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PREFACE

T he study of communication systems can be divided into two distinct areas:

1. How communication systems work.

2. How they perform in the presence of noise.

The study of each of these two areas, in turn, requires specific tools. To study the first area, the
students must be familiar with signal analysis (Fourier techniques), and to study the second area,
abasic understanding of probability theory and random processes is essential. For a meaningful
comparison of various communication systems, it is necessary to have some understanding of
the second area. For this reason many instructors feel that the study of communication systems
is not complete unless both of the areas are covered reasonably well. However, it poses one
serious problem: the material to be covered is enormous. The two areas along with their tools
are overwhelming; it is difficult to cover this material in depth in one course.

The current trend in teaching communication systems is 'to study the tools in early
chapters and then proceed with the study of the two areas of communication. Because too
much time is spent in the beginning in studying the tools (without much motivation), there
is little time left to study the two proper areas of communication. Consequently, teaching a
course in communication systems poses areal dilemma. The second area (statistical aspects) of
communication theory is a degree harder than the first area, and it can be properly understood
only if the first area is well assimilated. One of the reasons for the dilemma mentioned earlier
is our attempt to cover both areas at the same time. The students are forced to grapple with
the statistical aspects while also trying to become familiar with how communication systems
work. This practice is most unsound pedagogically because it violates the basic fact that one
must learn to walk before one can run. The ideal solution would be to offer two courses in
sequence, the first course dealing with how communication systems function and the second
course dealing with statistical aspects and noise. But in the present curriculum, with so many
competing courses, it is difficult to squeeze in two basic courses in the communications area.
Some schools do require a course in probability and random processes as a prerequisite. In this
case, it is possible to cover both areas reasonably well in a one-semester course. This book,

xi
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1 hope, can be adopted to either case. It can be used as a one-semester survey course in which
the deterministic aspects of communication systems are emphasized. It can also be used for a
course that deals with deterministic and probabilistic aspects of communication systems. The
book provides all the necessary background in probabilities and random processes. However,
as stated earlier, it is highly desirable for students to have a good background in probabilities
if the course is to be covered in one semester.

The first nine chapters discuss in depth how digital and analog communication systems
work, and thus, form a'sound, well-rounded, comprehensive survey course in communication
systems that is within the reach of an average undergraduate and that can be taught in a one-
semester course (about 40 to 45 hours). However, if the students have an adequate background
in Fourier analysis and probabilities, it should be possible to cover the first 13 chapters.

Chapter 1 introduces the students to a panoramic view of communication systems. All
the important concepts of communication theory are explained qualitatively in a heuristic
way. This gets the students deeply interested so that they are encouraged to study the subject.
Because of this momentum, they are motivated to study the tool of signal analysis in Chapters 2
and 3, where a student is encouraged to see a signal as a vector, and to think of the Fourier
spectrum as a way of representing a signal in terms of its vector components. Chapters 4 and
5 discuss amplitude (linear) and angle (nonlinear) modulation, respectively: Many instructors
feel that in this digital age, modulation should be deemphasized with a minimal presence.
I feel that modulation is not so much a method of communication as a basic tool of signal
processing; it will always be needed not only in the area of communication (digital or analog),
but also in many other areas of electrical engineering. Hence, neglecting modulation may prove
to be rather shortsighted. Chapter 6 deals with sampling, pulse code modulation (including
DPCM), and delta modulation. Chapter 7 discusses transmission of digital data. Some emerging
digital technologies in digital data transmission are the subject of Chapter 8. Chapter 9
discusses some recent developments (such as cellular telephone, spread spectrum, global
positioning systems), along with miscellaneous topics such as communication media, optical
communication, satellite communication, and hybrid circuits. Chapters 10 and 11 provide a
reasonably thorough treatment of the theory of probability and random processes. This is
the second tool required for the study of communication systems. Every attempt is made to
motivate students and sustain their interest through these chapters by providing applications
to communications problems wherever possible. Chapters 12 and 13 discuss the behavior of
communication systems in the presence of noise. Optimum signal detection is presented in
Chapter 14, and information theory is the subject of Chapter 15. Finally, error-control coding
is introduced in Chapter 16.

Analog pulse modulation systems such as PAM, PPM, and PWM are deemphasized
in comparison to digital schemes (PCM, DPCM, and DM) because the applications of the
former in communications are hard to find. In the treatment of angle modulation, rather
than compartmentalizing FM and PM, we have provided a generalized treatment of angle
modulation, where FM and PM are merely two (of the infinite) special cases. Tone-modulated
FM is deemphasized for a sound reason. Since angle modulation is nonlinear, the conclusions
derived from tone modulation cannot be blindly applied to modulation by other baseband
signals. In fact, these conclusions are misleading in many instances. For example, in the
literature PM gets short shrift as being inferior to FM, a conclusion based on tone-modulation
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analysis.” It is shown in Chapter 12 that PM is, in fact, superior to FM for all practical cases
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logically organized manner. Every effort has been made to give an insight—rather than just
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INTRODUCTION

his book examines communication by electrical signals. In the past, messages have

been carried by runners, carrier pigeons, drum beats, and torches. These schemes were

adequate for the distances and “data rates” of the age. In most parts of the world, these
modes of communication have been superseded by electrical communication systems,” which
can transmit signals over much longer distances (even to distant planets and galaxies) and at
the speed of light.

Electrical communication is reliable and economical; communication technology is
alleviating the energy crisis by trading information processing for a more rational use of
energy resources. Some examples: Important discussions now mostly communicated face to
face in meetings or conferences, often requiring travel, are increasingly using “teleconferring.”
Similarly, teleshopping and telebanking will provide services by electronic communication,
and newspapers may be replaced by electronic news services.

COMMUNICATION SYSTEM

Figure 1.1 shows three examples of communication systems. A typical communication system
can be modeled as shown in Fig. 1.2. The components of a communication system are as
follows:

The source originates a message, such as a human voice, a television picture, a teletype
message, or data. If the data is nonelectrical (human voice, teletype message, television picture),
it must be converted by an input transducer into an electrical waveform referred to as the
baseband signal or message signal.

The transmitter modifies the baseband signal for efficient transmission. ¥

The channel is a medium—such as wire, coaxial cable, a waveguide, an optical fiber,
or a radio link—through which the transmitter output is sent.

* With the exception of the postal service.

T The transmitter consists of one or more of the following subsystems: a preemphasizer, a sampler, a quantizer, a
coder, and a modulator. Similarly, the receiver may consist of a demodulator, a decoder, a filter, and a deemphasizer.

1
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Figure 1.1  Some examples of communications systems.

The receiver reprocesses the signal received from the channel by undoing the signal
modifications made at the transmitter and the channel. The receiver output is fed to the output
transducer, which converts the elecirical signal to its original form—the message.

The destination is the unit to which the message is communicated.

A channel acts partly as a filter to attenuate the signal and distort its waveform. The
signal attenuation increases with the length of the channel, varying from a few percent f(.)r
short distances to orders of magnitude for interplanetary communication. The waveform is
distorted because of different amounts of attenuation and phase shift suffered by different
frequency components of the signal. For example, a square pulse is rounded or “spread out”
during the transmission. This type of distortion, called linear distortion, can be partly corrected
at the receiver by an equaliz’ér with gain and phase characteristics complementary to those of
the channel. The channel may also cause nonlinear distortion through attenuation that varies
with the signal amplitude. Such distortion can also be partly corrected by a complementary
equalizer at the receiver.

Input
message

Analog and Digital Messages 3

Input

signal
Transmitted Received Qutput Output
signal signal signal I O message
. . I utput I
transducer Transmitter Channel Receiver I Ltransducerl
Distortion
and
noise

Figure 1.2 Communication system.

The signal is not only distorted by the channel, but it is also contaminated along the path
by undesirable signals lumped under the broad term noise, which are random and unpredictable
signals from causes external and internal. External noise includes interference from signals
transmitted on nearby channels, human-made noise generated by faulty contact switches for
electrical-equipment, automobile ignition radiation, fluorescent lights or natural noise from
lightning, as well as electrical storms and solar and intergalactic radiation. With proper care,
external noise can be minimized or even eliminated. Internal noise results from thermal motion
of electrons in conductors, random emission, and diffusion or recombination of charged carriers
in electronic devices. Proper care can reduce the effect of internal noise but can never eliminate
it. Noise is one of the basic factors that set limits on the rate of communication.

The signal-to-noise ratio (SNR) is defined as the ratio of signal power to noise power.
The channel distorts the signal, and noise accumulates along the path. Worse yet, the signal
strength decreases while the noise level increases with distance from the transmitter. Thus, the
SNR is continuously decreasing along the length of the channel. Amplification of the received
signal to make up for the attenuation is of no avail because the noise will be amplified in the
same proportion, and the SNR remains, at best, unchanged.”

ANALOG AND DIGITAL MESSAGES

http://jntu.blog.com

Messages are digital or analog. Digital messages are constructed with a finite number of
symbols. For example, printed language consists of 26 letters, 10 numbers, a space, and several
punctuation marks. Thus, a text is a digital message constructed from about 50 symbols. Human
speech is also a digital message, because it is made up from a finite vocabulary in a language.’
Similarly, a Morse-coded telegraph message is a digital message constructed from a set of only
two symbols—mark and space. It is therefore a binary message, implying only two symbols.
A digital message constructed with M symbols is called an M-ary message.

Analog messages, on the other hand, are characterized by data whose values vary over
a continuous range. For example, the temperature or the atmospheric pressure of a certain

* Actually, amplification further deteriorates the SNR because of the amplifier noise.

1 Here we imply the printed text of the speech rather than its details such as the pronunciation of words and varying
inflections, pitch, emphasis, and so on. The speech signal from a microphone contains all these details. This signal
is an analog signal, and its information content is more than a thousand times the information in the written text of
the same speech.
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location can vary over a continuous range and can assume an infinite number of possible
values. Similarly, a speech waveform has amplitudes that vary over a continuous range. Over a
given time interval, an infinite number of possible different speech waveforms exist, in contrast
to only a finite number of possible digital messages.

Noise Immunity of Digital Signals

Digital messages are transmitted by using a finite set of electrical waveforms. For example, in
the Morse code, a mark can be transmitted by an electrical pulse of amplitude A /2, and a space
can be transmitted by a pulse of amplitude — A /2. Inan M-ary case, M distinct electrical pulses
(or waveforms) are used; each of the M pulses represents one of the M possible symbols. The
task of the receiver is to extract a message from a distorted and noisy signal at the channel output.
Message extraction is often easier from digital signals than from analog signals. Consider a
binary case: Two symbols are encoded as rectangular pulses of amplitudes A/2 and —A/2.
The only decision at the receiver is the selection between two possible pulses received, not
the details of the pulse shape. The decision is readily made with reasonable certainty even if
the pulses are distorted and noisy (Fig. 1.3). The digital message in Fig. 1.3a is distorted by
the channel, as shown in Fig. 1.3b. Yet, if the distortion is within limits, we can recover the
data without error because we need only to make a simple binary decision as to whether the
received pulse is positive or negative. Figure 1.3c shows the same data with channel distortion
and noise. Here again, the data can be recovered correctly as long as the distortion and the
noise are within limits. In contrast, the waveform in an analog message is important, and even
a slight distortion or interference in the waveform will cause an error in the received signal.
Clearly, a digital communication system is more rugged than an analog communication system
in the sense that it can better withstand noise and distortion (as long as they are within a limit).

— Figure 1.3 (a) Transmitted signal. (b) Re-

| P —= @ ceived distorted signal (without noise).

I (c) Received distorted signal (with noise).
(d) Regenerated signal (delayed).

