaches to this problem have
a remarkable convergence in the situation where we choose a non-informative prior
distribution. In particular, it turns out that the Bayesian posterior distribution for the
mean, under a non-informative prior distribution, is the same ¢-distribution

8-y
Sn—1//n

In this case, however, we have a distribution for the parameter 6, conditional on
the observed values of the sufficient statistics ¥ =y and S,_; = s,_. Thus, in the
same way as for the simpler known-variance calculation, Bayesian credible inter-
vals are just the same as standard frequentist confidence intervals. In this case the
Bayesian approach has an intuitive interpretation. In particular, since the posterior
t-distribution is more spread out than the corresponding normal distribution based on
the same standard error, the posterior distribution can be thought of as allowing for
the additional uncertainty introduced by the fact that the variance is estimated from
the data rather than being known. This means that Bayesian probability statements
quantifying the uncertainty in 6 will reflect the additional uncertainty that arises from
not knowing the value of the nuisance variance parameter.

> — d
{Y:y7 Sn—1 :snfl} = In—1.

7.9 Connection to likelihood inference

In previous sections we have seen some specific instances in which the Bayesian and
frequentist approaches lead to similar inferences when the prior is non-informative.
We now consider how the Bayesian concepts of this chapter tie in more generally
with the likelihood concepts that underlie our discussion of frequentist inference
elsewhere in this book. In fact, likelihood is a fundamental unifying concept between
the Bayesian and frequentist approaches. We have already seen in this chapter that
the likelihood function plays a central role in Bayesian inference. In this section we
see how it can be used to draw a connection between frequentist inference based on
maximum likelihood estimation and Bayesian inference with a non-informative prior
distribution.

In Chapter 4 we discussed the fact that, in large samples, the sampling distribu-
tion of the MLE is approximately multivariate normal with mean equal to the param-
eter vector 0 and variance-covariance matrix equal to the inverse of the information
matrix /(0). This is a frequentist statement about the sampling distribution of the
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estimator © given a fixed value for the parameter 6, which can be written as

&6 £ N(6,1(6)7).

Now suppose that the variance appearing in this result can be precisely enough es-
timated that we can think of it as essentially known. Then our discussion of Bayesian
inference for a normal mean with known variance can be used to turn the above result
around so that we obtain an approximate posterior distribution for 0. In particular,
under a non-informative prior distribution, the posterior distribution is obtained by
multiplying the likelihood by a constant, which in this case therefore leads to the
approximate posterior distribution

o1{6=0} < N(6,1(H)7).

Since the MLE is a sufficient statistic for 0 this is equivalent to a posterior distribu-
tion given the observed dataY =y

01y =y} = N(6.1(6)").

The above discussion implies that, assuming we use a non-informative prior dis-
tribution and have a sufficiently large sample, the Bayesian posterior distribution for
the parameter 0 is an approximation to the frequentist sampling distribution for the
MLE of 0. The practical implication of this observation is that frequentist inferen-
tial summaries, such as the MLE and a 95% confidence interval, will be similar to
Bayesian inferential summaries, such as the mode of the posterior distribution and a
95% credible interval. This draws a connection between large sample Bayesian infer-
ence using a non-informative prior and large sample frequentist inference using the
likelihood function. Of course, when an informative prior is used then the Bayesian
analysis will no longer necessarily be similar to the likelihood analysis. In this case
the Bayesian analysis becomes a weighted average of our prior beliefs and the infor-
mation contained in the likelihood function, whereas the frequentist analysis is based
solely on information contained in the likelihood function.

7.10 Extended example

The objective of this extended example is to illustrate the use of Bayesian inference
for a common standard analysis, namely, the comparison of two proportions in a bi-
nomial model. We will re-examine the extended example on response to treatment for
HIV that was introduced in Chapter 5. As well as demonstrating the basic concepts
of Bayesian inference, including the calculation of prior and posterior distributions,
this example allows further exploration of the similarities and differences between
the Bayesian and frequentist approaches to inference. An important difference from
the frequentist analysis is that the Bayesian analysis will not place great emphasis
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on hypothesis testing. Instead, we will focus on using the posterior distribution as an
overall summary of our uncertainty about the difference between the two treatment
groups, and investigating the impact that our choice of prior distribution has on the
analysis.

7.10.1 Randomised trial

Recall the extended example from Chapter 5, in which we considered a trial of two
antiviral treatments for individuals who are HIV positive. The results were sum-
marised in Table 5.2. The first treatment was a standard or control therapy, involving
a single drug, while the second treatment involved administering the control therapy
in combination with a second drug. Participants were randomised to the two groups,
and the “response” to treatment was the binary indicator of whether or not viral load
was adequately reduced at the end of a six-month period of treatment.

As previously, we will focus on comparing the so-called response rates by exam-
ining their difference. In particular, our primary focus will be on making inferences
about the difference in population response rates, using information from the sample
responses and various assumed prior distributions.

7.10.2 Model

We will again use the two sample binomial model for the data. We subscript quan-
tities associated with the control therapy with a O and the combination therapy with
a 1. The number of individuals on each therapy is nyp = n; = n/2, where n is the
total number of individuals in the study. Since we will base the analysis on a bi-
nomial model for the number showing a positive response on each therapy, the full
data vector of binary responses y can be reduced to the sufficient statistics x¢ and x1,
the numbers achieving a response on the two therapies, respectively. There are two
parameters in the model, pg and p;, the population response rates for each therapy.
Assuming independence of the outcome from each individual, the model assumes
that xp and x| are the observed values of random variables with Bin(ng,pg) and
Bin(ny, p1) distributions, respectively.

The model contains two parameters but we are really only interested in a compar-
ison between them, so it is useful to focus the analysis on a parameter that represents
this comparison. We will use the difference between the two parameters, 0 = p; — py,
which is called the risk difference. Although we will not study them in this example,
other comparative parameters could also have been used, including the risk ratio or
relative risk, py/po, and the odds ratio, [p; /(1 — p1)]/[po/(1 — po)].

With the comparative measure 6 as our parameter of interest, the other param-
eter in the model, which can be chosen to be either pg or p;, becomes a nuisance
parameter. Typically, the nuisance parameter would be taken to be the control rate,
po. Inference for O then means that we are implicitly transforming our parameter
space of interest from “all possible values of pg and p;” to “all possible values of 6
and the nuisance parameter py”. In fact, for an approximate Bayesian analysis that
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is adequate for our purposes, it will be possible to completely ignore the nuisance
parameter, py.

Recall from the extended example in Chapter 5 that we focussed attention on the
sample response rates po = xo/no and p; = x1/n;, as estimates of the unknown pg
and p;. We also used the sample response rate difference 6= P1 — Po as an estimate
for the true difference 0. In calculating a confidence interval for 6 based on é, we
implicitly used the fact that with reasonable sample size then 6 is an observation
from a sampling distribution that is approximately normal with mean 6 and vari-
ance p1(1—p1)/n1+ po(1 — po)/no. To obtain a confidence interval we substituted
the estimates po and p; for the true values pg and p; in this variance expression.
These standard results can now be used in a Bayesian framework, by observing that
we are assuming that  is an observation from an approximate normal distribution
N(6,0.004942), after substituting the values po = 0.47 and p; = 0.57 into the vari-
ance. This normal model is precisely the “normal mean with known variance” model
that we introduced in Section 7.5.

In the view of the above model, the remainder of this extended example will
discuss how to use our results from Section 7.5 to make Bayesian inferences about
the treatment difference parameter 6. Before doing so, however, we recap on three
important assumptions and approximations that we have made in developing our
model:

1. We have ignored the nuisance parameter, assuming that inference about the dif-
ference between response rates can be made independently of the actual rates;

2. We have assumed that the variance is known, although in fact we are plugging in
an empirical estimate from the data;

3. We have assumed that the sample size is large enough that the normal distri-
bution provides an adequate approximation to the sampling distribution for the
difference between two binomial proportions.

A more complete Bayesian analysis would investigate the sensitivity of conclu-
sions to possible inaccuracies in these assumptions. For example, there might be par-
ticular concerns with these assumptions if the sample sizes were small or the event
rates were close to zero or 100%. However, given the sample sizes in this example
are reasonably large and the observed event rates are well away from zero and 100%,
we would expect the method to behave reasonably, and the calculations presented
below provide an illustration of a basic analysis method that is widely applicable.

7.10.3 Prior distributions

To proceed with the Bayesian analysis, we need to specify a prior distribution for
0. The convenient choice is a normal distribution, because of the conjugate distribu-
tion property that we discussed earlier in the chapter. We therefore assume the prior
distribution J

6 = N(u,7°).
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To a large extent the choice of a normal distribution to represent prior beliefs in this
case is not a strong assumption. The critical issue is the choice of the prior mean and
variance. We will consider three possible choices. The first is the non-informative
prior that we have already considered in Section 7.7, and which in the present context
represents the belief that there is no reason to give greater support to any particular
value of the treatment group difference compared to any other value. The other two
choices of prior distribution will be called the “sceptical” and “enthusiastic” prior
distributions.

The sceptical prior distribution represents the beliefs of a sceptic who is doubt-
ful that the new combination therapy is really likely to produce worthwhile benefits.
There are many possible ways of formalising such a sceptical view, but one reason-
able approach is to specify a prior distribution that has a mean of zero, corresponding
to no benefit, while allowing a small prior probability, say 5%, that the difference is
greater than a clinically desirable target of 10% in favour of the combination therapy.
To fit these specifications with a normal distribution we require a mean 6 = 0 and

standard deviation T = 0.06080, that is 8 < N(0,0.003697).

The enthusiastic prior distribution represents the beliefs of someone who is en-
thusiastic about the new combination therapy, for example a researcher who was
closely involved in the development of the therapy. Suppose this researcher had a
prior belief that was equivalent to specifying a prior mean equal to the desired gain
in response rates, 10% in favour of the combination treatment, with the same stan-
dard deviation as we just used for the sceptic. This leads to the prior distribution

Ea N(0.1,0.003697), which results in the enthusiastic prior distribution having just
5% prior probability that the true difference is less than 0.

The three prior distributions are plotted in Figure 7.2. Recall from our discussion
in Section 7.7 that the non-informative prior distribution is a uniform distribution
on the whole real line (—eo,0). Since such a distribution cannot integrate to 1, we
called this distribution an improper prior distribution. The height of the improper
non-informative prior distribution does not affect the shape of the posterior distribu-
tion, so in Figure 7.2 we have plotted it at an arbitrary height, chosen to be % This
allows the non-informative prior to integrate to 1 over the interval (—0.2,0.4), which
is the range of the x-axis in Figure 7.2. This facilitates a convenient comparison with
the other two prior distributions.

Individually, each of these prior distributions is to some extent unrealistic, since
they each represent rather extreme views. However, an advantage of looking at the
conclusions implied by all of them, is that we then get a fairly wide range of results,
between which most reasonable opinions could be expected to lie.

7.10.4 Bayesian analysis

As discussed in Section 7.5 for the normal model and Section 7.9 for the more gen-
eral case, when we use a non-informative prior distribution with a large sample size
then the posterior distribution for 0 is approximately the estimated distribution of the
MLE. In the present case this means that the posterior distribution is approximately
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Prior distributions for the risk difference 6 under three different prior beliefs con-
cerning the effect of the combination treatment: non-informative (solid line), scepti-
cal (dashed line) and enthusiastic (dotted line). The improper non-informative prior

is plotted at an arbitrary height, as explained in the text.
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TABLE 7.1
Posterior probability that the difference between response rates exceeds
certain values, assuming three different prior distributions.

Prior distribution Pr(6 >0.1|y) Pr(6>0.05]|y) Pr(6>0]y)

non-informative 0.50 0.76 0.92
sceptical 0.11 0.44 0.82
enthusiastic 0.50 0.86 0.99

N(0.1,0.004942), using the fact that @ = p; — po = 0.1 and our earlier computation
of the variance 0.004942. Thus, given the concordance between the posterior distri-
bution and the estimated distribution of the MLE, a Bayesian credible interval will be
exactly the same as a conventional confidence interval, namely (—0.03779,0.2378).
However, under the Bayesian approach it is the entire posterior distribution that rep-
resents our uncertainty about 6, not just the credible interval derived from the pos-
terior distribution. The importance of this is illustrated in Figure 7.3. There it can be
seen that the Bayesian posterior distribution is truly a distribution, not just an inter-
val, so it is clear that we should put more belief in values of 6 near the point estimate
in the middle of the interval, relative to values nearer the ends of the interval. Fur-
thermore, we can use the posterior distribution to make probability statements about
the parameter 6. For example, we can state the probability that the true treatment
difference is greater than 5%, by comparing (0.05 — 0.1)/1/0.004942 with the stan-
dard normal distribution. The results of such probability calculations are displayed
in Table 7.1.

Posterior distributions corresponding to the other two prior distributions can also
be obtained, using the general posterior distribution for inference about a normal
mean presented in Section 7.5. Under the sceptical prior distribution, the posterior
distribution is normal with mean 0.04279 and standard deviation 0.04599. Similarly,
for the enthusiastic prior distribution, the posterior distribution has mean 0.1 and
standard deviation again 0.04599. These posterior distributions are also shown in
Figure 7.3, where they can be compared with the posterior distribution corresponding
to a non-informative prior distribution, and can be used for the posterior probability
calculations displayed in Table 7.1.

7.10.5 Interpretation

Some statisticians would argue that the probabilities in Table 7.1 allow a more com-
plete interpretation of the data than a frequentist analysis based on a P-value and a
confidence interval. In this example the frequentist analysis, which can be thought
of as equivalent to a Bayesian analysis based on a non-informative prior distribution,
indicated that there was only weak evidence, if any, of a meaningful gain in response
rates under the combination therapy. The Bayesian analysis allows us to ask whether
this conclusion would still hold for either a sceptic or an enthusiastic supporter of the
combination therapy. The posterior distributions show that the sceptic’s doubts are
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Posterior distributions for the risk difference 6 based on the data in Table 5.2 and
the three prior distributions from Figure 7.2: non-informative (solid line), sceptical
(dashed line) and enthusiastic (dotted line).
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not greatly dented by these data, since the posterior probability of a difference greater
than 0.1 only increases to 11% from the prior probability of 5%. On the other hand,
it is obvious that the data do not move the enthusiast’s prior mean of a difference
of 0.1, although they considerably strengthen the enthusiast’s case that the effect is
greater than 0. An impartial analyst would conclude that, although the results tend to
indicate a benefit for the combination therapy, they certainly do not provide enough
evidence to convince a sceptic. In this case it might be recommended that further
research be conducted to accumulate more evidence.

From a qualitative point of view, the conclusions from the Bayesian analysis
are not dramatically different from those reached in the extended example of Chap-
ter 5 using a frequentist perspective. However, an important distinction is that the
Bayesian approach allows the conclusions to be expressed using direct probability
statements about the parameter of interest, the difference between the response rates
in the two treatment groups. The Bayesian approach also allows the evidence in the
data to be weighed up against a range of plausible prior opinions as to the likely ben-
efit of the alternative therapy. Some see this as an inherent advantage of the Bayesian
approach, while others believe it makes the analysis dependent on subjective assump-
tions. Therein lies the fundamental distinction between proponents of the Bayesian
and frequentist approaches.

Exercises

1. As discussed in Example 7.1, one of the simplest example of Bayes’ rule is the
calculation of probabilities relating to just two alternative values of a parameter
based on a single binary observation. This calculation has a standard applica-
tion in clinical medicine, for obtaining the predictive value of a test result for a
patient. Suppose the patient either has a disease, denoted D™, or does not have
the disease, denoted D™. A diagnostic test can produce a positive result, denoted
T, or a negative results, denoted 7~. Two important properties of the test are
the sensitivity and specificity, denoted respectively

sp =Pr(T*|D") and sp=Pr(T~|D7).

(a) After the test has been done, what is the probability that the patient has the
disease? Write down a formula for the two probabilities, corresponding to
the two possible results, using Bayes’ rule to express each probability in
terms of the sensitivity and specificity of the test, and the pre-test probabil-
ity that the patient has the disease, Pr(D™").

(b) Now assume that the test has sensitivity 90% and specificity 70%, and sup-
pose that the patient has a positive test result. Create a table showing the
posterior probability of disease for the following range of pre-test proba-
bilities: Pr(D*) = 0.001, 0.01, 0.1, 0.2, 0.5, 0.8. For which of these values
is a positive test result most useful? Can the test result, that is the data, be
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meaningfully interpreted for any individual patient without using some as-
sumption about the pre-test probability of disease? Note that the posterior
probability has a special name in the context of diagnostic testing, namely,
the positive predictive value.

2. The beta distribution arises naturally in Bayesian estimation of proportions, as
explained in the examples described in this chapter. In this exercise we consider
various properties of the beta distribution in Bayesian inference, including con-
firming some of the results mentioned in the examples.

(a)

(b)

(©

(d)

Confirm that the uniform distribution is a beta distribution with o« = § = 1.
If this distribution is used as a prior distribution for estimating prevalence
from data represented as an observed number of diseased individuals y and
a sample size n, what are the parameters of the resulting beta posterior
distribution?

Using the facts about the beta distribution given in Appendix 1, what are
the mean, mode and variance of the posterior distribution?

Consider a sample of 100 children where 20 have a history of asthma. What
is the posterior probability that the prevalence of asthma history in the pop-
ulation is greater than 15%. Find an answer under each of the following
beta prior distributions. Interpret the results in each case using a plot of the
prior and posterior distributions. Comment on the influence that each prior
distribution has. Hence comment on the strength of the prior beliefs that
each prior distribution represents.

i. Uniform distribution (ot = = 1)

ii. a=p=0.5
iii. a=1,p=4
ivva=1,=9

Confirm algebraically (in general) and numerically (for the above cases),
that the posterior mean for the prevalence lies between the prior mean and
the observed proportion, y/n. This is a general feature of Bayesian infer-
ence, namely, that the posterior distribution is centred at a location that is a
compromise between the location of the prior distribution and the informa-
tion in the data. Comment on how this compromise is controlled by consid-
ering when the posterior mean will be closer to the observed proportion or
to the prior mean.

3. In this exercise we consider Bayesian estimation of a normal mean with known
variance, using the conjugate normal prior distribution, as discussed in Section

7.5.

(a)

Fill in the missing steps for deriving the expression for p(6]y) in Section
7.5.1.



208

4.

S.

Inference Principles for Biostatisticians

(b) Show that the posterior mean (; in part (a) can be re-arranged into the
following two alternative forms

2
_ _ %
m—m+@ﬁmﬁ+%
and
2
=yt (o—y) .
Hi y 62_’_1_3

The first expression shows the posterior mean as the prior mean plus an
adjustment towards the observed y, while the second shows the posterior
mean as the observed y with an adjustment towards the prior mean. Both
forms indicate the essential feature of Bayesian estimation, that of the pro-
viding a compromise between the two sources of information.

Refer back to the fertility study discussed in the examples of Chapter 4. Recall
that the data consist of n couples who take a total of y conception cycles to
achieve a pregnancy. The parameter of interest is the probability 6 of pregnancy
within a single conception cycle. In this exercise we consider only the case of a
single group, not the comparison of two groups. Notice that we using the notation
0 for the probability, rather than the notation p that was used in Chapter 4, in
order to avoid confusion with the Bayesian notation for prior distributions and
posterior distributions.

(a) Using the likelihood function L based on the geometric distribution dis-
cussed in Example 4.1 of Chapter 4, write down the form of p(y|6).

(b) Using part (a), show that the beta distribution is a conjugate prior for esti-
mating the parameter 6.

(c) Find the posterior distribution for 8 and compare it with the posterior dis-
tribution used in the prevalence example discussed in this chapter. Hence
argue that inference for a success probability based on the number of suc-
cesses and the number of trials, are the same regardless of whether the
binomial or geometric sampling models are used.

(d) With reference to Example 4.2 and Figure 4.2 of Chapter 4, recall that when
y = n then the MLE is 6 = 1. Explain how a Bayesian analysis deals with
the fact that the MLE is on the boundary of the parameter space. To answer
this question, experiment with some alternative prior distributions and look
at the corresponding posterior distributions. This situation is a good illus-
tration of the fact that the Bayesian analysis focuses more on producing
an entire posterior distribution for the parameter, rather than a single point
estimate.

This exercise is based on the extended example described in Section 7.10, which
used the data from Table 5.2 of Chapter 5. Now suppose that the study described
is continued until the sample size has doubled, with the resulting data given be-
low.
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(a)

(b)

Mono-therapy Combination therapy  Total

Response x0 =90 x; =114 204
No response 108 88 196
Total no =198 np =202 n =400

Work out the three posterior distributions for the difference in response
rates, as in Section 7.10, based on the new data. Obtain the posterior prob-
ability of the difference being greater than 0, 0.05 and 0.1, as in Table 7.1.
How do the interpretations change, from the perspective of the sceptic and
the enthusiast?

Consider now a “realistic” prior distribution, which is normal in shape, but
allows for a 20% probability that the difference is negative (favouring the
control mono-therapy group) and 20% probability that it is greater than
0.1. Determine the appropriate parameters for this normal distribution, and
obtain the corresponding posterior distribution and posterior probabilities.
How different are the conclusions from this fourth distribution to those ob-
tained under each of the previous three prior distributions?

6. In Section 4.8.2 of Chapter 4 we discussed a single sample of n patients for the
purpose of estimating the incidence rate of stroke, 8 > 0. The data consist of y
stroke events observed in a total of F person-years of follow-up. We will assume
that at least one stroke was observed in the sample, soy > 1.

(a)

(b)

(©)

(d)

(e)

Assuming that y is an observation from a Poisson distributed random vari-
able, write down the form of the likelihood, p(y|6), for this model.

Consider the following prior distribution
p(0) < 8% Lexp(—B8) for6 >0

which has two parameters @ > 0 and 8 > 0. This is called the gamma dis-
tribution, Gamma(¢, f3), which is reviewed in Appendix 1. Show that the
gamma prior distribution is the conjugate prior distribution for this model.

Find the posterior distribution p(0]y) and express it as a gamma distribu-
tion.

Using properties of the gamma distribution, derive the maximum posterior
estimate of the stroke incidence rate, and the mean of the posterior distri-
bution for the stroke incidence rate. Compare and comment on these two
point estimates.

What is the MLE of the stroke incidence rate? What prior distribution
would make the maximum posterior estimate be equivalent to the MLE
of the stroke incidence rate?
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Further inference topics

In this final chapter we present a range of topics that go beyond our main focus
of likelihood-based inference for parametric models with large samples. The inten-
tion is not to provide a complete presentation of these topics but rather to give a
brief introduction to approaches that can be used without making parametric or large
sample assumptions. We begin with exact methods that make use of the actual sam-
pling distribution in small samples rather than normal or x> approximations for large
samples. We then describe non-parametric methods that require no assumptions, or
at least very few assumptions, about the probability distribution that generated our
sample. We also discuss an important class of computer-intensive methods called re-
sampling methods, particularly bootstrapping. While the presentation is necessarily
cursory, our discussion provides a taste of the breadth of additional inference topics
required by practising biostatisticians. The methods are illustrated by reconsidering
a number of our earlier examples from these alternative perspectives.