/\ m /-\t_’ )
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Viability of Regenerative Repeaters in Digital Communication

The main reason for the superiority of digital systems over analog ones is the viability of
regenerative repeaters in the former. Repeater stations are placed along the communication
path of a digital system at distances short enough to ensure that noise and distortion remain
within a limit. This allows pulse detection with high accuracy. At each repeater station the
incoming pulses are detected and new clean pulses are transmitted to the next repeater station.
This process prevents the accumulation of noise and distortion along the path by cleaning
the pulses periodically at the repeater stations. We can thus transmit messages over longer

http://jntu.blog.com
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distances with greater accuracy. For analog systems, there is no way to avoid accumulation
of noise and distortion along the path. As a result, the distortion and the noise interference
are cumulative over the entire transmission path. To compound the difficulty, the signal is
attenuated continuously over the transmission path. Thus, with increasing distance the signal
becomes weaker, whereas the distortion and the noise become stronger. Ultimately, the signal,
overwhelmed by the distortion and noise, is mutilated. Amplification is of little help, because
it enhances the signal and the noise in the same proportion. Consequently, the distance over
which an analog message can be transmitted is limited by the transmitter power. Despite these
problems, analog communication was used widely and successfully in the past. Because of the
advent of optical fiber and the dramatic cost reduction achieved in the fabrication of digital
circuitry, almost all new communication systems being installed are digital. But the old analog
communication facilities are also in use.

Analog-to-Digital (A/D) Conversion

A meeting ground exists for analog and digital signals: conversion of analog signals to digital

- signals (A/D conversion). The frequency spectrum of a signal indicates relative magnitudes of

yarious frequency components. The sampling theésrem (to be proved in Chapter 6) states that
if the highest frequency in the signal spectrum is B (in hertz), the signal can be reconstructed
from its samples, taken at a rate not less than 2B samples per second. This means that in order
to transmit the information in a continuous-time signal, we need only transmit its samples
(Fig. 1.4). Unfortunately, the sample values are still not digital because they lie in a continuous
range and can take on any one of the infinite values in the range. We are back where we
started! This difficulty is neatly resolved by what is known as quantization; where each
sample is approximated, or “rounded off,” to the nearest quantized level, as shown in Fig. 1.4.
Amplitudes of the signal m(¢) lie in the range (—m,,, m,), which is partitioned into L intervals,
each of magnitude Av = 2m, /L. Each sample amplitude is approximated to the midpoint of
the interval in which the sample value falls. Each sample is now approximated to one of the L
numbers. The information is thus digitized.

The quantized signal is an approximation of the original one. We can improve the
accuracy of the quantized signal to any desired degree by increasing the number of levels L.

Allowed quantization levels
v

/

—mp

Figure 1.4 Analog-to-digital conversion of a signal.
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For intelligibility of voice signals, for example, L = 8 or 16 is sufficient. For commercial use,
L = 32 is a minimum, and for telephone communication, L = 128 or 256 is commonly used.

During each sampling interval, we transmit one quantized sample, which takes on
one of the L values. This requires L distinct waveforms, which may be constructed, for
example, by using a basic rectangular pulse of amplitude A/2 and its multiples (for in-
stance, +A/2, £3A4/2, £5A/2, ..., £[(L — 1)A/2]}, as shown in Fig. 1.5) to form L distinct
waveforms to be assigned to the L values to be transmitted. Amplitudes of any two of
these waveforms are separated by at least A to guard against noise interference and channel
distortion. Another possibility is to use fewer than L waveforms and form their combinations
(codes) to yield L distinct patterns. As an example, for the case L = 16 we may use 16
pulses (£A/2, +3A/2, ..., £15A/2, as shown in Fig. 1.5). The second alternative is to use
combinations of only two basic pulses, A/2 and —A/2. A sequence of four such pulses gives
2 x 2 x 2 x 2 = 16 distinct patterns, as shown in Fig. 1.6. We can assign one pattern to each of
the 16 quantized values to be transmitted. Each quantized sample is now coded into a sequence
of four binary pulses. This is the so-called binary case, where signaling is carried out by means
of only two basic pulses (or symbols).” '

The binary case is of great practical importance because of its simplicity and ease of
detection. Virtually all digital communication today is binary. This scheme of transmitting data
by digitizing and then using pulse codes to transmit the digitized data is known as pulse-code
medulation (PCM).

Actypical distorted binary signal with noise acquired over the channel is shown inFig. 1.3.
If A is sufficiently large compared to typical noise amplitudes, the receiver can still correctly
distinguish between the two pulses. The pulse amplitude is typically 5 to 10 times the rms

" noise amplitude: For such a high SNR, the probability of error at the receiver is less than 107;

that is, on the average, the receiver will make less than one error per million pulses. The effect

Figure 1.5  Multiamplitude pulse code that uses
L amplitude levels.

5A72
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* An intermediate case exists where we use four basic pulses (quaternary pulses) of amplitudes +A/2 and +3A4/2.
A sequence of two quaternary pulses can form 4 x 4 = 16 distinct levels of values.

Analog and Digital Messages 7

Figure 1.6 Example of a binary pulse code.

Digit | Binary equivalent | Pulse code waveform
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2 0010 m‘ﬁw
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of random channel noise and distortion is thus practically eliminated. Hence, when analog
signals are transmitted by digital means, the only error, or uncertainty, in the received signal is
that caused by quantization. By increasing L, we can reduce the uncertainty, or error, caused
by quantization to any desired amount. At the same time, because of the use of regenerative
repeaters, we can transmit signals over a much longer distance than would have been possible
for the analog signal. As will be seen later in this chapter, the price for all these benefits of
digital communication is paid in terms of increased bandwidth of transmission.

From all this discussion, we arrive at a rather interesting (and by no means obvious)
conclusion—that every possible communication can be carried on with a minimum of two
symbols. Thus, merely by using a proper sequence of a wink of the eye, one can convey any
message, be it a conversation, a book, a movie, or an opera star’s singing. Every possible detail
(such as various shades of colors of the objects and tones of the voice, etc.) that is reproducible
on amovie screen or on the best quality color television can be conveyed with no less accuracy,
merely by a wink of an eye.”

Although PCM was invented by P. M. Rainey in 1926 and rediscovered by A. H. Reeves ~
in 1939, it was not until the early sixties that Bell Laboratories installed the first communication

* Of course, to convey the information in a movie or a television program in real time, the winking would have to
be at an inhumanly high speed.
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link using PCM. The cost and size of vacuum tube circuits were the chief impediments to the
use of PCM in the early days. Tt was the transistor that made PCM practicable.

SIGNAL-TO-NOISE RATIO, CHANNEL BANDWIDTH, AND THE RATE
OF COMMUNICATION

The fundamental parameters that control the rate and quality of information transmission are
the channel bandwidth B and the signal power S. The appropriate quantitative relationships
will be derived later. Here we shall demonstrate these relationships qualitatively.

The bandwidth of a channel is the range of frequencies that it can transmit with
reasonable fidelity. For example, if a channel can transmit with reasonable fidelity a signal
whose frequency components occupy a range from 0 (dc) up to a maximum of 5000 Hz 6}
kHz), the channel bandwidth B is 5 kHz.

Tounderstand the role of B, consider the possibility of increasing the speed of information
transmission by time compression of the signal. If asignal is compressed in time by a factor of 2,
it can be transmitted in half the time, and the speed of transmission is doubled. Compressionby a
factor of 2, however, causes the signal fo “wiggle” twice as fast, implying that the frequencies
of its components are doubled, To transmit this compressed signal without distortion, the
channel bandwidth must also be doubled. Thus, the rate of information transmission is directly
proportional to B. More generally, if a channel of bandwidth B can transmit N pulses per
second, then to transmit KN pulses per second we need a channel of bandwidth K B. To
reiterate, the number of pulses per second that can be transmitted over a channel is directly
proportional to its bandwidth B.

The signal power S plays a dual role in information transmission. First, S is related to the
quality of transmission. Increasing S, the signal power, reduces the effect of channel noise, and
the information is received more accurately, or with less uncertainty. A larger signal-to-noise
ratio (SNR) also allows transmission over a longer distance. In any event, a certain minimum
SNR is necessary for communication.

The second role of the signal power is not as obvious, although it is very 1mp0rtdnt We
shall demonstrate that the channel bandwidth B and the signal power S are exchangeable; that
is, to maintain a given rate and accuracy of information transmission, we can trade S for B,
and vice versa. Thus, one may reduce B if one is willing to increase S, or one may reduce S if
one is willing to increase B. The rigorous proof of this will be provided in Chapter 15. Here
we shall give only a “plausibility argument.”

Consider the PCM scheme discussed earlier, with 16 quantization levels (L = 16). Here
we may use 16 distinct pulses of amplitudes £A4/2, £3A4/2, ..., £15A/2 to represent the 16
levels (a 16-ary case). Each sample is transmitted by one of the 16 pulses during the sampling
interval 7,. The amplitudes of these pulses range from —15A/2 to 15A/2. Alternately, we
may use the binary scheme, where a group of four binary pulses is used to transmit each
sample during the sampling interval 7. In the latter case, the transmitted power is reduced
considerably because the peak amplitude of transmitted pulses is only A/2, as compared to
the peak amplitude 154 /2 in the 16-ary case. In the binary case, however, we need to transmit
four pulses in each interval T; instead of just one pulse required in the 16-ary case. Thus,
the required channel bandwidth in the binary case is 4 times as great as that for the 16-ary
case. Despite the fact that the binary case requires 4 times as many pulses, its power is less
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than the power required for the 16-ary case by a factor of 255/12 = 21.25, as shown later
in Eq. 13.51a.” In both cases, the minimum amplitude separation between transmitted pulses
is A, and we therefore have about the same error probability at the receiver.t This means the
quality of the received signal is about the same in both cases. In the binary case, the transmitted
signal power is reduced at the cost of increased bandwidth. We have demonstrated here the
exchangeability of S with B. Later we shall see that relatively little increase in B enables a
significant reduction in S.

In conclusion, the two primary communication resources are the bandwidth and the
transmitted power. In-a given communication channel, one resource may be more valuable than
the other, and the communication scheme should be designed accordingly. A typical telephone
channel, for example, has a limited bandwidth (3 kHz), but a lot of power is available. On the
other hand, in space vehicles, infinite bandwidth is available but the power is limited. Hence,
the communication schemes required in the two cases are radically different.

Since the SNR is proportional to the power S, we can say that SNR and bandwidth are
exchangeable. It will be shown in Chapter 15 that the relationship between the bandwidth
expansion factor and the SNR is exponential. Thus, if a given rate of information transmission
requires a channel bandwidth B, and a signal-to-noise ratio SNR, then it is possible to transmit
the same information over a channel bandwidth B, and a signal-to-noise ratio SNR,, where

SNR; = SNRZ/%2 (L1

Thus, if we double the channel bandwidth, the required SNR is just a square root of the former
SNR, and tripling the channel bandwidth reduces the corresponding SNR to just a cube root
of the former SNR. Therefore, a relatively small increase in channel bandwidth buys a large
advantage in terms of reduced transmission power. But a large increase in transmitted power
buys a meager advantage in bandwidth reduction. Hence, in practice, the exchange between
B and SNR is usually in the sense of increasing B. to reduce transmitted power, and rarely the
other way around.

Equation (1.1) gives the upper bound on the exchange between SNR and B. Not all
systems are capable of achieving this bound. For example, frequency modulation (FM) is one
scheme that is commonly used in radio broadcasting for improving the signal quality at the
receiver by increasing the transmission bandwidth. We shall see that an FM system does not
make efficient use of bandwidth in reducing the required SNR, and its performance falls far
short of that in Eq. (1.1). PCM, on the other hand, comes close (within 10 dB) to realizing
the performance in Eq. (1.1). Generally speaking, the transmission of signals in digital form
comes much closer to the realization of the limit in Eq. (1.1) than does the transmission of
signals in analog form. g

The limitation imposed on communication by the channel bandwidth and the SNR is
dramatically highlighted by Shannon’s equation,*

C = Blog,(1+SNR) bit/s (1.2)

* To explain this behavior qualitatively, let the number of symbols used be M (M = 16 in the present case) instead of
2 (binary case). We shall see later that the power of a pulse is proportional to its amplitude. Hence, the signal power
increases as (M — 1)2, but n, the number of binary pulses per sample, increases only as the logarithm of M.