8.1 Exact methods

In our discussions of estimation and hypothesis testing in previous chapters we made
use of the sampling distributions of estimators and test statistics to understand the
properties of the associated estimation and testing procedures. The primary tool for
determining these sampling distributions was the asymptotic distribution of the MLE,
which provides a general unified approach to inference in large samples using an ap-
proximate normal or y>-distribution. While this approach is useful in that it applies
to a broad variety of parametric models, it has the disadvantage of relying on an
approximation that requires the sample to be “large”. In this section we briefly intro-
duce the concept of exact statistical inference, which is an approach that is applicable
for any sample size, no matter how small.

Exact methods make use of the actual, or exact, sampling distribution for con-
structing estimation and testing procedures. A simple example of the distinction be-
tween an exact sampling distribution and one based on a normal approximation has
already been discussed, in Example 1.7 of Chapter 1. In that example we discussed
the sampling distribution of the prevalence estimator P, which is the proportion of
individuals infected in a random sample of » individuals from a population of inter-
est. Using the usual binomial model for the number infected in the sample, the large

211
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sample normal approximation for the sampling distribution was given as

PéN(B,M>

n

whereas the exact distribution was defined in terms of the discrete probability func-
tion

n!

fr(p;0) =Pr(P=p) = = p)i(pm)!

67 (1—-0)" "  p=0,
Notice that the large sample approximation involves using a continuous distribution
to approximate a discrete distribution. For large n this works well but for small » the
exact sampling distribution is highly discrete and we can expect substantive differ-
ences between the approximate and exact distributions. These differences may even
include non-zero probability for impossible values of P that are outside the range
[0,1] when using the normal approximation. This is illustrated for a specific small
sample context in Figure 8.1, where we have plotted the exact probability function
for the random variable P, along with its normal approximation. We will study these
differences further in the exercises.

Since the exact and approximate sampling distributions may differ in small sam-
ples, the large sample approximation may lead to invalid inference if the sample is
small enough. It is therefore of interest to consider inference procedures based on
the exact distribution, which will remain valid even if the sample is small. In fact,
we have already seen an example of an inference method that uses an exact distri-
bution in preference to a large sample approximation, namely, the ubiquitous z-test.
The ¢-test, in its various one-sample and two-sample forms, uses an exact sampling
distribution that accommodates the extra variability introduced by having to estimate
the population variance in the test statistic, whereas the corresponding large sample
normal approximation ignores this variability. While this is an important example
of an exact method, in practice, most of the common exact methods are designed
to deal with discrete contexts in which the continuous large sample approximation
is a poor approximation to a highly discrete small sample sampling distribution. A
comprehensive discussion of these exact methods is beyond our scope, but the above
binomial model provides an exemplar which will be used here to illustrate the basic
ideas.

We will start by considering exact inference for the binomial prevalence model,
which will also obviously include inference for any other one-sample binomial con-
text. For a population prevalence 6 and a specific null value 6, consider a one-sided
test of the hypotheses

Hy:60 =6, versus H;:0 < 6.

Clearly, we will want to reject the null hypothesis in favour of the alternative hypothe-
sis if the observed prevalence is sufficiently low. Thus, a one-sided test at significance
level a will involve rejecting Hy if the observed prevalence p satisfies p < c(a; 6y),
where c(a; 6p) is an appropriate critical value that depends on both the significance
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Comparison of the exact (dark) and approximate (light) sampling distributions for the
prevalence P in a sample of n = 10 individuals with population prevalence 8 = 0.2
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level o and the null parameter value 6. If we were using the large sample normal
approximation, then this critical value would be straightforwardly obtained as

6p(1—6
c(o;60) = 6y + zg 7O(n 0).

This definition ensures that the probability of rejecting Hy when Hy is true is equal
to the desired significance level

Pr(P < c(a:60) | 0 = 6) :¢<M) .

V6o(1—60)/n

where @ is the standard normal cumulative distribution function.

The same approach could in principle be used to obtain an exact test, by using
the exact sampling distribution instead of its large sample normal approximation.
This requires us to use the exact probability function specified earlier in this section,
fp(p;0), and its corresponding cumulative distribution function, Fp(p; 6). We could
then define the critical value similarly to the above large sample definition, such that
the probability of rejecting Hy when Hj is true is equal to the desired significance
level

PI‘(P < C((X;Qo) | 0= 9()) = FP(C((Z;G())) = Z fp(x; 60) = Q.

x<c(a;6p)

However, although this would be the ideal way to define the critical value, in practice
the discreteness of the exact sampling distribution introduces a problem that was not
present when we used the continuous normal approximation. In particular, because of
the discreteness of the distribution it may not be possible to find a ¢(¢; 6y) such that
the significance level is precisely equal to «. For this reason we have to modify the
approach taken in the continuous case, and choose ¢(; 6) as large as possible such
that the significance level of the test is as close as possible to & without exceeding
o. That is,
o(0t; 80) = max{y LY fr(x:60) < a}.
x<y

We return below to the importance of accommodating the discreteness of the sam-
pling distribution in this and many other exact inference contexts.

The above basic approach can be modified in various ways. For example, a one-
sided exact test in the opposite direction is obtained by simply reversing the direction
of the critical value definition, so that Hy is rejected if p > d(a; 6y) where

d(a;6y) = min{y : gfp(x; 6y) < a}.

A two-sided exact test is then obtained by using the intersection of the two one-sided
tests, each with significance level a/2. That is, we reject Hy if

p<6<%;90> or p>d(%;90>-
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Furthermore, a confidence interval can be obtained by using the test-based confidence
interval approach discussed in Section 6.10 of Chapter 6. In particular, a confidence
interval with a confidence level of at least 100(1 — @)% consists of the range of
6y values such that the two-sided exact test would not reject the null hypothesis.
Although the tests and confidence interval are fairly straightforward to define, notice
that the computations themselves are not straightforward because ¢ and d are only
defined implicitly as the solution of somewhat complicated equations. Nonetheless,
standard statistical software packages are able to undertake these computations, as
illustrated in Example 8.1 below.

Before considering an example, we note that the need to take account of the
discreteness of the sampling distribution highlights an important complication that
arises with many exact methods. When the sampling distribution is discrete, then ex-
act methods can be considered exact in the sense that they use the actual sampling
distribution, but they may be unable to provide an exact significance level or con-
fidence level due to the discreteness of the underlying sampling distribution. Thus,
for example, it may not be possible to provide an exact 95% confidence interval or
an exact hypothesis test at the 5% significance level. In such cases it is necessary to
err on the side of conservatism, so exact methods will be conservative in the sense
that they lead to a higher confidence level, or lower significance level, than is de-
sired. Importantly though, this does not mean that the exact methods produce invalid
results, it simply reflects a restriction on the nature of the exact analysis that can be
conducted. For example, it may only be possible to construct a 96.1% confidence
interval rather than the desired 95% confidence interval, but we can rest assured that
the 96.1% confidence is valid in the sense that its coverage probability will be 0.961.
This conservatism tends to be more of an issue in highly discrete settings, such as
would occur with very small sizes, and tends to diminish as the sample size increases.

Example 8.1 In Example 2.5, we discussed confidence intervals for the population
prevalence using the large sample normal approximation to the binomial distribution.
In particular, in Table 2.1 we presented the confidence intervals that would arise for
different sample sizes and different values of the observed prevalence p. Table 8.1
expands on Table 2.1 by presenting the exact confidence intervals, as well as an addi-
tional prevalence value p = 0.01. It can be seen from Table 8.1 that for small samples
with low prevalence the normal approximation does not work well, in the sense that
it leads to confidence intervals that do not provide a good approximation to the exact
confidence intervals. Indeed, in this case it may even lead to ranges that include im-
possible negative values for the population prevalence. However, it can also be seen
that for other combinations of sample size and prevalence, the approximation is quite
good. This is particularly true when our rule of thumb n > 20/ p is satisfied. Note that
the smallest sample size considered in Table 8.1 is n = 100, which would often not
be considered particularly small. However, when this sample size is combined with a
very low prevalence value then it is seen to be insufficient to produce a good approx-
imation. Smaller samples, particularly when combined with low prevalence values,
would lead the approximation to perform even worse.
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TABLE 8.1

95% confidence intervals for the population prevalence (%)
based on various scenarios for the observed sample prevalence
(p) and the sample size (n), using both exact and approximate

methods
p Approximate Exact
n=100 n = 1000 n=100 n = 1000
0.01 -10-3.0 04-1.6 0.0-5.5 0.5-1.8
0.05 0.7-93 36-64 1.6-113 3.7-6.5

0.10 4.1-159 8.1-119 49-176 82-120
0.25 16.5-335 223-27.7 16.9-347 223-27.8
0.50 40.2-59.8 46.9-53.1 39.8-60.2 46.9-53.2

The previous discussion illustrates exact inference for one-sample binomial mod-
els. Exact inference methods are also available for two-sample binomial models,
where the goal is to test the equality of two probabilities. An example of approx-
imate large sample inference for this context was discussed at some length in the
extended example of Chapter 5, and the same example could be handled using an
exact inference approach. In particular, one of the primary exact inference tools for
two-sample binomial models is an hypothesis testing method referred to as Fisher’s
exact test, named after the statistician R.A. Fisher. For understanding Fisher’s exact
test it is helpful to view the data in the form of a 2 x 2 table with row totals and col-
umn totals, as depicted in Table 5.2 of the Chapter 5 extended example. The basis of
Fisher’s exact test is to consider the probability, under the null hypothesis of equality
of the binomial probabilities, of each possible 2 x 2 configuration that could give rise
to the same row and column totals as the observed data. If the observed 2 x 2 con-
figuration is extreme relative to the distribution of possible configurations, then this
provides a basis on which to reject the null hypothesis of equality of the two binomial
proportions. It turns out that the probability of any particular 2 x 2 configuration can
be specified using the hypergeometric distribution, which is described in Appendix
1. In particular, using the notation in Table 5.2, the probability associated with any
particular 2 x 2 table is given by the hypergeometric probability

Jr — —
(xoxoxl)(nnggxgl) (xo+x1)!(n—xo—x1)!no!n1!

(r::)) — xolwy!(ng —x0)!(ny —xy)!n!

This amounts to viewing xo as the number of individuals who have a particular trait,
in a random sample of size ng individuals from a population of size » individuals,
xo +x; of whom have the particular trait. Thus, in addition to viewing the sample
size n as a fixed constant, we are effectively also viewing the column total ny and the
row total xo +x as fixed constants. We return to this assumption later in the section.

With the hypergeometric probability assigned to any possible 2 x 2 configuration,
the P-value for Fisher’s exact test is obtained by determining this probability for all
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possible 2 x 2 configurations and then summing up the probabilities that are less than
or equal to the probability associated with the observed 2 x 2 table. In very small
samples there are very few possible 2 x 2 configurations so it is possible to do these
calculations by hand, and we will illustrate this process in the exercises. For larger
samples, the calculations quickly become unwieldy and it is necessary to make use
of one of the many standard statistical analysis software packages that implement
Fisher’s exact test.