T Not quite true! We use this approximation to keep our argument simple and nonquantitative at this point.

¥ This is true for a certain kind of noise—white gaussian noise.
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Here C is the rate of information transmission per second. This rate C (known as the channel
capacity) is the maximum number of binary symbols (bits) that can be transmitted per second
with a probability of error arbitrarily close to zero. In other words, a channel can transmit
B log, (1+SNR) binary digits, or symbols, per second as accurately as one desires. Moreover,
itis impossible to transmitat a rate higher than this without incurring errors. Shannon’s equation
clearly brings out the limitation on the rate of communication imposed by B and SNR. If there
were 1o noise on the channel (N = 0), C = oo, and communication would cease to be a
problem. We could then transmit any amount of information in the world over a channel. This
can be readily verified. If noise were zero, there would be no uncertainty in the received pulse
amplitude, and the receiver would be able to detect any pulse amplitude without ambiguity.
The minimum pulse-amplitude separation A can be arbitrarily small, and for any given pulse,
we have an infinite number of levels available. We can assign one level to every possible
message. For example, the contents of this book will be assigned one level; if it is desired to
transimit this book, all that is needed is to transmit one pulse of that level. Because an infinite
number of levels are available, it is possible to assign one level to any conceivable message.
Cataloging of such a code may not be practical, but that is beside the point. The point is that if
the noise is zero, communication ceases to be'a problem, at least theoretically. Implementation
of such a scheme would be difficult because of the requirement of generation and detection of
pulses of precise amplitudes. Such practical difficulties would then set a limit on the rate of
communication.

In conclusion, we have demonstrated qualitatively the basic role played by B and SNR
in limiting the performance of a communication system. These two parameters then represent
the ultimate limitation on a rate of communication. We have also demonstrated the possibility
of trade or exchange between these two basic parameters.

Equation (1.1) can be derived from Eq. (1.2). It should be remembered that Shannon’s
result represents the upper limit on the rate of communication over a channel and can be
achieved only with a system of monstrous and impractical complexity, and with a time delay
in reception approaching infinity. Practical systems operate at rates below the Shannon rate.
In Chapter 15, we shall derive Shannon’s result and compare the efficiencies of various
communication systems.

MODULATION

Baseband signals produced by various information sources are not always suitable for direct
transmission over a given channel. These signals are usually further modified to facilitate
transmission. This conversion process is known as modulation. In this process, the baseband
signal is used to modify some parameter of a high-frequency carrier signal.

A carrier is a sinusoid of high frequency, and one of its parameters—such as amplitude,
frequency, or phase—is varied in proportion to the baseband signal m(t). Accordingly, we
have amplitude modulation (AM), frequency modulation (FM), or phase modulation (PM).
Figure 1.7 shows a baseband signal m(¢) and the corresponding AM and FM waveforms. In
AM, the carrier amplitude varies in proportion to m(z), and in FM, the carrier frequency varies
in proportion m(t).

At the receiver, the modulated signal must pass through a reverse process called demod-
ulation in order to reconstruct the baseband signal.

Modulation

Figure 1.7 Modulation.
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Asmentioned earlier, modulation is used to facilitate transmission. Some of the important

reasons for modulation are given next.

Ease of Radiation

For efficient radiation of electromagnetic energy, the radiating antenna should be on the order
of one-tenth or more of the wavelength of the signal radiated. For many baseband signals, the
wavelengths are too large for reasonable antenna dimensions. For example, the power in a
speech signal is concentrated at frequencies in the range of 100 to 3000 Hz. The corresponding
wavelength is 100 to 3000 km. This long wavelength would necessitate an impracticably large
antenna. Instead, we modulate a high-frequency carrier, thus translating the signal spectrum to
the region of carrier frequencies that corresponds to a much smaller wavelength. For example, )
a 1-MHz carrier has a wavelength of only 300 m and requires an antenna whose size is on
the order of 30 m. In this aspect, modulation is like letting the baseband signal hitchhike on d
high-frequency sinusoid (carrier). The carrier and the baseband signal may be compared to a
stone and a piece of paper. If we wish to throw a piece of paper, it cannot go too far by itself.

But by wrapping it around a stone (a carrier), it can be thrown over a longer distance.

http://jntu.blog.com
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Simultaneous Transmission of Several Signals

Consider the case of several radio stations broadcasting audio baseband signals directly, without
any modification. They would interfere with each other because the specira of all the signals
occupy more or less the same bandwidth. Thus, it would be possible to broadcast from only
one radio or television station at a time. This is wasteful because the channel bandwidth may
be much larger than that of the signal. One way to solve this problem is to use modulation.
We can use various audio signals to modulate different carrier frequencies, thus translating
each signal to a different frequency range. If the various carriers arc chosen sufficiently far
apart in frequency, the spectra of the modulated signals will not overlap and thus will not
interfere with each other. At the receiver, one can use a tunable bandpass filter to select the
desired station or signal. This method of transmitting several signals simultaneously is known
as frequency-division multiplexing (FDM). Here the bandwidth of the channel is shared by
various signals without any overlapping. ‘

Another method of multiplexing several signals is known as time-division multiplexing
(TDM). This method is suitable when a signal is in the form of a pulse train (as in PCM).
The pulses are made narrower, and the spaces that are left between pulses are used for pulses
from other signals. Thus, in effect, the transmission time is shared by a number of signals by
interleaving the pulse trains of various signals in a specified order. At the receiver, the pulse
trains corresponding to various signals are separated.

Effecting the Exchange of SNR with B

We have shown earlier that it is possible to exchange SNR with the bandwidth of transmission.
FM or PM can effect such an exchange. The amount of modulation (to be defined later) used
controls the exchange of SNR and the transmission bandwidth.

RANDOMNESS, REDUNDANCY, AND CODING

Randomness plays an important role in communication. As noted earlier, one of the limiting
factors in the rate of communication is noise, which is a random signal. Randomness is also
closely associated with information. Indeed, randomness is the essence of communication.
Randomness means unpredictability, or uncertainty, of the outcome. If a source had no unpre-
dictability, or uncertainty, it would be known beforehand and would convey no information.
Probability is the measure of certainty, and information is associated with probability. If a
person winks, it conveys some information in a given context. But if a person were to wink
continuously with the regularity of a clock, it would convey no meaning. The unpredictability
of the winking is what gives the information to the signal. What is more interesting, however,
is that from the engineering point of view, also, information is associated with uncertainty.
The information of a message, from the engineering point of view, is defined as a quantity
proportional to the minimum time needed to transmit it. Consider the Morse code, for example.
In this code, various combinations of marks and spaces (code words) are assigned to each letter.
In order to minimize the transmission time, shorter code words are assigned to more frequently
occurring (more probable) letters (such as e, f, and @) and longer code words are assigned to
rarely occurring (less probable) letters (such as x, g, and z). Thus, the time required to transmit
a message is closely related to the probability of its occurrence. It will be shown in Chapter
15 that for digital signals, the overall transmission time is minimized if a message (or symbol)
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of prol?ability P is assigned a code word with a length proportional to log (1/ P). Hence, from
an engineering point of view, the information of a message with probability P is proportional
tolog(1/P).

Re'dundancy also plays an important role in communication. It is essential for reliable
commqmcation. Because of redundancy, we are able to decode a message accurately despite
errors in the received message. Redundancy thus helps combat noise. All languages are
redundant. For example, English is about 50 percent redundant; that is, on the average, we may
throw out half of the letters or words without destroying the message. This also means that in
any English message, the speaker or the writer has free choice over half the letters or words,
on the average. The remaining half is determined by the statistical structure of the language:
If all the redundancy of English were removed, it would take about half the time to transmit
a telegram or telephone conversation. If an error occurs at the receiver, however, it would
be rather difficult to make sense out of the received message. The redundancy in a message,
therefore, plays a useful role in combating the noise in the channel. This same principle of
redundancy applies in coding messages. A deliberate redundancy is used to combat the noise.
For example, in order to transmit samples with L = 16 quantizing levels, we may use a group
of four binary pulses, as shown in Fig. 1.6. In this coding scheme, no redundancy exists. If an
error occurs in the reception of even one of the pulses, the receiver will produce a wrong value:
He.re we may use redundancy to eliminate the effect of possible errors caused by channel noise
or imperfections. Thus, if we add to each code word one more pulse of such polarity as to
make the number of positive pulses even, we have a code that can detect a single error in any
place. Thus, to the code words 0001 we add a fifth pulse, of positive polarity, to make a new
code word, 00011. Now the number of positive pulses is 2 (even). If a single error occurs in
any position, this parity will be violated. The receiver knows that an error has been made and
can request retransmission of the message. This is a very simple coding scheme. It can only
fietect an error, but cannot locate it. Moreover, it cannot detect an even number of errors. By
introducing more redundancy, it is possible not only to detect but also to correct errors. For
example, for L = 16, it can be shown that properly adding three pulses will not only detect
but also correct a single error occurring at any location. This subject of error-correcting codes
will be discussed in Chapter 16.
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We shall start with explaining the terms signals and systems.

I n this chapter we discuss certain basic signal concepts. Signals are processed by systems.

Signals

A signal, as the term implies, is. a set of information or data. Examples inclu.de a telephone
or a television signal, monthly sales of a corporation, or the daily closing prices .of a stock
market (e.g., the Dow Jones averages). In all these examples, the signals are fur}ctlons of tl{e
independent variable time. This is not always the case, however. When an electnf:al charge is
distributed over a surface, for instance, the signal is the charge density, a function of space
rather than time. In this book we deal almost exclusively with signals that are functions of
time. The discussion, however, applies equally well to other independent variables.

Systems . N
Signals may be processed further by systems, which may modify them or extract additional
information from them. For example, an antiaircraft gun operator may want to know the future
location of a hostile moving target, which is being tracked by a radar, Knowing the radar
signal, the antiaircraft gun operator knows the past location anq velocity qf the target. By
properly processing the radar signal (the input), we can approximately egumate -the future
location of the target. Thus, a system is an entity that processes a set of signals (inputs) Fo
yield another set of signals (outputs). A system may be made up of physical components, as in

electrical, mechanical, or hydraulic systems (hardware realization), or it may be an algorithm .

that computes an output from an input signal (software realization).

2.1 SIZE OF A SIGNAL

The size of any entity is a number that indicates the largeness or strength of tha.t entity. Genera]lly
speaking, the signal amplitude varies with time. How can a signal that ‘ex.lsts. over a cgnam
time interval with varying amplitude be measured by one number that will indicate the signal

14
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size or signal strength? Such a measure must consider not only the signal amplitude, but also
its-duration. For instance, if we are to devise a single number V as a measure of the size of
a human being, we must consider not only his or her width (girth), but also the height. The
product of girth and height is a reasonable measure of the size of a person. If we wish to be a
little more precise, we should average this product over the entire length of the person. If we
make the simplifying assumption that the shape of a person is a cylinder of radius r, which
varies with the height 7 of the person, then a reasonable measure of the size of a person of
height H is the person’s volume V, given by .

H
V=7r/ ri(h) dh
0

Signal Energy :

Arguing in this manner, we may consider the area under a signal g(¢) as a possible measure
of its size, because it takes account of not only the amplitude, but also the duration. However,
this will be a defective measure because g(¢) could be a large signal, yet its positive and
negative areas could cancel each other, indicating a signal of small size. This difficulty can be
corrected by defining the signal size as the area under g2(¢), which is always positive. We call
this measure the signal energy E,, defined (for a real signals) as

o0
E, = f &) dt @1
. —00
This definition can be generalized to a complex valued signal g(¢) as
o
E; = f lg@®) dt 2
-0

There are also other possible measures of signal size, such as the area under |g(#)|. The
above energy measure, however, is not only more tractable mathematically, but is also more
meaningful (as shown later) in the sense that it is indicative of the energy that can be extracted
from the signal. )

Signal Power
The signal energy must be finite for it to be a meaningful measure of the signal size. A necessary
condition for the energy to be finite is that the signal amplitude — 0 as || = oo (Fig. 2.1a).
Otherwise the integral in Eq. (2.1) will not converge.