Example 8.2 For the extended example of Chapter 5, we can apply Fisher’s exact
test to the 2 x 2 table of response and no response data presented in Table 5.2. For
example, under the null hypothesis of equality of the response rates, the probability
of observing the 2 x 2 configuration displayed in Table 5.2, from among all possible
configurations with the same row and column totals, is the hypergeometric probabil-

1ty
(%7) ")

(io0)
In total there are 101 possible 2 x 2 configurations with the same row and column
totals, and the P-value for Fisher’s exact test is calculated by adding up all of the
associated hypergeometric probabilities that are at least as extreme as the observed
sample, that is, less than or equal to 0.042. This produces a P-value of 0.20, which
can be compared to the P-value computed using the large sample approximation
in Chapter 5, which was 0.16. The two P-values in this case are not particularly
different, and would produce the same conclusion when used for an hypothesis test,
namely, that there is no evidence to reject the null hypothesis. This is perhaps not too
surprising for this particular example, because the overall sample size of n = 200 is
large enough for the normal distribution to be a good approximation. With smaller
samples, however, the exact and approximate methods may show more substantial
differences.

=0.042.

Observe that in implementing Fisher’s exact test in Example 8.2 we only con-
sidered whether the observed sample was extreme relative to 2 x 2 configurations
that have the same row and column totals as the observed sample in Table 5.2. Why
did we only consider configurations having these particular row and column totals?
The reason is that, even if the row and column totals are not really fixed, they are
statistics that have distributions that do not depend on the parameter of interest, the
difference in response rates. Such a statistic is called an ancillary statistic and is
essentially the opposite of a sufficient statistic. Whereas a sufficient statistic captures
all of the available information about the parameter, an ancillary statistic provides
no information about the parameter. Our inferences can therefore be carried out after
conditioning on the value of the ancillary statistic, or in other words treating it as if
it were a fixed constant like the sample size n. The topic of ancillary statistics and
conditional inference is an important advanced topic in the theory of statistical infer-
ence and is taken up in more detail by some of the texts on mathematical statistics
described in Appendix 3.
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In this section we have introduced the basic concept of using the exact sampling
distribution rather than the large sample normal approximation, in order to produce
methods that are valid for small as well as large sample sizes. While this has some
obvious advantages in small samples, a disadvantage is that there is no longer a
unified approach to determining an appropriate sampling distribution. This means
that exact methods tend to require theoretical justifications that are specific to the
context and generally require greater complexity compared to the simplicity of the
normal approximation, both in terms of theoretical development and computational
resources. For this reason, exact methods tend to be used primarily for small samples
where their advantages are worth the complexity. An obvious practical issue for the
use of exact methods is how to define a small sample. There is no single answer to
this question, and guidelines are often developed in specific contexts. For example,
in Section 2.7 we mentioned a rule of thumb for using the normal approximation to
the binomial distribution, which required a sample size of n > 20/p. As illustrated
in Example 8.1 this rule often works well in practice. Generally these types of guide-
lines are developed based on theoretical or simulation studies that investigate how
well the normal distribution approximates the exact sampling distribution in specific
contexts.

8.2 Non-parametric methods

The methods that we discussed in other chapters were based on parametric statistical
models. We introduced parametric models in Section 2.2, where we described them
as models that assume the distribution takes a specific form which is fully known
except for a small number of fixed constants called parameters. We have discussed
various parametric models in this book, based on distributions such as the normal
or binomial distributions, and we have discussed various methods for estimating and
testing hypotheses about the unknown parameters in these distributions.

Assuming a known parametric form is clearly an important assumption that may
not always be true. Making the wrong parametric assumption can invalidate our in-
ferences, so when we do not know the sampling distribution it is natural to seek
methods that do not require an assumption about this distribution. Non-parametric
methods are methods that allow us to undertake statistical inference without making
an assumption that the sample has been taken from a particular distribution, such as
the normal distribution. These methods are also sometimes called distribution-free
methods, because they are free of the assumption that the distribution of the sample
is known.

One of the most basic non-parametric methods is an approach for estimating the
cumulative distribution function of the probability distribution that the sample was
taken from. Consider the sample values yy, .. .,y, which are the observed values of in-
dependent and identically distributed random variables Y1, ...,Y, having an unknown
probability distribution with cumulative distribution function F (y) = Pr(Y; < y). We
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have already seen methods of estimation that allow us to estimate the cumulative
distribution function, and hence other aspects of the probability distribution, when
using a parametric model. For example, if we assume a parametric model based on
the N(u,?) distribution, then plugging in the sample mean ¥ and sample variance
sﬁfl as estimates of u and o, respectively, will yield an estimate of F(y) using the
cumulative distribution function from the normal N(¥, sﬁ_l) distribution. In contrast,
the empirical distribution function £, (y) is an estimate of F(y) that makes no as-
sumption about the underlying distribution of the sample. The empirical cumulative
distribution function is defined as

Y Hyi <y}

Fn(y) = n

y € (~o0,00)

where 1{-} is an indicator function that takes the value 1 if the condition inside the
brackets is true and O otherwise. Thus, the numerator of this definition is the number
of observations that have values less than or equal to y, and F},(y) is therefore simply
the proportion of the sample that is less than or equal to y.

Notice that the empirical distribution function will always be constant in between
the observed sample values and that it takes a jump upwards at each sample value.
The size of the jump at a particular sample value will depend on the sample size n
and the number of observations that have that sample value. If all observations in
the sample have different values then the size of each jump will be %, whereas the
jump may be larger if multiple observations have the same value. Because of the
appearance of the empirical distribution function when plotted, it is often referred to
as a step-function, as illustrated in Figure 8.2 of the following example.

Example 8.3 In the extended example discussed in Section 2.10 of Chapter 2, we
considered a sample of cholesterol levels taken on n = 100 individuals. We used the
histogram plotted in Figure 2.2 as an indication that the normal distribution would
provide an appropriate parametric model for the sample. Such an assessment can
also be conducted using the empirical distribution function. The empirical distribu-
tion function from this sample is plotted in Figure 8.2. This plot illustrates the form
of the step-function, which consists of a sequence of constant segments with jumps
corresponding to the observed cholesterol levels in the sample. The sample mean and
variance for this sample are y = 5.26 and 5371 =0.48. Also plotted in Figure 8.2 is the
cumulative distribution function from the N(5.26,0.48) distribution. Since the em-
pirical distribution function is free to follow whatever shape the sample observations
require, the fact that the estimated normal distribution closely follows the empirical
distribution function provides support for the use of a parametric model based on
the normal distribution. In other samples it may be that the estimated normal distri-
bution does not follow the empirical distribution very closely, which would suggest
that a parametric model based on the normal distribution may provide misleading in-
ferences. This highlights an important use of non-parametric methods, namely, that
they can provide guidance on an appropriate parametric model for the sample.

In the exercises of Chapter 5 we considered an alternative to the one-sample ¢-
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FIGURE 8.2

Empirical distribution function for the sample of cholesterol levels plotted in Figure
2.2. Also plotted is the cumulative distribution function from the estimated paramet-
ric model based on the normal distribution
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test for testing whether a population mean is equal to zero using a single sample.
This test was referred to as the Wilcoxon signed-rank test, which is named after
Frank Wilcoxon, the statistician that first suggested the test. Although we studied the
properties of the test using simulation, we did not discuss the specifics of how the
test is carried out. In fact, the Wilcoxon signed-rank test is a prime example of a non-
parametric test, particularly because it illustrates the use of sample ranks to conduct
inferences, which is a common approach in non-parametric methods.

The Wilcoxon signed-rank test allows us to test whether the population mean 6
is zero, under the assumption that the distribution of the sample is symmetric. Thus,
although we will not need to make an assumption about the specific form of the
distribution, we do make an assumption that it is symmetric. Also note that since
we are assuming that the distribution is symmetric, 6 can also be interpreted as the
median. The hypotheses to be tested are

Hp:6=0 versus H;:60#0.

The null hypothesis 8 = 0 may seem restrictive, however, any other simple null hy-
pothesis 8 = 6y can also be used, simply by applying the test to the shifted observa-
tions y; — 6y, ..., ¥, — 6.

With these assumptions, the Wilcoxon signed-rank test uses just the signs and the
ranks of the observations in the sample. The sign of observation i denotes whether
the observation is positive or negative, taking the value 1 or —1 respectively,

1 ify; >0
sign(y;) =40 ify;=0
1 ify <0.

The rank of an observation denotes the position in the sample that the observation
takes when the sample is ranked from smallest to largest. Thus, the smallest observa-
tion has rank 1 and the largest observation has rank n. Where two or more observa-
tions have identical values, each observation is assigned the average of the ranks that
the observations cover. The Wilcoxon signed-rank test actually uses the ranks of the
absolute values of the sample, rank(| yi|). If the null hypothesis is true and the sample
comes from a symmetric distribution, then we would expect sign(y;)rank(|y;|) to be
distributed symmetrically around 0. This suggests the following statistic for testing
the null hypothesis
n
tsg = Y sign(y;)rank [y;]).
i=1
Clearly tsr will tend to be close to O if the null hypothesis is true, and if tsgr departs
too far from O in either direction then this would reflect a departure from the null
hypothesis. In fact, fsr is the observed value of a random variable 7ggr that has an
exact distribution that can be enumerated for smaller samples, and an approximate
normal distribution in larger samples. Thus, these distributions can be used to specify
the rejection rule for testing the null hypothesis. For the exact distribution, the critical
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value for the hypothesis test can be obtained in many standard software packages,
while for the approximate normal distribution the test with significance level o is

n(n+1)2n+1)
6

where z, is the x-percentile of the standard normal distribution. This critical value
follows from the following approximate normal distribution under the null hypothe-

sis,
1)(2 1
T & N("’W)-

This distribution can also be used in an obvious way for calculating P-values and for
obtaining an analogous one-sided test.

The above testing procedure uses only the signs and the ranks of the sample val-
ues, and not the actual sample values. This means that not all information in the
sample is being used. The trade-off for using only part of the information in the sam-
ple is that we can avoid making a specific parametric assumption about the form of
the distribution, albeit still requiring a much weaker assumption that the distribution
is symmetric. Even this assumption can be dispensed with if we are prepared to fur-
ther reduce the amount of information that is used from the sample. For example,
if we just use the signs of the observations, and interpret 8 as the median of the
distribution, then the number of positive signs has a Bin(n,0.5) distribution under
the null hypothesis. This distribution can then be used to construct a test of the null
hypothesis, which is referred to as the sign test. The sign test avoids the assumption
of symmetry, but this comes at an even greater cost in terms of lost information. We
will study the sign test further in the exercises, but for now we consider an example
based on the Wilcoxon signed-rank test.

Wilcoxon signed-rank test: reject Hy if [tsr| > 2j_q/2

Example 8.4 In the exercises of Chapter 5 we considered a study in which HIV
infected individuals were given six months of antiviral therapy and the reduction
in their HIV viral load was measured. Table 8.2 lists a sample n = 25 viral load
reduction measurements in which the sample mean reduction is y = 0.251 and sample
variance is s,zl_l = 0.784. Also provided are various quantities required to carry out
the Wilcoxon signed-rank test, which in this case would test the null hypothesis that
the mean or median reduction is zero. The observed value of the test statistic is fsg =
161, which is the sum of the right hand column of Table 8.2. Since n = 25, the
variance of the normal distribution under the null hypothesis is

n(n+1)2n+1) ~ 25x26x 51

6 N 6
which yields a critical value of 1.96 x /5525 = 145.69 for the two-sided test at a
significance level of oo = 0.05. This test would therefore reject the null hypothesis,

since |tsr| exceeds the critical value, and the two-sided P-value can be calculated
using the standard normal cumulative distribution function ®,

161
2P=1-®| ——=
(\/5525)

=5525
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which yields P = 0.0303. The P-value from the exact sampling distribution for the
test statistic under the null hypothesis can be obtained from standard software and
yields P = 0.0296, which is virtually identical to the P-value based on the normal ap-
proximation. Furthermore, the sample mean and variance can be used to carry out a
one-sample ¢-test on the data, which leads to a rather different P-value of 0.168. Since
the parametric and non-parametric methods yield different conclusions, it is of inter-
est to investigate whether the parametric assumption of normality of the viral load
reductions is appropriate for this sample. Figure 8.3 displays the empirical distribu-
tion function together with the corresponding normal cumulative distribution func-
tion based on the sample mean and variance. It can be seen that the non-parametric
estimate displays considerable departure from normality. It is therefore not surpris-
ing that the two tests give different results, and our investigations of the power of the
two tests in the Chapter 5 exercises would suggest that the non-parametric approach
is preferred in this context. Note that whereas Example 8.3 illustrated the use of the
non-parametric empirical distribution function to guide the choice of an appropriate
parametric model, this example has illustrated its use in identifying the inappropri-
ateness of a particular parametric model.

Non-parametric hypothesis tests, such as those discussed above, have an obvious
advantage over parametric hypothesis tests in that they do not require us to make
assumptions that may turn out to be wrong and invalidate our inferences. Further-
more, non-parametric testing procedures can be extended to allow estimation and
confidence interval construction for key aspects of the population. This process is
analogous to the test-based confidence intervals that were discussed for parametric
methods in Chapter 6 and provide a similar insensitivity to the strong assumptions
inherent in parametric methods.

Nonetheless, the advantages of non-parametric methods do come at a cost. In par-
ticular, when a valid parametric model is available then non-parametric methods will
typically be less informative than parametric methods, in the sense that they will have
lower efficiency and power for estimation and hypothesis testing. A desirable non-
parametric method is therefore one that admits only a very small loss of information.
In the exercises of Chapter 5 we considered this issue for the Wilcoxon signed-rank
test, in order to assess how it performs relative to its parametric competitor, the one-
sample z-test. Those results showed that the Wilcoxon signed-rank test is an example
of a desirable non-parametric method, in that it is able to provide the advantages of
being distribution-free without losing much information.

In many contexts, the ranks of the sample contain almost as much information
as the sample values themselves. Like the Wilcoxon signed-rank test, many other
common non-parametric methods are based on the sample ranks and perform well
compared to their parametric counterparts. In particular, a rank-based two-sample
version of the Wilcoxon signed-rank test can be developed for testing the equality
of two population medians, which can be considered a non-parametric counterpart
to the two-sample #-test. This test is referred to as the Wilcoxon rank-sum test, or
sometimes as the Wilcoxon-Mann-Whitney test. Given two independent samples,
X1,...,xm and y1,...,y,, from two populations having medians 0; and 0,, the test is
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TABLE 8.2

Sample of 25 reductions in HIV viral load during six months of
antiviral therapy together with various quantities required to
carry out the Wilcoxon signed-rank test

yi sign(y) |yl rank(|y:[) sign(y;) x rank(]yi)

—1.738 —1 1.738 24 —24
—0.784 —1 0.784 21 -21
—0.495 —1 0.495 19 —19
—0.334 —1 0.334 14 —14
—0.057 —1 0.057 4 —4
0.014 1 0.014 1 1
0.041 1 0.041 2 2
0.047 1 0.047 3 3
0.132 1 0.132 5 5
0.147 1 0.147 6 6
0.165 1 0.165 7 7
0.166 1 0.166 8 8
0.182 1 0.182 9 9
0.197 1 0.197 10 10
0.211 1 0.211 11 11
0.226 1 0.226 12 12
0.243 1 0.243 13 13
0.384 1 0.384 15 15
0.394 1 0.394 16 16
0.408 1 0.408 17 17
0.428 1 0.428 18 18
0.592 1 0.592 20 20
0.840 1 0.840 22 22
1.329 1 1.329 23 23
3.549 1 3.549 25 25
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Empirical distribution function for the sample of viral load reductions provided in
Table 8.2. Also plotted is the cumulative distribution function from the estimated
parametric model based on the normal distribution
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based on the ranks of either one of the samples within the combined sample of n+m
observations. That is, if we let rank(x;) be the rank of the observation x; within the
combined sample, then the test is based on the statistic

m
fRs = Zrank(xi)
i=1

and the hypotheses to be tested are
Hyp:0, =6, versus Hj:0; # 6.

Like #sRr, frs is the observed value of a random variable Tgg that has an exact distri-
bution that can be enumerated for smaller samples, and has an approximate normal
distribution in larger samples. The approximate normal distribution under the null
hypothesis is

~ 2 ’ 12

Tis 4 N(m(n+m+ 1) nm(n+m+ 1))
This leads to a test with significance level o

mn+m+1)

fre —
RS )

Wilcoxon rank-sum test :  reject Hy if

' > Zlfa/ZSnm

where
nm(n+m+1)

12 '
An equivalent test is based on the rank sums from the y; observations, in which
case the roles of n and m are reversed in the above description. As for the Wilcoxon
signed-rank test, P-values and an analogous one-sided test can also be obtained using
the approximate normal distribution.

The approach of using the ranks of the sample, rather than the values themselves,
extends further to a wide class of non-parametric methods for more complex in-
ference contexts. For example, rank regression is a technique that can be used as a
non-parametric alternative to linear regression based on the assumption of a normally
distributed sample, as was introduced in Section 4.7.1. In general, rank-based non-
parametric methods can be considered to be part of a wider class of robust methods,
which are statistical inference methods that provide valid inferences even when the
underlying distribution is unknown or has been assumed to take the wrong form. The
basic philosophy of all these methods is that flexibility and insensitivity to parametric
assumptions can be achieved by tolerating a small cost in terms of efficiency, power
and computational complexity.

Spm =

8.3 Bootstrapping

There is a large class of inference procedures based on the notion of resampling,
which means using the observed sample to generate new samples that can be used
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to obtain information about the properties of a particular inference procedure. As we
shall see, these new samples can be generated from the original sample in a variety
of ways, depending on the context. One of the most important resampling methods
is bootstrapping, which derives its name from the idea that using the sample itself
to reveal the properties of an inference procedure is akin to pulling oneself up by
the bootstraps. We will discuss some of the concepts behind bootstrapping in this
section, and then briefly touch on some of the other resampling methods in the next
section.

Bootstrapping is essentially a method to estimate the sampling distribution of
an estimator, and hence to obtain information about the properties of the estimator.
One of the most important uses of bootstrapping is to quantify the variability of
the estimator’s sampling distribution, which can then be used for standard error and
confidence interval estimation. Bootstrapping can therefore be seen as an alternative
approach to parametric methods discussed elsewhere in this book, particularly those
based on the information matrix associated with an MLE. Bootstrapping can often
produce more accurate standard errors and confidence intervals than those based on
the information matrix, without the need to make parametric assumptions but usually
requiring greater computational complexity.

Before discussing how we can use resampling to implement bootstrapping, we
begin with a discussion of the underlying motivation behind bootstrapping. In fact,
the fundamental motivation for bootstrapping has nothing to do with resampling, al-
though in practice it is almost always implemented using resampling. Bootstrapping
involves viewing a parameter, such as the population mean or variance, as a function
of the population cumulative distribution function. Consider an independent random
sample yi,...,y,, which are the observed values of random variables Y1, ...,Y, hav-
ing either a discrete or continuous distribution with cumulative distribution function
F'. Then any parameter of interest related to this distribution can be considered to be
a function of F. For example, in Chapter 1 we wrote down a unified form for the
expectation of a random variable which specifies the population mean u = E(Y;) as
a function of F

Y, yf(y)  foradiscrete distribution

u=M(F) = [ yaF(y) - {

Jyf(y)dy for a continuous distribution.

That is, M(F') is equivalent to either of the familiar summation or integral forms of
the mean, depending on whether F specifies a discrete or continuous distribution,
with f being either the probability function or probability density function, respec-
tively. Likewise, the population variance 62 = E(Y??) — E(Y;)? is a function of F,

o> =v(F) = [ yar() - ( / de<y>)2.

More generally, any parameter 0 can be considered a function of the function F, that
is,
0=T(F).

As T is a function defined on the space of cumulative distribution functions, it is
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technically referred to as a statistical functional, although this mathematical termi-
nology is peripheral to our discussion here.

Viewing 6 as a function of the population cumulative distribution function F,
the basic idea behind bootstrapping is to replace F by its non-parametric sample
estimate, the empirical distribution function E, (y), which was discussed in Section
8.2. This leads to a bootstrap estimate

6=T(F,)

and the sampling distribution from which ¥, was drawn then implies a sampling
distribution corresponding to 6. For example, using the above specification of the
mean U, the corresponding estimate is

p=M(F) = /den Zy,< ):?

and likewise 6% =V (£,) = s2.

In practice, it is usually very complex to use the theoretical sampling distribution
corresponding to £, to lead to a theoretical sampling distribution corresponding to
T(F,). Instead, the sampling distribution corresponding to £} is typically approxi-
mated using simulation. Such simulation involves generating random samples from
F;,, and it is here that the necessity of resampling emerges. The empirical distribu-
tion function £, is equivalent to a cumulative distribution function from a discrete
probability distribution that places probability % on each of the observed sample val-
ues y;. Sampling from £, can therefore be achieved by sampling at random from the
observed sample values. In particular, a new sample generated from the original sam-
ple using £;,, can be generated by taking n observations at random with replacement
from the original sample values yy,...,y,. This means that the new sample will only
include values that occurred in the original sample. Furthermore, each value in the
original sample may be either present or absent from the new sample, and if it is
present it may occur once or more than once.

Using the above resampling process, bootstrapping is implemented by generat-
ing B new samples, each of which is called a replicate sample, and all of which are
generated as above by sampling with replacement from the original sample. For the

th replicate sample a replicate estimate 6 ; is computed, leading to a total of B repli-
cate estimates. We then use these replicate estimates to obtain information about the
sampling distribution correspondlng to 6. In particular, a histogram of the B repli-
cate estimates 6 ,. .., O provides a display of the shape of the sampling distribution
which could be used to assess, for example, approximate normality. Furthermore, the
sample variance of the replicate estimates provides an estimate of the variance of the
sampling distribution. This means that a bootstrap estimate of standard error is

N 1 & . _
se(0) = ﬁzl(ef_
j=

where 0 is the mean of the B replicate estimates. Confidence interval estimation
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is also possible, the simplest method being the so-called percentile method. This
involves simply using the relevant percentiles of the replicate estimates as the end-
points of the confidence interval. That s, a (1 —20)100% bootstrap confidence inter-
val is (é(Ba), é(B_ Ba)), where é( j) is the j™ largest replicate estimate. For example,

if B = 1000 then a 95% bootstrap confidence interval is (9(25), 9(975>), using the
percentile method.

An important consideration when using bootstrapping is the choice of B, the num-
ber of bootstrap replicates. There is no simple answer to the question of how many
replicates to use, and generally speaking it is best to have as many as is feasible
given the available computational resources. For confidence intervals, values of at
least B = 1000 are typical in practice, whereas for standard errors B can smaller, per-
haps B = 200. It is also important to bear in mind that the choice of B determines the
accuracy with which the sampling distribution is estimated, but it has no effect on the
sampling distribution itself. That is, choosing a larger B does not allow more infor-
mation to be extracted from the sample, it just helps to minimise random fluctuations
that may occur as a result of the resampling process. Of course, with B taking values
as large as 1000 or more, bootstrapping can be a rather computer-intensive process.

The theoretical properties of bootstrap estimates have been well studied and gen-
erally provide a strong theoretical basis for using bootstrapping. These theoretical
studies have led to many variants of the standard bootstrap described above, and it is
important to be aware that such variants exist, even if a more complete study of boot-
strapping procedures is beyond our scope in this book. Interested readers are referred
to texts such as Efron and Tibshirani (1993) and Davison and Hinkley (1997).