If the amplitude of g(¢) does not — O as || — oo (Fig. 2.1b), the signal energy is infinite.
A more meaningful measure of the signal size in such a case would be the time average of the
energy (if it exists), which is the average power P, defined (for a real signal) by

1T, ‘
Py = Tlgx;o? /_mg (2) dt 2.3)
We can generalize this definition for a complex signal g(t) as
1 e "
P, = Tlggo 7 /—T/z |lg(®)|” dt 24

Observe that the signal power P, is the time average (mean) of the signal amplitude squared,
that is the mean-squared value of g (¢). Indeed, the square root of P, is the familiar root mean
square (rms) value of g(z).
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Examples of signals. (a) Signal with finite energy. (b) Signal with finite power.

The mean of an entity averaged over a large time interval approaching infinity exists if
the entity is either periodic or has a statistical regularity. If such a condition is not satisfied, the
average may not exist. For instance, a ramp signal g(¢) = ¢ increases indefinitely as |t] = oo,
and neither the energy nor the power exists for this signal.

Comments

The signal energy as defined in Eq. (2.1) or Eq. (2.2) does not indicate the actual energy of the
signal because the signal energy depends not only on the signal, but also on the load. It can,
however, be interpreted as the energy dissipated in a normalized load of a 1-ohm resistor. If
a voltage g(¢) is applied across an R-ohm resistor, the current through the resistor is g(r)/R
(Fig. 2.2a), and the instantaneous power dissipated would be v(#)i(t) = g%(t)/R. The energy
dissipated, being the integral of the instantaneous power, is

® g%(r) g = Ee @.5)

Energy dissipated = [ J R =3
If R = 1, the energy dissipated in the resistor is E,. Thus, the signal energy E; could be
interpreted as the energy dissipated in a unit resistor if a voltage g(#) were applied across this
unit resistor. From Fig. 2.2b, it follows that E, may also be interpreted as the energy dissipated
in a unit resistor if a current g(¢) were passed through this unit resistor. Parallel observation
applies to signal power as defined in Eq. (2.3) or Eq. (2.4).

0 20 R g0 Rg®) 3R

(@) )

Figure 2.2 Computation of the actual energy dissipated across a load.
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The measure of “energy” (or “power™) is therefore indicative of the energy (or power)
capability of the signal, and not the actual energy . For this reason the concepts of conservation
of energy sheuld not be applied to the measure of signal energy. These measures are but
convenient indicators of the ‘signal size. For instance, if we approximate a signal g(¢) by
another signal z(z), the error in the approximation is e(¢) = g(¢) — z(¢). The energy (or power)
of e(t) is a convenient indicator of the goodness of the approximation. It provides us with a
quantitative measure of determining the closeness of the approximation. It also allows us to
determine if one approximation is better than the other. In communication systems, during
transmission over a channel, message signals are corrupted by unwanted signals (noise). The
quality of the received signal is judged by the relative sizes of the desired signal and the
unwanted signal (noise). In this case the ratio of the message signal and the noise signal
powers (SNR) is a good indication of the received signal quality.

Units of Energy and Power: Equations (2.1) and (2.2) are not correct dimensionally.
This is because here we are using the term energy not in its conventional sense, but to indicate
the signal size. The same observations apply to Egs. (2.3) and (2.4) for power. In the present
context the units of energy and power depend on the nature of the signal g(z). If g(¢) is a
voltage signal, its energy E, has units of volts squared seconds, and its power P, has units
of volts squared. If g(¢) is a current signal, these units will be amperes squared seconds, and
amperes squared, respectively.

EXAMPLE 2.1
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Determine the suitable measures of the signals in Fig. 2.3.

2] 8
@
2e—t/2
~1 0 2 4 t ——
| l 8O 4. ® I
74 _i/_z -1 0 11/2 - i/4 ’
........... —1 t —

Figure 2.3  Signal for Example 2.1.

The signal in Fig. 2.3a — 0 as |t| — oo. Therefore, the suitable measure for this signal
is its energy E, given by

S 0 oo
Eg=/ gz(t)dt:f (2)2dt+/ de'dt=4+4=38
—00 -1 0

The signal in Fig. 2.3b does not — Oas |¢| — co. However, it is periodic, and therefore its
power exists. We can use Eq. (2.3) to determine its power. We can simplify the procedure
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for periodic signals by observing that a periodic signal repeats regularly each period
identical to averaging it over one period (2 seconds in this case). Thus,

1t 1! 1
Pg:zfng(t)dt=§_/;1t2dt=§

Recall that the signal power is the square of its rms value. Therefore, the rms value of this
signal is 1/+/3.

EXAMPLE 2.2  Determine the power and the rms value of:

(@ g() = C cos (oot +6)
(b) g(t) = Cp cos (w1t +6;) + C cos(ant +6,) w1 #
(© gt) = Del™

(a) Thisis a periodic signal with period Ty = 277/ wp. The suitable measure of this
signal is its power. Because it is a periodic signal, we may compute its power by averaging
its energy over one period 27t /wy. However, for the sake of generality, we shall solve this
problem by averaging over an infinitely large time interval using Eq (2.3),

1 T/2
P, = lim — f C? cos? (wgt + 0) dt

T—soo T T/2
1 T/2 CZ
= lim — — [1 + cos Qawpt +26)] dt
T—oo T -T2 2
c? (12 2 oT/2
= lim -—— t+ lim — cos Qwot + 20) dt
ngo 2T J_1p2 * Tgrgo 2T J_p (20 )

The first term on the right-hand side is equal to C2/2. Moreover, the second term is zero
because the integral appearing in this term represents the area under a sinusoid over a very
large time interval T with T — oo . This area is at most equal to the area of half the cycle
because of cancellations of the positive and negative areas of a sinusoid. The second term
is this area multiplied by C2/2T with T — oo. Clearly this term is zero, and
C2
P, =— 2.6a

8 2 ( )
This shows that a sinusoid of amplitude C has a power C2/2 regardless of the value of its
frequency wp (wp # 0) and phase 6. The rms value is C/ /2. If the signal frequency is

(b) In this case,
T/2
P, = lim — f [Cy cos (@12 + 81) + Ca cos (wat + 62)1 dt
Tooo T —T/2
1 T/2
= lim = C12 cos®(wyt + 6y) dt

T—oo T -T2
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(2 seconds in this case). Therefore, averaging g(¢) over an infinitely large interval is -

zero (dc or a constant signal of amplitude C), the reader can show that the power is C2. .
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1 T/2
+ lim — Co? cos®(wat + 65) dt
T= T J_rp

. 201G, (T2 :
+ lim ——= f cos (w1t + 61) cos (wyt + 6,) dt
Tooco T -T2
Observe that the first and second integrals on the right-hand side are the powers of the
two sinusoids, which are C;/2 and C,? /2 as found in part (a). We now show that the
third term on the right-hand side is zero. Using a trigonometric identity, this term, which
is the product of the two sinusoids, is equal to the sum of two sinusoids or frequencies
1 + wy and @; — w,. Thus, the third term is 2C;C,/ T times the sum of the areas under
two sinusoids. Now the area under any sinusoid over a large time interval is at most equal
to the area under half the cycle because of cancellations of positive and negative areas as
argued in part (a). So the third term vanishes because 7 — 0o, and we have*
a?  Gf

Fo=713

and the rms value is /(Cy? + C,2)/2.

We can readily extend this result to a sum of any number of sinusoids with distinet
frequencies w, (w, # 0) . Thus, if

(2.6b)

g(t) =Y C,cos (wat +6,)

n=1

where none of the two sinusoids have identical frequencies, then
1 (o]
Po=2) C2 2.6
L ; n (2.6¢)

(¢) Inthis case the signal is complex, and we use Eq. (2.4) to compute the power.
However, because this signal is periodic, we need average it only over a period Tg. Thus,

To )
Py=— | Del™* |2 gt
0Jo
Recall that |e/“*| =1 s0 that | De/®*|? ='|D|?, and
[D|2 To
Pp=——| dt=|D? ) (2.6d)

Ty
The rms value is | D).

Comments: In part (b) we have shown that the power of the sum of two sinusoids
is equal to the sum of the powers of the sinhsoids. It appears that the power of g1 (t) + g2(¢)
is P;, + Pg,. Be cautioned against such a generalization. All we have proved here is that
this is true if the two signals g; () and g (r) happen to be sinusoids. It is not true in general.
In fact, it is not true even for the sinusoids if the two sinusoids are of the same frequency.

* This is true only if @; 7# ;. If @1 = w,, the integrand of the third term is a nonnegative entity, and the integral
in the third term — oo as T — oo.
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condition) the power (or energy) of g;(f) + g2(?) is equal to the sum of the powers (or
energies) of g;(r) and g»(f).

2.2 CLASSIFICATION OF SIGNALS

There are several classes of signals. ﬁere we shall consider only the following classes, which
are suitable for the scope of this book: i )

1. Continuous-time and discrete-time signals
2. Analog and digital signals

3. Periodic and aperiodic signals

4. Energy and power signals

5. Deterministic and probabilistic signals

2.2.1 Continuous-Time and Discrete-Time Signals

A signal that is specified for every value of time ¢ (Fig. 2.4a) is a continuous-time signal,
and a signal that is specified only at discrete values of ¢ (Fig. 2.4b) is a discrete-time signal.
Telephone and video camera outputs are continuous-time signals, whereas the quarterly gross
national product (GNP), monthly sales of a corporation, and stock market daily averages are
discrete-time signals.

2.2.2 Analog and Digital Signals

The concept of continuous time is often confused with that of analog. The two are not the
same. The same is true of the concepts of discrete time and digital. A signal whose amplitude
can take on any value in a continuous range is an analog signal. This means that an analog,
signal amplitude can take on an infinite number of values. A digital signal, on the other hand,
is one whose amplitude can take on only a finite number of values. Signals associated with a
digital computer are digital because they take on only two values (binary signals). For a signal

to qualify as digital, the number of values need not be restricted to two. It can be any finite.

number. A digital signal whose amplitudes can take on M values is an M-ary signal of which
binary (M = 2) is a special case. The terms continuous time and discrete time qualify the
nature of a signal along the time (horizontal) axis. The terms analog and digital, on the other
hand, qualify the nature of the signal amplitude (vertical axis). Figure 2.5 shows examples of
various types of signals. It is clear that analog is not necessarily continuous time and digital
need not be discrete time. Figure 2.5¢ shows an example of an analog but discrete-time signal.
An analog signal can be converted into a digital signal [analog-to-digital (A/D) conversion]
through quantization (rounding off), as explained in Sec. 6.2.

.

We shall show in Sec. 2.5.3 that only under a certain condition (called orthogonality E

401
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@

!
Two consecutive drops : L7

N

Two consecutive drops l
during 1981-82 recession

Return of x

Figure 2.4  Continuous-time and discrete-time signals.
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2.2.3 Periodic and Aperiodic Signals

A signal g(¢) is said to be periodic if for some positive constant Tp,
8() =g+ To)

The smallest value of Ty that satisfies the periodicity condition (2.7) is the period of g(¢). The
signal in Fig. 2.3b is a periodic signal with period 2. A signal is aperiodie if it is not periodic.
The signal in Fig, 2.3a is aperiodic. ‘

By definition, a periodic signal g(¢) remains unchanged when time-shifted by one period.
This means that a periodic signal must startat 7 = —oo because if it starts at some finite instant,
say, t = 0, the time-shifted signal g(z + Tp) will start at t = —T and g (¢ + Tp) would not be
the same as g(z). Therefore, a periodic signal, by definition, must start at —oo and continue
forever, as shown in Fig. 2.6. Observe that a periodic signal shifted by an integral multiple of

for all ¢ Q27D
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Figure2.5 Examples of signals. (a) Analog, continuous time. (b) Digital, continuous time. (c) Analog, discrete
time. (d) Digital, discrete time. :

&®

RN ava
L 7 .

o

Figure 2.6  Periodic signal of period Tj.