One variant of the standard bootstrap is to use a different sample estimate of
F other than the empirical distribution function £;(y). For example, F can be es-
timated from the sample using a parametric model with maximum likelihood esti-
mation, and resampling carried out from this parametric estimate rather than from
the non-parametric estimate £,(y). This leads to the terms parametric bootstrap
and non-parametric bootstrap to distinguish the two approaches. Other variants
aim to improve the properties of bootstrap estimates, or to extend bootstrapping to
more complex inferential contexts such as regression analysis. For example, in cer-
tain circumstances the standard bootstrap procedure can be biased, in the sense that
0 # 6 so that the bootstrap sampling distribution is not centred at the estimate 6.
A modification of the standard bootstrap to address this is called the bias-corrected
bootstrap, which essentially involves an adjustment of the bootstrap sampling dis-
tribution and the associated confidence intervals, according to the magnitude of the
bootstrap bias, 6 — 6. Importantly, however, such variants are based on resampling
concepts similar to those used for the standard bootstrap described above, which are
illustrated in the following example.

Example 8.5 In Section 2.10 and Example 8.3 we considered a sample of n = 100
cholesterol levels, including standard error estimation and the construction of 95%
confidence intervals based on the sample mean y and the sample median m. In partic-
ular, we used confidence intervals based on normal approximations to the sampling
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TABLE 8.3
Comparison of bootstrap and normal 95% confidence intervals (CI) and
standard errors for the cholesterol example with two different sample sizes

Bootstrap Normal
n=20 n =100 n=20 n=100
mean estimate 5.25 5.26 5.25 5.26
median estimate 5.15 5.25 5.15 5.25
mean standard error 0.15 0.069 0.16 0.069
median standard error 0.14 0.086 0.20 0.087
mean CI 4.95-5.55 5.13-5.40 4.94-5.56 5.12-5.40
median CI 4.96-5.53 5.11-5.41 4.77-5.53 5.08-5.42

distributions, namely,

yil.%s\”/*ﬁ‘ and mil.%sn,”/z—’;.

Bootstrapping provides an alternative method to construct these confidence intervals.
We will conduct a bootstrap analysis using the full sample of n = 100 cholesterol
levels, as well as a reduced sample of the first n = 20 observations. This allows us
to assess the behaviour of the various interval estimates in both smaller and larger
sample sizes.

In order to implement bootstrapping for these two samples, we need to take B
replicate samples of size n = 100 or n = 20, with replacement from the original
sample values. We then need to calculate the sample mean and sample median for
each of these replicate samples, and these are our B replicate estimates. This process
leads to four sets of replicate estimates, corresponding to the two sample sizes and the
two estimates, mean and median. Figure 8.4 displays the results of these bootstrap
analyses, using B = 10,000 replicates in each case. The four histograms in Figure
8.4 show the shape of the sampling distribution in each case. It can be seen that the
sampling distribution of the mean seems to be approximately normal for both sample
sizes, whereas for the median there seems to be some non-normality, particularly for
the smaller sample size.

The bootstrap replicates in Figure 8.4 yield 95% confidence intervals using the
percentile method, displayed in Table 8.3. Also displayed are bootstrap estimates of
standard error, along with the results obtained using the normal approximation. It is
seen in Table 8.3 that the bootstrap confidence intervals are in close agreement with
the normal confidence intervals based on the sample mean, for both samples sizes.
The same is true for the sample median with the larger sample size, but there is a
large difference for the smaller sample size. In this case, the normal approximation
is unable to accommodate the pronounced skewness of the sampling distribution,
whereas the bootstrap sampling distribution is able to produce an asymmetric confi-
dence interval that does reflect this skewness.
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Histograms of 10,000 bootstrap replicates of the sample mean and sample median
for the cholesterol example discussed in Example 8.3
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The above results suggest that in small samples the bootstrap confidence inter-
val based on the sample median is preferable to a confidence interval based on the
normal approximation. However, it should be noted that although we have found a
difference between the two methods in small samples, we have not actually justified
that the bootstrap confidence interval is more accurate. One way to do this is to con-
duct a simulation study in which the coverage probability of the bootstrap confidence
interval is compared with the coverage probability of the normal confidence interval.
If this were undertaken in the present context it would show that the bootstrap confi-
dence interval is indeed more accurate.

8.4 Further resampling methods

Random sampling with replacement from an observed sample is not the only way to
undertake resampling. Indeed, some approaches to resampling do not involve simu-
lation at all, but instead rely on deterministic schemes for generating new samples
from the original sample. In this section we touch on some other resampling-based
inference methods that are distinct from bootstrapping.

An historically important alternative to bootstrapping is called jackknifing,
which was one of the first resampling methods to be proposed. Jackknifing is a very
similar resampling method to bootstrapping, but the replicate samples are generated
using a non-random, or deterministic, process. In particular, when undertaking jack-
knifing we generate new samples from the original sample by simply leaving out ob-
servations. The most common approach is the leave-one-out approach, which means
that we generate a new sample by leaving out one observation from the original sam-
ple. In a sample of n observations there are n ways to leave one observation out,
so jackknifing is usually applied to these n replicate samples which are each of size
n — 1. Similarly to bootstrapping, this leads to n replicate estimates 0i,...,0,, with
mean 6. Other than the fact that the replicate samples have been obtained differently,
jackknife estimates of variability and bias are obtained in the same way as the corre-
sponding bootstrap estimates. Thus, a jackknife estimate of standard error is obtained
by calculating the standard deviation of the 6; estimates, and a jackknife estimate of
bias is obtained by calculating 6 — 6. Generalisations of this process are also pos-
sible based on leaving out more than one observation, which is called the leave-k-
out approach. Although there is a similarity between bootstrapping and jackknifing,
bootstrapping has some theoretical advantages over jackknifing and tends to be more
informative, particularly because it yields more detailed information about the full
sampling distribution, as depicted in Figure 8.4. For these reasons, bootstrapping is
more commonly used in practice.

Another deterministic method for undertaking resampling is by permuting the
original sample to obtain a new sample. This approach is particularly useful for two-
sample problems where we want to test a null hypothesis involving equality between
two groups. In this context, a new sample can be generated by simply permuting the
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TABLE 8.4

Permutation samples for four observations divided
into two groups and the permutation sampling
distribution for the rank-sum test statistic in group 1

observation rank  group group permutations

1 1 1 2 2 1 2
2 2 1 1 1 2 2
3 1 21 2 2 1
4 2 2 2 1 1 1
IRS 4 3 5 6 5 17
Pls<nsg) L 13330

group indicators. If the null hypothesis is true, that is, if the two groups have the
same distribution, then the value of the test statistic in the permuted sample will have
the same distribution as the value in the original sample. Thus, by enumerating all
possible permuted samples and computing the test statistic in each sample, we obtain
an estimate of the sampling distribution of test statistic under the null hypothesis.
The value of the test statistic in the original sample can then be compared with this
sampling distribution to obtain a P-value. This type of resampling yields a general
class of tests called permutation tests.

Permutation tests require us to first choose a test statistic that is appropriate for
the context. Having chosen the test statistic, permutation resampling provides a gen-
eral method for non-parametrically estimating the sampling distribution of the test
statistic under the null hypothesis. To illustrate this process, consider the rank-sum
test statistic that was used in the Wilcoxon rank-sum test. Table 8.4 provides all of
the possible permutation samples for a simple example of two groups each with two
observations. In this case there are six possible permutations of the group indicators,
including the original grouping, and the rank-sum associated with group 1 has been
calculated for each sample. By assigning probability % to each permutation we obtain
a non-parametric estimate of the sampling distribution of the rank-sum statistic under
the null hypothesis. The observed value of the rank-sum statistic in Table 8.4 is 4,
with Pr(Tgs < 4) = 1, which can be interpreted as a one-sided P-value. A two-sided
P-value would simply be double the one-sided P-value. This permutation procedure
can actually be shown to produce the exact sampling distribution for the Wilcoxon
rank-sum test that was alluded to in Section 8.2. Thus, the Wilcoxon rank-sum test
can be interpreted as a permutation test.

Although we have illustrated permutation tests using the Wilcoxon rank-sum test
statistic, permutation tests are in fact a general strategy that can be used for any other
test statistic. For example, we could use the same process to estimate the sampling
distribution of the two-sample ¢-test statistic, by calculating this test statistic for each
of the possible permutation samples. This would provide us with an alternative way
of testing the null hypothesis.
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While Table 8.4 has only six permutations associated with the four observations,
it is important to note that when the sample size is at least moderately large, then the
number of possible permutation samples will become extremely large. In practice,
this means that enumerating each of the possible permutation samples is highly com-
puter intensive. Indeed, in large samples the number of permutations may be so large
that complete enumeration is computationally infeasible. Thus, although permutation
methods are in principle deterministic resampling methods, in practice simulation is
often used to approximate the permutation sampling distribution. This simulation in-
volves randomly sampling, with replacement, a large number of permutation samples
from among the even larger number of possible permutation samples. The estimated
sampling distribution can then be constructed from these random samples in much
the same way as was done for the bootstrap sampling distributions depicted in Figure
8.4.

In summary, resampling methods such as bootstrapping and permutation tests are
powerful and widely applicable approaches for constructing sampling distributions
of estimators and test statistics. They are computationally intensive but can provide
flexible alternatives to traditional methods that use large sample likelihood theory.

Exercises

1. In Section 8.1 we considered the exact sampling distribution for the prevalence
estimator P and an approximate sampling distribution based on the normal dis-
tribution.

(a) Plot the probability function of the exact sampling distribution for P, as-
suming a sample size of n = 10 and population prevalence of 8 = 0.5.
Repeat this for 8 = 0.1, 0.25,0.75 and 0.9.

(b) Repeat part (a) using the probability density function from the approximate
normal sampling distribution.

(c) Comment on your results from parts (a) and (b).

2. In this exercise we consider a simple illustration of Fisher’s exact test. Consider
again the extended example from Chapter 5, but for illustrative purposes we will
now suppose that the data table given in Table 5.2 has just n = 4 individuals
with column totals ng = 2 and n; = 2 denoting the number of individuals on
monotherapy and combination therapy, respectively, and response total xo +x; =
2.

(a) Show that there are 3 possible 2 x 2 configurations and enumerate each of
these.

(b) Using the hypergeometric probability given in Section 8.1, calculate the
probability associated with each of the 2 x 2 configurations. Check that the
probabilities sum to 1.
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(c) Suppose both individuals on combination therapy experienced a response
while both individuals on monotherapy did not respond. Give the P-value
for Fisher’s exact test for testing whether there is a difference in response
rates between the two therapies.

3. Consider the sample of HIV viral load reductions given in Table 8.2. In Example
8.4 we considered the Wilcoxon signed-rank test for this sample. In this exercise
we will consider the sign test. Let w, be the observed number of positive obser-
vations in the sample, which can be considered the observed value of a random
variable W,.

(a) Under the null hypothesis that the population median reduction in viral load
is zero, state the distribution of W),.

(b) Give a large sample normal approximation to the distribution in part (a).

(¢) By comparing the observed value w), with the sampling distribution from
part (a), compute a two-sided P-value for testing the null hypothesis that
the median reduction is zero. Compare the result with the Wilcoxon signed-
rank test in Example 8.4.

(d) Repeat part (c) using the large sample normal approximation to the sam-
pling distribution.

(e) Would you expect the power of the sign test to be better or worse than the
power of the Wilcoxon signed-rank test? Give reasons.

(f) State an assumption of the Wilcoxon signed-rank test that is not necessary
when using the sign test.

4. Now suppose that we have viral load reductions for a second group of individu-
als. For the purposes of illustration, we will construct this second group of viral
load reductions by multiplying each observation in Table 8.2 by 3.

(a) Combine the two groups of observations and determine the ranks in the
combined sample of 50 observations. Hence compute the observed value
of Trs, the sum of the ranks of the observations from the first group.

(b) Using the normal approximation to the sampling distribution of Trs, com-
pute the P-value of the Wilcoxon rank-sum test for a difference in the me-
dians from the two groups, using a two-sided alternative hypothesis.

(c) Compare your result in part (b) with the result from a two-sample z-test.
Which of the two test tests do you think is more appropriate for these data?

5. In this exercise we will consider bootstrapping for the sample in Table 8.2.

(a) Compute a 95% bootstrap confidence interval for the population median
viral load reduction. Use the function bootstrap in Appendix 2 with B =
1000 bootstrap replications.

(b) Compare this bootstrap confidence interval with the confidence interval that

would be obtained using a large sample normal approximation to the sam-
pling distribution of the median.
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(c) Plot a histogram of the B bootstrap medians. Identify the sample median
and the limits of the two confidence intervals on the plot. Comment on the
sampling distribution of the median and your results in part (b).

(d) Repeat parts (a) through (c) for the mean.

6. Suppose we have a sample with two groups of three observations: (10,12,15)
from group 1 and (14,17, 18) from group 2.

(a) Construct a table analogous to Table 8.4 for this sample. Including the orig-
inal sample, there are 20 possible permutations.

(b) Compute the permutation sampling distribution associated with the rank-
sum test statistic, by assigning probability 21—0 to each possible permutation.

(c) Hence compute the P-value for this sample using a permutation test based
on the rank-sum test statistic.

(d) In the above analysis we used the rank-sum test statistic. Suppose instead
that we use the two-sample ¢-test statistic

X —X

2 2

S S
AL 422

ny np

Calculate this test statistic for each of the 20 permutation samples. Hence
compute the P-value for this sample using a permutation test based on the
two-sample ¢-test statistic.
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Appendix 1: Common probability distributions

In this appendix we review some common probability distributions that are used in
this book. The notation Fx (x) denotes the cumulative distribution function, and fx (x)
denotes either the probability function or the probability density function, depending
on whether the distribution is discrete or continuous. For each distribution the func-
tion fx(x) is specified for x in the set of possible values for that distribution, and is
interpreted to be zero otherwise.

Binomial distribution
x4 Bin(n, p)

Discrete distribution used to model the number of successes in n independent trials
each having probability p of success.
n!
(n—x)lx!
E(X)=np Var(X) = np(1—p).

When n is large the binomial distribution can be approximated by a normal distribu-

tion N(np, np(l— p)) When n is large and p is small, the binomial distribution can
be approximated by a Poisson distribution Pois(np).

Jx(x) =Pr(X =x) = Pl—pfF  x=0,1,....n 0<p<l

Poisson distribution
X £ pois(1)

Discrete distribution used to model counts, often the number of independent events
occurring in an interval of time.

X ,—A
A@:m@:@:l;

EX)=2A Var(X) =A.
When A is large, the Poisson distribution can be approximated by a normal distri-
bution N(A,A). The sum of independent Poisson random variables has a Poisson

distribution, with parameter equal to the sum of the parameters from the individual
distributions.

x=0,1,2,... 1>0

237
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Geometric distribution
d
X =G(p)

Discrete distribution used to model the number of trials until the first success, where
each trial is independent and has success probability p.

fx(x) =Pr(X =x) = p(1 —p)*! x=12,... 0<p<l1

Negative binomial distribution

X £ NB(r,p)

Discrete distribution used to model the number of trials until » successes, where each
trial is independent and has success probability p.

fx(x):Pr(X:x):%ﬂ(l—p)"_’ x=nr+1,... 0<p<l1
_r ar(x) = TL=P)
E(X)—p Var(X) o

The NB(1, p) distribution is equivalent to the G(p) distribution. The sum of r inde-
pendent random variables each with a G(p) distribution has a NB(r, p) distribution.

Hypergeometric distribution

X < Hg(n,R,N)

Discrete distribution used to model the number of individuals with a particular trait
in a sample of » individuals taken at random without replacement from a population
of N individuals, R of whom have the particular trait. The parameters n, R and N are
all non-negative integers with n < N and R < N.

(D6
()

EX) =" var(x) = "R(]]\\/ﬂ_(;)_(]\lf)_ ")

For large R and N, the Hg(n,R, N) distribution is approximately a Bin(n, p) distribu-
tion with p = R/N, meaning that in large populations, sampling without replacement
can be approximated by sampling with replacement.

Sx(x)=Pr(X =x) = x=max(0,n+R—N),...,min(n,R)
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Normal distribution
X £N(u,0?)

Continuous distribution used to model quantities that are symmetrically distributed
around their mean, and may possibly be negative or positive.

(x—p)
20?2

2
fx(x)zclznew{— } X € (—o0,0) UE(—o,0) 0>0

EX)=u  Var(X)=oc>

The N(0, 1) distribution is referred to as the standard normal distribution. The cumu-
lative distribution function of the standard normal distribution, denoted

@(x):\/%_n/:;exp{—u;}du X € (—o0,00)

does not have an explicit form, but can be calculated using tables and in most sta-
tistical software packages. For any normal distribution, the cumulative distribution
function can be calculated using the relationship

Fy () :q:(’“”) X € (—o0,00).

(o

Due to the Central Limit Theorem, the mean or sum of a large number of independent
and identically distributed random variables has an approximate normal distribution.

Exponential distribution

X £ Exp(1)
Continuous distribution for positive quantities, primarily used to model time vari-

ables, such as the time between two events.

@) =A™ x>0 A>0

l—e ™™ x>0
F = -
x(x) {0 x<0

Gamma distribution
x4 Gamma(a, f3)

Continuous distribution for positive quantities, commonly used in Bayesian inference
to model the prior distribution of a positive parameter, such as A in the Poisson
distribution.

ﬁa o1 efﬁx

T x>0 a>0 B>0

fx(x)



240 Inference Principles for Biostatisticians

E(X) = B Var(X)

where I'(@) is a special mathematical function called the gamma function, defined
as

(04
N

INa) :/ u® e Mdu
0
=(a—1)! if ais a positive integer.

The gamma probability density function can take a wide variety of shapes on the
interval (0,00). If ot > 1 then the distribution is unimodal inside the interval (0,c0)
with mode a1

mode(X) B
When « is large then the gamma distribution can be approximated by a normal distri-
bution. The Gamma(1, ) distribution is equivalent to the Exp(f) distribution. The

sum of & independent Exp(f3) random variables has a Gamma(c, 3) distribution.

Uniform distribution
x4 Uniform(a,b)

Continuous distribution used to model random variables that are equally likely to
fall into any interval of a given length within the interval [a,b]. In other words, the
random variable is distributed evenly within the interval [a, b].

1
fx(x):b—a —w<a<x<b<e
0 x<0
Fy(x) =4 5= 0<x<1
1 x>1
_a+b _ (b—a)?
E(X) = 5 Var(X) = T

The most common uniform distribution is Uniform(0, 1), in which case fx(x) = 1
and Fx(x) =xfor0 <x < 1.

Beta distribution
X £ Beta(a, B)

Continuous distribution defined on the interval [0, 1], commonly used in Bayesian
inference to model the prior distribution of a parameter that is a probability, such as
p in the binomial distribution.

fxx)=——5——  0<x<1 a>0 B>0



Appendices 241

o of
EX) =538 V= G pres B

where B(a., 3) is a special mathematical function called the beta function, which can
be expressed in terms of the gamma function describe above

o ~1, _ T(e)I(B)
B(a,ﬁ):/o K41 (1 = x)P =

The beta probability density function can take a wide variety of shapes on the interval
[0,1]. If & > 1 and 3 > 1 then the distribution is unimodal inside the interval (0, 1)

with mode
a—1

a+p-2"
When o and 8 are both large then the beta distribution can be approximated by a

normal distribution. The Beta(1,1) distribution is equivalent to the Uniform(0, 1)
distribution.

mode(X) =

t—distribution
d
X = t\/
Continuous distribution symmetric around zero but with wider tails, or more vari-
ability, than the standard normal distribution.

27 —(v+1)/2
] X € (—oo,00) V>0

so-[(t3)] %

where B(a., B) is the beta function discussed above. Although the probability density
function is defined for v > 0, the mean and variance are finite only for v > 1 and

v > 2, respectively,
1%
E(X)=0 Var(X) = —.
(x) () =
The parameter v is called the degrees of freedom and is usually an integer. As v — oo
the #, distribution converges to the standard normal distribution. The primary use is
as the sampling distribution of the sample mean X of a sample of » independent
N(u,0?) random variables, after standardisation using the sample variance. In par-
ticular, .
X—Uu a4

— =1,
Sn—l/\/ﬂ :

where 5571 is the sample variance dividing by n — 1. The cumulative distribution
function does not have an explicit form, but can be calculated using tables and in
most statistical software packages.
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x> —distribution
d 2
X=x(v)
Continuous distribution for positive quantities, primarily used in hypothesis testing.

L (V=2)/2,-x/2

_— >0 v>0
2C(vj2) O ©

fx(x) =

EX)=v Var(X) =2v

where I'(x) is the gamma function discussed above. The parameter v is called the
degrees of freedom and is usually an integer. If X has a standard normal distribu-
tion then X2 has a x2(1) distribution. If X1, ..., X, are independent standard normal
random variables then Xl2 +---+ X2 has a x*(v) distribution. If X; and X; are in-
dependent random variables with x2(v;) and y?(v,) distributions, respectively, then
X1+ X, has a xz(vl + V,) distribution. The cumulative distribution function does
not have an explicit form, but can be calculated using tables and in most statistical
software packages.

F —distribution
x<F,,

Continuous distribution for positive quantities, primarily used in hypothesis testing.

where B(a., B) is the beta function discussed above. Although the probability density
function is defined for m > 0 and n > 0, the mean and variance are finite only for
n > 2 and n > 4, respectively,

x>0 m>0 n>0

n 2n*(m+n—2)

E(X):n_2 Var(X):W.