Tp remains unchanged. Therefore, g () may be considered a periodic signal with period m Ty,
where m is any integer. However, by definition, the period is the smallest interval that satisfies
periodicity condition (2.7). Therefore, Ty is the period.

The second important property of a periodic signal g(t) is that g(t) can be generated
by periodic extension of any segment of g(t) of duration Ty (the period). This means that we
can generate g(¢) from any segment of g(¢) with a duration of one period by placing this
segment and the reproduction thereof end to end ad infinitum on either side. Figure 2.7 shows
a periodic signal g(z) of period Ty = 6. The shaded portion of Fig. 2.7a shows a segment
of g(z) starting at # = —1 and having a duration of one period (6 seconds). This segment,
when repeated forever in either direction, results in the periodic signal g(¢). Figure 2.7b shows
another shaded segment of g(¢) of duration Ty starting at# = 0. Again we see that this segment,

http://jntu.blog.com

1L I

2.2 Classification of Signals 23

®)

Figure 2.7  Generation of a periodic signal by periodic extension of its segment of one-period duration.

when repeated forever on either side, results in g(¢). The reader can verify that this is possible
with any segment of g(¢) starting at any instant as long as the segment duration is one period.

2.2.4 Energy and Power Signals

A signal with finite energy is an energy signal, and a signal with finite power is a power
signal. In other words, a signal g(¢) is an energy signal if

/ lg@®? dt < 00 2.8)

Similarly, a signal with a finite and nonzero power (mean square value) is a power signal. In
other words, a signal is a power signal if ‘
i T/
0 < lim ff lg@®)? dr < o0 2.9)
T—oo T -7/2
Signals in Fig. 2.3a and b are examples of energy and power signals, respectively. Observe
that power is the time average of the energy. Since the averaging is over an infinitely large
interval, a signal with finite energy has zero power,-and a signal with finite power has infinite
energy. Therefore, a signal cannot both be an energy and a power signal. If it is one, it cannot
be the other. On the other hand, there are signals that are neither energy nor power signals.
The ramp signal is such an example.

Comments

Every signal that can be generated in a lab has a finite energy. In other words, every signal
observed in real life is an energy signal. A power signal, on the other hand, must necessarily
have an infinite duration. Otherwise its power, which is its average energy (averaged over
an infinitely large interval) will not approach a (nonzero) limit. Obviously it is impossible to
generate a true power signal in practice because such a signal has infinite duration and infinite
energy.



24

http://jntu.blog.com

INTRODUCTION TO SIGNALS

Also because of periodic repetition, periodic signals for which the area under |g ()|
over one period is finite are power signals; however, not all power signals are periodic.

2.2.5 Deterministic and Random Signals

A signal whose physical description is known completely, in either a mathematical form or a
graphical form, is a deterministic signal. If a signal is known only in terms of probabilistic
description, such as mean value, mean squared value, and so on, rather than its complete math-
ematical or graphical description, is a random signal. Most of the noise signals encountered
in practice are random signals. All message signals are random signals because, as will be
shown latet, a signal, to convey information, must have some uncertainty (randomness) about
it. The treatment of random signals will be discussed in Chapter 11.

2.3 SOME USEFUL SIGNAL OPERATIONS

We discuss here three useful signal operations: shifting, scaling, and inversion. Since the
independent variable in our signal description is time, these operations are discussed as time
shifting, time scaling, and time inversion (or folding). However, this discussion is valid for
functions having independent variables other than time (e.g., frequency or distance).

2.3.1 Time Shifting

Consider a signal g(#) (Fig. 2.82) and the same signal delayed by T' seconds (Fig. 2.8b), which
we shall denote by ¢ (z). Whatever happens in g(¢) (Fig. 2.8a) at some instant ¢ also happens
in ¢ () (Fig. 2.8b) T seconds later at the instant ¢ 4- T. Therefore,

¢ +T)=3g@) (2.10)
and
o) =gt —T) (2.11)

Therefore, to time-shift a signal by T', we replace ¢ with ¢ — T'. Thus, g(t — T) represents g

time-shifted by T seconds. If T is positive, the shift is to the right (delay). If T is negative, the
shift is to the left (advance). Thus, g(t — 2) is g(#) delayed (right-shifted) by 2 seconds, and
g(t + 2) is g(¢) advanced (left-shifted) by 2 seconds.

2.3.2 Time Scaling

The compression or expansion of a signal in time is known as time scaling. Consider the
signal g(¢) of Fig. 2.9a. The signal ¢(z) in Fig. 2.9b is g(¢) compressed in time by a factor of
2. Therefore, whatever happens in g(z) at some instant ¢ also happens to ¢ (¢) at the instant
t/2, so that

http://jntu.blog.com
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t
¢ (5> =) (2.12)
and
o) = g2) (2.13)
Observe that because g(¢) = 0 at# = T; and T, the same thing must happen in ¢ (¢) at half
0] . Figure 2.8  Time shifting a signal.
: 0 1=
: @)
&) =g(-1)
—
3 ®
g+
1 —-
©
8@) Figure 2.9  Time scaling a signal.
7 o T —
e T
100 =820
7, -
2 ()
90=5(2)
—-
T @
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these values. Therefore, ¢(f) = 0 at ¢ = T;/2 and T»/2, as shown in Fig. 2.9b. If g(¢) We{'e
recorded on a tape and played back at twice the normal recording speed, we WOlllld obtain
2(2t). In general, if g(r) is compressed in time by a factor a (a > 1), the resulting signal ¢ (¢)
is given by
¢ (1) = glar) (2.14)
Using a similar argument, we can show that g(t) expanded (slowed down) in time by a
factor a (a > 1) is given by

s =2 (g) @15)

Figure 2.9c shows g(¢/2), which is g(#) expanded in time by a factor of 2. Note that the signal

remains anchored at r = O during scaling operation (expanding or compressing). In other

words, the signal at # = O remains unchanged. This is because g(#) = g(.at) =g(0)atr=0.
In summary, to time-scale a signal by a factor a, we replace ¢ with at. If a > 1, the
scaling is compression, and if a < 1, the scaling is expansion.

EXAMPLE 2.3

Figure 2.10a and b shows the signals g (¢) and z(z), respectively. Sketch: (a) g(31); (b) z(t/2).

Figure 2.10  Examples of time compression and time expansion of signals.

(@  g(31)is g(¢) compressed by a factor of 3. This means that the value§ of g(¥)
att = 6, 12, 15, and 24 occur in g(3¢) at the instants 7 = 2, 4, 5, and 8, respectively, as
shown in Fig. 2.10c.

)  z(z/2) is z(¢) expanded (slowed down) by a factor of 2. The values of z(f)
att = 1, —1, and —3 occur in z(#/2) at instants 2, —2, and —6, respectively, as shown in
Fig. 2.10d.
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5 o Figure 2.11  Time inversion (reflection) of a signal.
&
-2
\ 0 5t
-1
(€]
2 dO=g-D
2
_ 0 e
5 E /
(®)

2.3.3 Time Inversion (Time Reversal)

Time inversion may be considered a special case of time scaling with @ = —1 in Eq. (2.14).
Consider the signal g(¢) in Fig. 2.11a. We can view g(z) as a rigid wire frame hinged at
the vertical axis. To invert g(¢), we rotate this frame 180° about the vertical axis. This time
inversion or folding [the mirror image of g(¢) about the vertical axis] gives us the signal ¢ (r)
(Fig. 2.11b). Observe that whatever happens in Fig: 2.11a at some instant ¢ also happens in
Fig. 2.11b at the instant —¢. Therefore,

d(=1) =g@®)
and
o) = g(-1) ‘ (2.16)

Therefore, to time-invert a signal we replace 7 with —¢. Thus, the time inversion of signal g(z)
yields g(—1). Consequently, the mirror image of g(¢) about the vertical axis is g(—¢). Recall
also that the mirror image of g(¢) about the horizontal axis is —g(z).

EXAMPLE 2.4

http://jntu.blog.com

For the signal g(¢) shown in Fig. 2.12a, sketch g(—1).

ri:/z/] 8

-7 =5 3 - =

g(-1) l&ml ()

Figure 2.12  Example of time inversion.
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The instants — 1 and —5 in g(¢) are mapped into instants 1 and 5 in g(—2).1f g(®) = e,

then g(—1) = e~/2. The signal g(—) is shown in Fig. 2.12b.

2.4 UNIT IMPULSE FUNCTION

The unit impulse function 8(¢) is one of the most important functions in the study of signals
and systems. This function was first defined by P. A. M. Dirac as

5(t) =0 t#£0
foo s(rydt=1 @1

—0C
We can visualize an impulse as a tall, narrow rectangular pulse of unit area, as §hown in Fig.
3.13b. The width of this rectangular pulse is some very small value €. Its height is a very large .
value 1/¢ in the limit as € — 0. The unit impulse therefore can be regarded as a rec.:tang.ular
pulse with a width that has become infinitesimally small, a height that has become infinitely
large, and an overall area that has been maintained at unity.” Thus, 8 (f) = 0 everywhere excc.ept
at z = 0, where it is undefined. For this reason a unit impulse is represented by the spearlike-

symbol in Fig. 2.13a.

Multiplication of a Function by an Impulse _
Let us now consider what happens when we multiply the unit impulse §(#) by a function ¢ (2)
that is known to be continuous at t = 0. Since the impulse exists only at f = 0, and the value

of p(t) att = 0is ¢(0), we obtain

¢ (0)8(t) = $(0)8(r) (2.18a)
Similarly, if ¢ (¢) is multiplied by an impulse §(z — T) (an impulse located at ¢ = T'), then
¢®8¢ —T) =T8¢ —T) (2.18b)

provided ¢ (¢) is continuous at ¢t =T

mp—

(%)

nm
N m

(@ (®)

Figure 2.13 _ Unit impulse and its approximation.

* The impulse function can also be approximated by other pulses, such as an exponential pulse, a triangular pulse,

or a Gaussian pulse.
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Sampling Property of the Unit Impulse Function
From Eq. (2.18a) it follows that

/ww)m) dt = $(0) fmsm dr
= ¢(0) (2.19a)

provided ¢ (¢) is continuous at ¢ = 0. This result means that the area under the product of a
Sunction with an impulse 5(¢) is equal to the value of that function at the instant where the unit
impulse is located. This property is very important and useful, and is known as the sampling,
or sifting, property of the unit impulse.

From Eq. (2.18b) it follows that

/mq)(t)é(t —T)di = ¢(T) (2.19b)

Equation (2.19b) is just another form of sampling or sifting property. In the case of Eq. (2.19b),
the impulse 8(¢ — T') is located at # = T. Therefore, the area under ¢ (¢)8(¢ — T) is ¢ (T), the
value of ¢(z) at the instant where the impulse is located (at ¢ = T). In these derivations we
have assumed that the function is continuous at the instant where the impulse is located.

Unit Impulse as a Generalized Function

The definition of the unit impulse function [Eq. (2.17)] leads to a nonunique function.!
Moreover, §(¢) is not even a true function in the ordinary sense. An ordinary function is
specified by its values for all time 7. The impulse function is zero everywhere except at t = 0,
and at this only interesting part of its range it is undefined. In a more rigorous approach, the
impulse function is defined not as an ordinary function but as a generalized function, where
8(t) is defined by Egs. (2.19). We say nothing about what the impulse function is or what
it looks like. Instead, it is defined in terms of the effect it has on a test function ¢ (¢). We
define a unit impulse as a function for which the area under its product with a function ¢ (¢)
is equal-to the value of the function ¢ (z) at the instant where the impulse is located. Recall
that the sampling property [Eqs. (2.19)] is the consequence of the classical (Dirac) definition
of impulse in Eq. (2.17). In contrast, the sampling property [Eqgs. (2.19)] defines the impulse
Junction in the generalized function approach.