The parameters m and n are called the degrees of freedom and are usually integers.
1t M < 32(m) and N £ %2(n), independently, then

M/m a
N/n — fmn-

The square of a random variable with a #, distribution has a Fj , distribution. The
cumulative distribution function does not have an explicit form, but can be calculated
using tables and in most statistical software packages.
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Multivariate normal distribution
d
X =N (l’" ) Z)

Generalisation of the normal distribution, giving the joint distribution of a k x 1
vector of random variables X = (X, ...,X;)T. The distribution has many uses, but
its main use in this book is as the sampling distribution of an estimator of a k-
dimensional parameter. The vector & = (U, ..., )" is called the mean vector and
can be any vector in R¥. The k x k matrix X is called the variance-covariance ma-
trix and must be a non-negative definite matrix. Using the notation G,»zj for the (i, j)
element of

E(Xl) = Ui Var(Xi) = Glg COV(X,’,XJ‘) = Gtzj

The joint probability density function is
_1 1
fx(x) = [(Zn)kdet(Z)] 2 exp{—i(x ) (x— ,u)} x € Rk

where det(X) is the matrix determinant of X. For k = 1 the distribution is the nor-
mal distribution, sometimes called the univariate normal distribution. For k = 2 the
distribution is called the bivariate normal distribution, and for k > 2 it is called the
multivariate normal distribution. If X has a multivariate normal distribution then each
X; has a univariate normal distribution. If Gl%- = 0, meaning that X; and X are uncor-
related, then X; and X are independent.
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Appendix 2: Simulation tools

Some of the chapter exercises require simulation of random samples from various
probability distributions. The chapter examples and extended examples also make
use of simulation. These simulations can be carried out using any software that allows
simulation of random numbers from a specified probability distribution. In this ap-
pendix we provide code for some functions that can be used in the R computing envi-
ronment to conduct such simulations. R is a software environment for statistical com-
puting and graphics that is freely available for download at www.r-project.org.
Also contained on the website are various guides and manuals for using R, as well
as lists of books and other references that discuss R. The R environment has many
functions for simulating random samples from a probability distribution. The five R
functions used in the code below are:

runif (n,min, max) simulates n observations from the Uniform(a,b) distribution
with a = min and b = max

rnorm(n,mean, sd) simulates n observations from the N(u,c?) distribution with
U =mean and ¢ = sd

rbinom(n, size,prob) simulates n observations from the Bin(n,p) distribution
with n = size and p = prob

rpois(n,lambda) simulates n observations from the Pois(A) distribution with A =
lambda

sample (n, replace=TRUE) randomly samples with replacement from the numbers
1,...,n which is useful in bootstrapping

These simulation functions are used below for four types of random sample func-
tions:

prev.sim simulation of binomial prevalence samples
inc.sim simulation of Poisson incidence samples

cnorm.sim simulation of various statistics from normal and contaminated normal
samples with outliers

bootstrap bootstrapping for means and medians by random sampling with replace-
ment from a given sample

Each of these functions requires certain input parameters detailed below, and pro-
duces output that is an R list with certain components containing the simulation re-
sults, also detailed below. These results can be viewed directly or used as input to
other R functions, such as the graphical functions plot and hist, and the summary
functions mean, var and summary. The functions also produce plots summarising the
simulation results.
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R code for function prev.sim

Input parameters:

Nstudies number of studies or samples to simulate

N number of individuals in each sample

P population prevalence

Output components:

prev sample prevalence from each simulated sample

CI.low lower endpoint of the 95% confidence interval from each simulated sample
CI.upp upper endpoint of the 95% confidence interval from each simulated sample
coverage proportion of simulations in which the confidence interval covers P

R code for prev.sim:

prev.sim=function (Nstudies,N,P) {

obs=rbinom(Nstudies, N, P)

prev=obs/N

CI.upp=prev+l.96*sqrt (prev* (1-prev) /N)
CI.low=prev-1.96*sqrt (prev* (1-prev) /N)

coverage=sum( (CI.low <= P)&(P <= CI.upp))/Nstudies

hist (prev,main="Prevalence estimates",xlab="prevalence")

out=1list (prev=prev,CI.low=CI.low,CI.upp=CI.upp,coverage=coverage)
out

# Example 1 (non-normal sampling distribution and poor coverage)
# 1000 studies of size 10 with population prevalence 0.2

prev.1l0=prev.sim(1000,10,0.2)
prev.10$coverage

# Example 2 (normal sampling distribution and good coverage)
# 1000 studies of size 1000 with population prevalence 0.2

prev.1000=prev.sim(1000,1000,0.2)
prev.1000$coverage
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R code for function inc.sim

Input parameters:

Nstudies number of studies or samples to simulate
N number of individuals in each sample

A average follow-up per individual

lambda population incidence rate

Output components:

inc sample incidence rate from each simulated sample
CI.low lower endpoint of the 95% confidence interval from each simulated sample
CI.upp upper endpoint of the 95% confidence interval from each simulated sample

coverage proportion of simulations in which the confidence interval covers lambda
R code for inc.sim:

inc.sim=function (Nstudies, N, A, lambda) {

F=A*N

obs=rpois (Nstudies,F*lambda)

inc=obs/F

CI.upp=inc+l.96*sqrt (inc/F)

CI.low=inc-1.96*sqrt (inc/F)

coverage=sum( (CI.low <= lambda)é& (lambda <= CI.upp))/Nstudies
hist (inc,main="Incidence estimates",xlab="incidence")

out=1list (inc=inc,CI.low=CI.low,CI.upp=CI.upp,coverage=coverage)
out

# Example 1 (non-normal sampling distribution and poor coverage)
# 1000 studies of size 10 with average follow-up 5 years and
# population incidence rate 0.02 per year

inc.10=inc.sim(1000,10,5,0.02)
inc.10S$coverage

# Example 2 (normal sampling distribution and good coverage)
# 1000 studies of size 1000 with average follow-up 5 years and
# population incidence rate 0.02 per year

inc.1000=inc.sim(1000,1000,5,0.02)
inc.1000S$coverage
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R code for function cnorm.sim

The function cnorm. sim simulates various statistics from normal and contaminated
normal samples with outliers. If contaminated samples are simulated then a certain
proportion of the observations come from a uniform distribution rather than a nor-
mal distribution. The statistics simulated include the mean, median, variance and
interquartile range, as well as P-values from certain hypothesis tests.

Input parameters:

Nstudies number of studies or samples to simulate

N number of individuals in each sample

mu population mean

sigma population standard deviation

k proportion of observations that are outliers (k = 0 means no outliers)
con.low lower limit of the uniform outlier distribution
con.upp upper limit of the uniform outlier distribution

alpha significance level for the 7-test and signed rank test
Output components:

means sample mean from each simulated sample

meds sample median from each simulated sample

vars sample variance from each simulated sample

IQRs sample interquartile range from each simulated sample
pt P-value from a one-sample 7-test of mu =0

pt P-value from a one-sample signed rank test of mu = 0
pt.sig proportion of samples where the z-test was significant

pw.sig proportion of samples where the signed rank test was significant
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R code for cnorm. sim:

cnorm. sim=

function (Nstudies, N, mu, sigma, k=0, con.low=0, con.upp=0,alpha=0.05) {
out=list (means=0,meds=0,vars=0, IQRs=0,pt=0, pw=0,pt.sig=0,pw.sig=0)
for (1 in 1:Nstudies) {

obsi=rnorm (N, mu, sigma)

if ((k>0)& (k<1)) |

randi=runif (N)

coni=runif (N, con.low, con.upp)

obsi[randi<=k]=coni[randi<=k]

}

out$means[i]=mean (obsi)

out$meds [i]=median (obsi)
out$vars[i]=var (obsi)
out$SIQRs[1]=IQR (obsi)
out$pt[i]=t.test (obsi)Sp.value
out$pwli]=wilcox.test (obsi)S$p.value

}
out$pt.sig=sum(outSpt<=alpha) /Nstudies
out$pw.sig=sum(outSpw<=alpha) /Nstudies
out}

# Example 1 (efficiency of sample median relative to mean)
# 1000 studies of size 100 from standard normal distribution
# with either no outliers or 10% outliers from Uniform(-10,10)

cnorm0=cnorm.sim(1000,100,0,1,k=0)

var (cnorm0$means) /var (cnorm0S$meds)
cnormlO=cnorm.sim(1000,100,0,1,k=0.1,-10,10)
var (cnorml0Smeans) /var (cnorml0$meds)

# Example 2 (coverage probability of 95% confidence interval)
# 1000 studies of size 100 from standard normal distribution

cnormQl=cnorm.sim(1000,100,0,1,k=0)
CI.lower=cnorm0lSmeans - 1.96*sqgrt (cnorm01Svars/100)
CI.upper=cnorm0lSmeans + 1.96*sqgrt (cnorm01Svars/100)
coverage=sum( (CI.lower <= 0) & (CI.upper >= 0) )/1000

# Example 3 (power of t-test and signed rank test)
# 1000 studies of size 100 from N(.2,1) distribution

cnorm. 2=cnorm.sim(1000,100,0.2,1,%k=0)
cnorm.2$pt.sig
cnorm.2$pw.sig
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R code for function bootstrap

The function bootstrap carries out simple bootstrapping of means and medians
from a given sample. It produces a confidence interval using the percentile method
and a standard error, along with the bootstrap replications. The code could easily be
extended to provide bootstrapping of estimates other than the mean and median.

Input parameters:

samp sample of observations for which bootstrapping is required

B number of bootstrap replications

estimate the type of estimate to bootstrap, either "mean" or "median"
confidence confidence level for the confidence interval

Output components:

reps collection of bootstrap replications of the mean or median

SE standard error estimate

CI confidence interval

R code for bootstrap:

bootstrap=function (samp,B=1000, estimate="mean", confidence=0.95) {
out=1list (reps=0,SE=0,CI=0)

reps=0

n=length (samp)

for (1 in 1:B) {

rep=sample (n, replace=TRUE)

if (estimate=="mean") reps[i]=mean (samp[rep])

if (estimate=="median") reps[i]=median (samp[rep])
}

low=floor (B* (1-confidence) /2)
upp=ceiling (B* (1-(1-confidence)/2))
SE=sqrt (var (reps))

CI=sort (reps) [c(low, upp) ]

outSreps=reps

Out$SE=SE

out$CI=CI

out

}
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# Example
# Sample of size 25 is generated from the N(0,1) distribution
# Bootstrapping of the mean with B=1000

samp=rnorm(25)

boot.25=bootstrap (samp,B=1000,estimate="mean")
boot.255CI # 95% confidence interval
boot.258SE # standard error

hist (boot.25%reps) # sampling distribution
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Appendix 3: Further reading

The purpose of this book is to provide a conceptual and theoretical foundation on
which to approach more advanced topics in biostatistical methodology. As the Pref-
ace states, the book presents the principles of statistical inference from a biostatisti-
cal perspective. The presentation therefore sits somewhere between books providing
a compendium of biostatistical methods and texts for a traditional course on mathe-
matical statistics. There are many books that provide further reading at each end of
this spectrum. Texts providing a broad overview of basic and moderately advanced
biostatistical methods include the books by Armitage et al. (2002), Rosner (2010),
Lachin (2010) and Clayton and Hills (1993). Texts providing the basis of a traditional
graduate course in mathematical statistics include Casella and Berger (2001), Hogg
et al. (2013), Wackerly et al. (2008) and Azzalini (1996). For the more advanced
reader, the books by Lehmann and Casella (1998) and Lehmann and Romano (2005)
provide a definitive treatment of the theory of statistical estimation and testing, while
the book by Cox and Hinkley (1974) is a classic text in the field.

Our discussion of the interpretations of probability and the presentation of both
frequentist and Bayesian methods raises issues in the foundations of statistical infer-
ence. The book by Cox (2006) provides an in-depth discussion of foundational issues
while the article by Bayarri and Berger (2004) provides a comparative discussion of
frequentist and Bayesian inference. Books presenting a detailed treatment of the con-
cept of likelihood and likelihood-based methods include Edwards (1992) and Royall
(1997), while the book by Young and Smith (2005) also provides an overview of the
different approaches to statistical inference.

We have discussed inference principles in the context of relatively basic models,
for the purpose of providing the theoretical underpinnings for core analysis method-
ologies. Books that have sections or chapters presenting likelihood-based motivation
for more advanced models, such as linear and generalised linear models, include
Kleinbaum et al. (2008), Dobson and Barnett (2008) and McCullagh and Nelder
(1989), while the books by Gelman et al. (2013) and Lee (2012) present more ad-
vanced Bayesian analysis methodologies, including hierarchical models. Likewise,
our treatment of the further inference topics described in Chapter 8 was limited to
a brief introduction. General texts such as Armitage et al. (2002), Wackerly et al.
(2008) and Hogg et al. (2013) have sections or chapters providing introductions to
the topics discussed in Chapter 8, while the books by Lehmann (2006), Gibbons and
Chakraborti (2011), Efron and Tibshirani (1993) and Davison and Hinkley (1997)
provide more detailed presentations of these topics.
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