Unit Step Function u(z)
Another familiar and useful function is the unit step function u(z), defined by (Fig. 2.14a)
1 t>0 ‘
uit) = { 0 t <0

If we want a signal to start at # = 0 (so that it has a value of zero for 7 < 0), we only need
to multiply the signal with u(z). A signal that does not start before ¢+ = 0 is called a causal
signal. In other words, g(¢) is a causal signal if

g)y=0 t<0

The signal e~ represents an exponential that starts at # = —oo. If we want this signal to start
at + = 0 (the causal form), it can be described as e~*u(t) (Fig. 2.14b). From Fig. 2.13b, we
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1 () 1
=4t u(f)
0 t —» 0 t —
(@ ) (®)

Figure 2.14 () Unit step function %(t). (b) Causal exponential e u(r).

observe that the area from —oo to ¢ under the limiting form of 8(¢) is zero if # < 0 and unity

if ¢ > 0. Consequently, .
: 0 t<0
Lf(’)d’:{l (20 |
= u(t) ‘ (2.202)
From this result it follows that

du ’
= =50 (2.20b)

. 2.5 SIGNALS AND VECTORS

There is a perfect analogy between signals and vectors. The analogy is so strong that the term
“analogy” understates the reality. Signals are not just like vectors. Signals are vectors. A vector
can be represented as a sum of its components in a variety of ways, depending on the choice of
coordinate system. A signal can also be represented as a sum of its components in a variety of
ways. Let us begin with some basic vector concepts and then apply those concepts to signals.

2.5.1 Component of a Vector

A vector is specified by its magnitude and its direction. We shall denote all vectors by boldface
type. For example, X is a certain vector with magnitude or length |x|. Consider two vectors
g and x, as shown in Fig. 2.15. Let the component of g along X be ¢x. Geometrically the
component of g along x is the projection of g on X, and is obtained by drawing a perpendicular
from the tip of g on the vector X, as shown in Fig. 2.15. What is the mathematical significance
of a component of a vector along another vector? As seen from Fig. 2.15, the vector g can be
expressed in terms of vector X as

g=cx+e @21)

However, this is not the only kway to express g in terms of x. Figure 2.16 shows two of the
infinite other possibilities. From Fig. 2.16a and b, we have

g=cix+e =cX+e 2.22)
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Figure 2.15  Component (projection) of a vector along another vector:

@ e

Figure 2.16  Approximation of a vector in terms of another vector.

In each of these three representations (Figs. 2.15 and 2.16) g is represented in terms of x plus
another vector, called the error vector. If we approximate g by cx (Fig. 2.15),

g~ cx (2.23)

the error in this approximation _is the vector ¢ = g — c¢x. Similarly, the errors in the
?ppr.oxjmations in Fig. 2.16a and b are e; and e,. What is unique about the approximation
in Fig. 2.15 is that the error vector is the smallest. We can now define mathematically the
component of a vector g along vector X to be ¢x, where c is chosen to minimize the length of
the error vector e = g — cx. For convenience wé define the dot (inner or scalar) product of two
vectors g and x as

g-x = |gl|x|cos & 2.24)

where @ is the angle between vectors g and x. Using this definition, we can express |x|, the
length of a vector x, as

P =x-x (225
Now, the length of the component of g along x is |g| cos 8, but it is also ¢|x|. Therefore,
c|x| = |glcos 8
Multiplying both sides by [x| yields
clx” = lglix|cos 6 =g-x
and

gx 1
c=—=W8'X (2.26)
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From Fig. 2.15, it is apparent that when g and x are perpendicular, or orthogonal, then g has

a zero component along X; consequently, ¢ = 0. Keeping an eye on Eq. (2.26), we th.crefore
define g and x to be orthegonal if the inner (scalar or dot) product of the two vectors is zero,
that is, if

g-x=0 , 27

2.5.2 Component of a Signal

The concepts of vector component and orthogonality can be extende.d to signals. Cons.ider the
problem of approximating areal signal g(f) in terms of another real signal x (#) over an interval

[t1, 2]

g =ex(t) nsrsn 2.28)

The error e(t) in this approximation is
_ [ g(t) —cx(®) H<t<h 599
o) = { 0 otherwise 2:29)

We now select some criterion for the “best approximation.” We know that the signal
energy is one possible measure of a signal size. For best approximation, we need to minimize
the error signal, that is, minimize its size, which is its energy E. over the interval [#1, %], given
by

)
E, = f &X(r) dt
n

n
= f [g(r) — ex(®))* dt

Note that the right-hand side is a definite integral with 7 as the dummy variable. Heans,.E,_,_ is
a function of the parameter ¢ (not ¢) and E, is minimum for some choice of ¢. To minimize
E., a necessary condition is

dE. _ 0 (2.30)

dc

4 [ f tz[g(t) —ex(O? dt] =0
de | Jy

Expanding the squared term inside the integral, we obtain

1y ty d L]
;—C [ fn 0] dt] —5; [ZC [l g(x)x(t) dt] + |:c2 /H x2() dt] =0

from which we obtain

or

2

t:
—Zfzg(t)x(t) dt+2c/ 2@ dt =0
3t

1
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and
iy s@x@) di
RO

We observe a remarkable similarity between the behavior of vectors and signals, as
indicated by Eqs. (2.26) and (2.31). It is evident from these two parallel expressions that the
area under the product of two signals corresponds to the inner (scalar or dot) product of two
vectors. In fact, the area under the product of g(¢) and x(z) is called the inner product of g(¢)
and x(#), and is denoted by (f, g). The energy of a signal is the inner product of a signal with
itself, and corresponds to the vector length squared (which is the inner product of the vector
with itself).

To summarize our discussion, if a signal g(r) is approximated by another signal x (¢) as

= ELX /tlzg(t)xm dt T (2.31)

&) = cx(r)

then the optimum value of ¢ that minimizes the energy of the etror signal in this approximation
is given by Eq. (2.31).

Taking our clue from vectors, we say that a signal g(r) contains a component cx(z),
where ¢ is given by Eq. (2.31). Note that in vector terminology, cx (¢) is the projection of g(¢)
on x(t). Continuing with the analogy, we say that if the component of a signal g(¢) of the form
x(2) is zero (that is, ¢ = 0), the signals g(¢) and x(¢) are orthogonal over the interval [#;, £].
Therefore, we define the real signals g(¢) and x(¢) to be orthogonal over the interval [z, #,]
if*

/2 gW)x(t)dt =0 (2.32)

n

EXAMPLE 2.5

http://jntu.blog.com

For the square signal g(¢) shown in Fig. 2.17 find the cbmponent in g(¢) of the form sin 7. In
other words, approximate g(¢) in terms of sin z:

g(t) ~c sin ¢t 0<tr<2m

so that the energy of the error signal is minimum.

Figure 2.17  Approximation of a square signal in terms of a single sinusoid.

* For complex signals the definition is modified as in Eq. (2.40).
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In this case,
2 )
x(¢) =sin ¢t and Ex=/ sin“tdt=m
0

From Eq. (2.31), we find

U L[ o 4
C=A/ g(t)sintdt=—[f s'mtdt+/ —sin tdt| = — (2.33)
T Jo T 0 T T

Therefore,

g(t) ~ ;sin t (2.34)

represents the best approximation of g(¢) by the function sin ¢, which will minimize the
error energy. This sinusoidal component of g(#) is shown shaded in Fig. 2.17. By analogy
with vectors, we say that the square function g(¢) shown in Fig. 2.17 has a component of
signal sin ¢ and that the magnitude of this component is 4/7.

2.5.3 Orthogonality in Complex Signals

So far we have restricted ourselves to real functions of . To generalize the results to complex
functions of £, consider again the problem of approximating a function g(¢) by a function x(¢)
over an interval (#; <t < tp):

g(t) ~cex(t) (2.35)

where g(¢) and x(z) now can be complex functions of ¢. Recall that the energy E, of the
complex signal x (¢) over an interval [#;, %] is

t
E, =f [x@®)|? dt
n

In this case, both the coefficient ¢ and the error
e(t) = g(t) —cx() (2.36)

are complex (in general). For the best approximation, we choose ¢ such that we minimize E,,
the energy of the error signal e(z), given by

E, = / " 16 — ex @ dt @.37)
" i

Recall also that
[+ v = @+ v)@* +v*) = uf + v + oo +ur* (2.38)
Using this result, we can, after some manipulation, express the integral E, in Eq. (2.37) as
2
1

— “ 2 _l /12 * 2
E.= f g@F dr - | = [“sox@ ] +

7}
VEx— J% A g(O)x* (1) dt
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Since the first two térms on the right-hand side are independent of c, it is clear that E, is
minimized by choosing ¢ such that the third term is zero. This yields

Cc =

]
/ gO)x* () dt (2.39)

1
E, J,
In light of this result, we need to redefine orthogonality for the complex case as follows: Two
complex functions x; (£) and x,(f) are orthogonal over an interval (f < #; < t) if

23 } 1]

/ x1@®x5@)dt =0 or / X[ Ox() dt =0 (2.40)
Gt . f

Either equality suffices. This is a geﬁeral definition of orthogonality, which reduces to Eq.

(2.32) when the functions are real. g

Energy of the Sum of Orthogonal Signals

Weknow that the length of the sum of two orthogonal vectors is equal to the sum of the lengths
squared of the two vectors. Thus, if vectors x and y are orthogonal, and if z = x + y, then

|z =[x)* + |y/?

We have a similar result for signals. The energy of the sum of two orthogonal signals is equal
to the sum of the energies of the two signals. Thus, if signals x(z) and y(#) are orthogonal over
an interval [#1, 5], and if z(¢) = x(¢) + y(¢), then

E,=E,+E, 2.41)

‘We now prove this result for complex signals of which real signals are a special case. From
Eq. (2.38) it follows that )

2} ) ) 7] )
f lx@) + y(@®))? dt = / (x(O? dr + / ly®|? dt + f x(©)y* (@) dt/ @) y() dt
141 51 b s

f

f 7}
= f lx(2)|? dr + / Iy dt (2.42)
f f
The last result follows from the fact that because of orthogonality, the two integrals of the
cross products x(¢)y*(z) and x*(¢)y(z) are zero. This result can be extended to the sum of any
number of mutually orthogonal signals.

2.6 SIGNAL COMPARISON: CORRELATION

Section 2.5 has prepared the foundation for signal comparison. Here again, we can benefit
by considering the concept of vector comparison. Two vectors g and X are similar if g has a
large component along x. In other words, if ¢ in Eq. (2.26) is large, the vectors g and x are
similar. We could consider ¢ as a quantitative measure of similarity between g and x. Such a
measure, however, would be defective. The amount of similarity between g and x should be
independent of the lengths of g and x. If we double the length of g, for example, the amount of
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similarity between g and x should not change. From Eq. (2.26), however, we see that doubling
¢ doubles the value of ¢ (whereas doubling x halves the value of ¢). Our measure is clearly
faulty. Similarity between two vectors is indicated by the angle 6 between the vectors. The
smaller the 8, the larger is the similarity, and vice versa. The amount of similarity can therefore
be conveniently measured by cos 6. The larger the cos 6, larger is the similarity between the

2.6 Signal Comparison: Correlation 37

.\.Ve can readily extend this discussion to complex signal comparison. We generalize the
definition of ¢, to include complex signals as

1 oo
&= JEE. / g(O)x*(t) dt (2.47)
. ghtx J—o0

two vectors. Thus, a suitable measure would be ¢, = cos 6, which is given by
g X

Igl ]

We can readily verify that this measure is independent of the lengths of g and x. This similarity
measure ¢, is known as the correlation coefficient. Observe that

—l<e<l (2.44)

‘ EXAMPLE 2.6
(2.43)

¢, =cos 0 =

Thus, the magnitude of ¢, is never greater than unity. If the two vectors are aligned, the
similarity is maximum (¢, = 1). Two vectors aligned in opposite directions have maximum
dissimilarity (c, = —1). If the two vectors are orthogonal, the similarity is zero.

We use the same argument in defining a similarity index (the correlation coefficient) for
signals. We shall consider the signals over the entire time interval from —oco to co. To make
¢ in Eq. (2.31) independent of the energies (sizes) of g(¢) and x(z), we must normalize ¢ by
normalizing the two signals to'have unit energies. Thus, the appropriate similarity index c,
analogous to Eq. (2.43) is given by

1 oo
= ——= g(O)x() dt (2.45)
" JEGEx f_m
Observe that multiplying either g(¢) or x(¢) by any constant has no effect on this index. It is
independent of the sizes (energies) of g(z) and x(¢). Using Schwarz’s inequality (proved in
Appendix B),* we can show that the magnitude of c, is never greater than 1:

—1<e =1 (2.46)

Best Friends, Worst Enemies, and Complete Strangers

We can readily verify that if g(t) = Kx(t), then ¢, = 1 when K is any positive constant, and
¢, = —1 when K is any negative constant. Alsoc, = 0if g(¢) and x(¢) are orthogonal. Thus, the
maximum similarity [when g () = Kx(#)] is indicated by ¢, = 1, the maximum dissimilarity
[when g(z) = —Kx(2)] is indicated by ¢, = —1. When the two signals are orthogonal, the
similarity is zero. Qualitatively speaking, we may view orthogonal signals as unrelated signals.
Note that maximum dissimilarity is different from unrelatedness qualitatively. For example,
we have the best friends (¢, = 1), the worst enemies (c, = —1), and complete strangers, who
do not care whether we exist or not (¢, = 0). The worst enemies are not strangers but, in many
ways, people who think like us, only in opposite ways.

* The Schwarz inequality states. that for two real energy signals g(#) and x(t),
00 2
[/ gt)x(t) dt:l < E,E; - (2.45n)
—00

with equality if and only if x(#) = Kg(t), where K is an arbitrary constant. There is also a similar inequality for
complex signals. - ?
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Find the correlation coefficient c;l between the pulse x(7) and the pulses g; (1), i = 1,2, 3, 4, 5,
and 6, shown in Fig. 2.18.

x(®) &® 8, 830

1 1 =
I l 0.5 l —>

=11
-
w

®© ® ®
Figure 2.18  Signals for Example 2.6.

We shall compute ¢, using Eq. (2.45) for each of the six cases. Let us first compute the

energies of all the signals,
5 5
Ex=/ xz(t)dt:/ dt=5
0 0

In the same way we find Eg = 5, E,, = 1.25, and E,, = 5. Also to determine E,, and
E, we determine the energy E of e~“u(z) over the interval = 0 to T:

T 2 T 1
E = / ()" ar :/ e gt = —(1— e %7
0 0 2a

For g4(¢),a = 1/5 and T = 5. Therefore, E,, = 2.1617. For gs(¢),a = 1and T = oco.
Therefore, Eg; = 0.5. The energy of E, is given by

5
E, :/ sin? 2zt dt =2.5
0

Using Eq. (2.25), the correlation coefficients for the six cases are found as

1 s )
N — fjdt=1 9 5 _
¢55f° ! @ 1.255f0(0.5) dt =1
1 s )
Q) — f=Ddt=-1 &) L S5 g
) «/5‘5f0 ) @) ==y e di =061
1 )
5 ~t = 3 5 . _
& o Jo e dr=0.628 (6) o Jo sin 2zt dt =0
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Comments: Because g1(t) = x(¢), the two signals have the maximum possible similar-
ity, and ¢, = 1. However, the signal g»(¢) also shows maximum possible similarity with
¢, = 1. This is because we have defined ¢, to measure the similarity of the wave shapes,
and it is independent of the amplitude (strength) of the signals compared. The signal g>(t)
is identical to x(¢) in shape; only the amplitude (strength) is different. Hence, ¢, = 1. The
signal g3(¢), on the other hand, has the maximum possible dissimilarity with x (¢) because

x(¢). This is reasonable because g4(¢) is very similar to x (¢) over the duration of x(z) (for
0 <t < 5). Just by inspection, we notice that the variations or changes in both x(¢) and
g4(2) are at similar rates. Such is not the case with g5 (), where we notice that var'iat?ons in
g5(2) are generally at a higher rate than those in x (£). There is still considerable similarity:
Both signals always remain positive and show no oscillations. Both signals have zero or
negligible strength beyond ¢ = 5. Thus, gs(¢) is similar to x(¢), but not as similar as g4 (7).
This is why ¢, = 0.628 for gs(t). The signal g¢(¢) is orthogonal to x(¢), so that ¢, = 0.
This appears to indicate that the dissimilarity in this case is not as strong as that of g3(¢),
for which ¢, = —1. This may seem odd because g3(¢) appears more similar to x(¢) than
does g¢(?). The dissimilarity between x(¢) and g3(?) is of the nature g7([)2antipathy (the
worst enemy); in a way they are very similar, but in opposite ways. On thé other hand, t.he
dissimilarity of x () with g¢(¢) stems from the fact that they are almos}%)f different species
or from different planets; it is of the nature of being strangers to 9721ch other. Hence, the
dissimilarity of x (f) with ge(¢) rates lower than that with g3(). |

2.6.1 Application to Signal Detection

Correlation between two signals is an extremely important concept, which measures the degree
of similarity (agreement or alignment) between the two signals. This concept is widely used

for signal processing applications in radar, sonar, digital communication, electronic warfare, »

and many others. ) )
We explain this concept by an example of radar where a signal pulse is transmitted in
order to detect a suspected target. If a target is present, the pulse will be reflected by it. If a target
is not present, there will be no reflected pulse, just a noise. By detecting the presence or absens:c
of the reflected pulse we confirm the presence or absence of a target. The crucial problem in
this procedure is to detect the heavily attenuated, reflected pulse (of known waveform) buried
in the unwanted noise signal. Correlation of the received pulse with the transmitted pulse can
be of great help in this situation. A similar situation exists in digital communication, where
we are required to detect the presence of one of the two known waveforms in the presence
of noise. . o
We now explain qualitatively how signal detection using the correlation technique is
accomplished. Consider the case of binary communication, where two known waveforms are
received in a random sequence. Each time we receive a pulse, our task is to determine which of
the two (known) waveforms is received. To make the detection easier, we must make the two
pulses as dissimilar as possible, which means that we should select one pulse as the negative of
the other pulse. This gives the highest dissimilarity (c, = —1). This scheme is sometimes called
the antipodal scheme. We can also use orthogonal pulses, which result in ¢, = 0. In practice
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it is equal to —x(¢). For g4(2), ¢, = 0.961, implying a high degree of similarity with ‘
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both these options. are used, although the antipodal one is best in terms of distinguishability
between the two pulses.

Let us consider the antipodal scheme in which the two pulses are p(t) and —p(r). The
correlation coefficient ¢, of these pulses is —1. Assume that there is no noise nor any other
imperfections in the transmission. The receiver consists of a correlator that computes the
correlation between p(z) and the received pulse. If the correlation is 1, we decide that p()is
received; if the correlation is —1, we decide that — p(¢) is received. Because of the maximum
possible dissimilarity between the two pulses, detection is easier. In practice, however, there
are several imperfections. There is always an unwanted signal (noise) superimposed on the
received pulses. Moreover, during transmission, pulses get distorted and dispersed (spread out)
in time. Consequently, the correlation coefficient is no longer =1, but has a smaller magnitude,
thus reducing the distinguishability. We use a threshold detector, which decides that if the
correlation is positive, the received pulse is p(z), and if the correlation is negative, the received
pulse is —p(z). .

Suppose, for example, that p(¢) has been transmitted. In the ideal case correlation of
this pulse at the receiver would be 1, the'maximum possible. Now because of the noise and
pulse distortion, the correlation is less than 1. In some extreme situation, channel noise, pulse
distortion and overlapping (spreading) from other pulses can make this pulse so dissimilar to
p(2) that the correlation can be negative. In this case, the threshold detector decides that — p(®)
has been received, thus causing a detection error. In the same way, if — p(t) is transmitted, the
detector could decide that p(¢) is transmitted. Our task is to make sure that the transmitted
pulses have sufficient energy for the damage caused by noise and other imperfections to remain
within a limit so that the error probability is below some acceptable bounds. In the ideal case,
the margin provided by the correlation ¢, for distinguishing the two pulses is 2 (from 1 to —1
and vice versa). The noise and channel distortion reduce this margin. That is why it is important
to start with as large a margin as possible. This explains why the antipodal scheme has the
best performance in terms of guarding against channel noise and pulse distortion. However,
as mentioned earlier, because of some other reasons, schemes such as an orthogonal scheme,
where ¢, = 0, are also used, even when they provide a smaller margin (from 0 to 1 and
vice versa) in distinguishing the pulses. Quantitative discussion of correlation in digital signal
detection is discussed in chapters 13 and 14.

In Iater chapters we shall discuss pulse dispersion and pulse distortion during transmis-
sion, as well as the calculation of error probability in the presence of noise.

2.6.2 Correlation Functions

Consider the application of correlation to signal detection in a radar, where a signal pulse is
transmitted in order to detect a suspected target. If a target is present, the pulse will be reflected
by it. If no target is present, there will be no reflected pulse, just a noise. By detecting the
presence or absence of the reflected pulse we confirm the presence or absence of a target.
By measuring the time delay between the transmitted and the received (reflected) pulses we
determine the distance of the target. Let the transmitted and the reflected pulses be denoted
by g(¢) and z(z), respectively, as shown in Fig. 2.19. If we were to use Eq. (2.45) directly to
measure the correlation coefficient c,, we would obtain
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1 0 :
Cn \/m/;mg( )z(t) di =0 (2.48)
Thus, the correlation is zero because the pulses are disjoint (nonoverlapping in time). The
integral (2.48) will yield zero value even when the pulses are identical but with relative time
shift. To avoid this difficulty, we compare the transmitted pulse g(#) with the received pulse
z(¢) shifted by . If for some value of 7, there is a strong correlation, we not only detect the
presence of the pulse but we also detect the relative time shift of z(¢) with respect to g(z). For
this reason, instead of using the integral on the right hand, we use the modified integral ¥rg; (),
the cross-correlation function of two real signals g(¢) and z(z), defined by*

Yoz (7) = f ” gz + 1) dt (2.49)

Here z(¢ + 7) is the pulse z(z) left-shifted (advanced) by © seconds. Therefore, g, (7) is an
indication of similarity (correlation) of g(#) with z(z) advanced (left-shifted) by ¢ seconds.

Autocorrelation Function
The correlation of a signal with itself is called autocorrelation. The autocorrelation function

¥, (z) of areal signal g(z) is defined as
Yp() = f gt)g(t + ) dt (2.50)

In Chapter 3, we shall show that the autocorrelation function provides a valuable spectral
information about the signal. :

2.7 SIGNAL REPRESENTATION BY ORTHOGONAL SIGNAL SET

In this section we show a way of representing a signal as a sum of orthogonal signals.
Here again we can benefit from the insight gained from a similar problem with vectors. We
know that a vector can be represented as the sum of orthogonal vectors, which form the

® ot (a)
4 \I
0 1 t —»
—(t-T)
e
%) I\I ®
0 T T+1 =

Figure 2.19  Physical explanation of the autocorrelation function.

* For complex signals we define

Veelt) = / O+ dt
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coor(.iinate system of a vector space. The problem with signals is analogous, and the results
for signals are parallel to those for vectors. For this reason let us review the case of vector
representation.

2.7.1 Orthogonal Vector Space

Consider a three-dimensional Cartesian vector space described by three mutually orthogonal
V.ectors.xl, x;, and X3, as shown in Fig. 2.20. First, we shall seek to approximate a three-
dimensional vector g in terms of two mutually orthogonal vectors x; and x;:

g ox +oX%p
The error e in this approximation is
e=g— (c1X1 + c2Xo)
or
g=cX1 +ox; te

Asin thle earlier geometrical argument, we see from Fig 2.20 that the length of e is minimum
when e is perpendicular to the x;—x; plane, and ¢;x, and c,x; are the projections (components)
of g on x; and x,, respectively. Therefore, the constants ¢; and ¢, are given by Eq. (2.26).

Now letus determine the best approximation to g in terms of all three mutually orthogonal
vectors Xi, Xo, and X3:

81X + Xy +¢3X3 ) 2.51)

Figure 2.20 shows that a unique choice of c1, ¢3, and c3 exists, for which Eq. (2.51) is no longer
an approximation but an equality:

g = C1X1 + 2X5 + ¢3X3

In this .case, C1X1, C2Xg, and ¢3xX3 are the projections (components) of g on X;, X;, and X3,
respectively. Note that the error in the approximation is zero when g is approximated in terms
of three mutually orthogonal vectors: X1, X,, and x3. This is because g is a three-dimensional

Figure 2.20  Representation of a vector in
three-dimensional space.
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vector, and the vectors X, X», and X3 represent a complete set of orthogonal vectors in three-
dimensional space. Completeness here means that it is impossible to find in this space another

vector Xy, that is orthogonal to all three vectors X1, X, and X3. Any vector in this space can

then be represented (with zero error) in terms of these three vectors. Such vectors are knov&'m
as basis vectors. If a set of vectors {x;} is not complete, the error in the approximation Wlll
generally not be zero. Thus, in the three-dimensional case discussed, itis generally not possible
to represent a vector g in terms of only two basis vectors without an error.

The choice of basis vectors is not unique. In fact, a set of basis vectors corresponds to a
particular choice of coordinate system. Thus, a three-dimensional vector g may be represented .
in many different ways, depending on the coordinate system used.

To summarize, if a set of vectors {x;} is mutually orthogonal, that is, if

0 m#n .
X - Xy = { 2 "= n (2.52)

and if this basis set is complete, a vector g in this space can be expressed as

g = c1X) + X + €3X3 (2.53),
where the constants ¢; are given by
o=2% (2.542)
! X; - X;
=—1—5g-xi i=1,273 (2.54b)
%

2.7.2 Orthogonal Signal Space

2

We continue with our signal approximation problem using clues and insights developed for

vector approximation. As before, we define the orthogonality of a signal set x1(2), x2(), ---; )

xn(t) over the interval [#;, %] as

2 0 m#n 2.55)
* - .
f:, Im@®)x, () dt = { E, men (.
If the energies E, = 1 for all n, then the set is normalized and is cailed an orthonormal §et.
An orthogonal set can always be normalized by dividing x, (¢) by +/E,, for all n. Now, consider
the problem of approximating a signal g(z) over the interval [t;, ] by a set of N mutually
orthogonal signals x1(¢), x2(2), . .., xx(£): -

g(®) ~ cyx1(®) + caxa(®) + - - - +Henxn(t) (2.56a)
N

=Y ) H<tsn (2.56b)
n=1

1t can be shown that E,, the energy of the error signal e(r), in this approximation is minimized
if we choose?
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5]
/ &®x,(r) dt
= (2.57a)
/ x2(t) dt
Jr
1 [~
=—,/ gxy(ydt n=12,...,N (2.57b)
E, it

Moreover, if the orthogonal set is complete, the error energy — 0, and the representation in
Eqgs.(2.56) is no longer an approximation, but an equality,

8() = crx1(t) + caxa(t) + -+ - + cux (1) + - -+
oo L R
=Y en@ n=<tsp (2.58)
n=1

where the coefficients ¢, are given by Eq. (2.57). Because the error signal energy approaches
zero, it follows that the energy of g(¢) is now equal to the sum of the energies of its orthogonal
components ¢1x1(¢), caxa2(t), c3x3(t), ---.

The series on the right-hand side of Eq. (2.58) is called the generalized Fourier series
of g(¢) with respect to the set {x,,(¢)}. When the set {x,,(¢)} is such that the error energy E, — 0
as N — oo for every member of some particular class, we say that the set {x, ()} is complete
on [t1, #] for that class of g(¢), and the set {x,(z)} is called a set of basis functions or basis
signals. Unless otherwise mentioned, in the future we shall consider only the class of energy
signals.

Thus, when the set {x,()} is complete, we have the equality (2.58). One subtle point
that must be understood clearly is the meaning of equality in Eq. (2.58). The equality here is
not an equality in the ordinary sense, but in the sense that the error energy, that is, the energy
of the difference between the two sides of Eq. (2.58), approaches zero. If the equality exists
in the ordinary sense, the error energy is always zero, but the converse is not necessarily true.
The error energy can approach zero even though e(z), the difference between the two sides,
is nonzero at some isolated instants. This is because even if e(z) is nonzero at such instants,
the area under 2(¢) is still zero. Thus, the Fourier series on the right-hand side of Eg. (2.58)
may differ from g(¢) at a finite number of points. In fact, when g(¢) has a jump discontinuity
atr = 1o, the corresponding Fourier series at # converges to the mean of g(z*) and g(7, ™).

Parseval’s Theorem

Recall that the energy of the sum of orthogonal signals is equal to the sum of their energies.
Therefore, the energy of the right-hand side of Eq. (2.58) is the sum of the energies of the
individual orthogonal components. The energy of a component ¢, x, (¢) is c2E,. Bquating the
energies of the two sides of Eq. (2.58) yields

Ey=C2E; + EEy + EEs + -
=) Gk (2.59)
n

This important result is called Parseval’s theorem. Recall that the signal energy (the area
under the squared value of a signal) is analogous to the square of the length of a vector in the



44

http://jntu.blog.com

INTRODUCTION TO SIGNALS

vector-signal analogy. In vector space we know that the square of the length of a vector isequal

to the sum of the squares of the lengths of its orthogonal components. Parseval’s theorem [(Eq.

(2.59)] is the statement of this fact as applied to signals.

Some Examples of Generalized Fourier Series

The signal representation by generalized Fourier series shows that signals are vectors in every
sense. Just as a vector can be represented as a sum of its components in a variety of ways,
depending on the choice of a coordinate system, a signal can be represented as a sum of

its components in a variety of ways. Just as we have vector coordinate systems formed by .

mutually orthogonal vectors, such as rectangular, cylindrical, spherical, and so on, we alsohave
signal coordinate systems (basis signals) formed by a variety of sets of mutually orthogonal

signals. There exists a large number of orthogonal signal sets which can be used as basis |
signals for generalized Fourier series. Some well-known signal sets are trigonometric (sinusoid)

functions, exponential functions, Walsh functions, Bessel functions, Legendre polynomials,.
Laguerre functions, Jacobi polynomials, Hermite polynomials, and Chebyshev polynomials.

The functions that concern us most in this book are the trigonometric and the exponential sets

discussed in the rest of this chapter. -

2.8 TRIGONOMETRIC FOURIER SERIES

Consider a signal set:
{1, cos wyt, cos 2ayt, ..., COS nWol, ...,sin wot, sin 2wot, ..., sin neot, ...} (2.60)

A sinusoid of frequency nwy is called the nth harmenic of the sinusoid of frequency wp
when 7 is an integer. The sinusoid of frequency wo serves as an anchor in this set, called the
fundamental, of which all the remaining terms are harmonics. Note that the constant term lis
the Oth harmonic in this set because cos (0 X wpt) = 1. We can show that this set is oﬂhogonai
over any interval of duration Ty = 27 /wp, which is the period of the fundamental. This follows
from the equations (proved in Appendix A.1)

0 .
fTO cos nwpt cos mwot dt = { % ;irz £0 (2.61a)
. . 0 n#m
fTO sin nwgt sin mwot dt = [% n im £0 (2.61b)
and
f sin nawgt cos mapt dt =0 for all n and m (2.61¢c)
To

The notation f 7, IDeans integral over aninterval fromt =1 t0t =5, +Tp for any value of #1.
These equations show that the set (2.60) is orthogonal over any contiguous interval of duration
Tp. This is the trigonometric set, which can be shown to be a complete set.> 4 Therefore, we
can express a signal g(¢) by a trigonometric Fourier series over any interval of duration To
seconds as

http://jntu.blog.com

2.8 Trigonometric Fourier Series 45

&() = ao + a1 cos wot + a cos 2ot + -+ -

+ by sin wpt + by sin 2ot + - - - n<t<u+T7 (2.62a)
or
o 3
gty =ag+ Y a,cos nwgt +bysin nogt  h <t <t +Tp (2.62b)
n=1
where
won = 2
(U T (2.63)

Using Eq. (2.57), we can determine the Fourier coefficients ag, a,, and b,. Thus,

n+Ty
/ g(t) cos nawot dt

4

1+ Tp
/ ) cos? nwot dt
33

The integral in the denominator of Eq. (2.64) as seen from Eq. (2.61a) (with m = n) is Tp/2
when n # 0. Moreover, for n = 0, the denominator is 7p. Hence,

ay = (2.64)

1 1+Ty
a0 = 70/ g(r) dt (2.65a)
ty
and
2 t1+Tp
a; g(t) cos nwgt dt n=1,2,3,... (2.65b)

TO fn

Using a similar argument, we obtain

2 n+To
b, = -T—f g(t) sin nwot dt n=1273,... (2.65¢)
0 Jy

Compact Trigonometric Fourier Series

The trigonometric Fourier series in Eq. (2.62) contains sine and cosine terms of the same
frequency. We can combine the two terms in a single term of the same frequency using the
trigonometric identity

a, €Os nwot + by sin nwgt = C, cos (nwot + 6,) (2.66)
where
Cp =+ a,* +b® (2.67a)
—b,
6, = tan™"! (i) (2.67b)
an

For consistency we denote the dc term ag by Co, that is,

Co = ap (2.67¢)
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Using the identity (2.66), the trigonometric Fourier series in Eq. (2.62) can be expressed in the
compact form of the trigonometric Fourier series as
[es]
g(t) =Co+ Y Cypcos (nt +6,) 1 <t=n+Tp (2.68)
n=1
where the coefficients C,, and 8, are computed from a, and b, using Egs. (2.67).
Equation (2.65a) shows that aq (or Cp) is the average value of g(¢) (averaged over one
period). This value can often be determined by inspection of g(#).

EXAMPLE 2.7 Find the compact trigonometric Fourier series for the exponential e~'/? shown in Fig. 2.21a
over the interval 0 <t < m. ’ :

o>

@

- 72

Figure 2.21  Periodic signal and its Fourier spectra.
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where [from Eq. (2.65a)]

1 T
ap = — / e™2 dt = 0.50
0

o
a, = ; /Ow e 2 cos 2nt dt = 0.504 (ﬁ%ﬁ)
and
b= / " sin 2n dr = 0.504 (8—”)
7 Jo 1+ 16n2
Therefore,

o .
2
g(t) = 0.504 [1 +> TG (€08 2nt +4nsin 2nt):| 0<t<m
n=1

. To find the compact Fourier series, we find its coefficients using Egs. (2.67) as

Co =dag = 0.504
4 64n? 2
C, = /a2 + b2 = 0.504 =0.504 ——)
TTVERT \/<1 +16m2 T 1+ 16727 («/—1 T i6n
—b
6, = tan™! (—a ") =tan"!(—4n) = —tan"' 4n (2.69)

The amplitudes and phases of the dc and the first seven harmonics are computed
from Eq. (2.69) and displayed in Table 2.1. Using these numerical values, we can express
g(#) in the compact trigonometric Fourier series as

oo
2
1) =0.504 +0.504 Y —————cos (2nt — tan " ‘4n O<t<wm 2.70a
g® WE_I R ( ) < ( )

=0.504 + 0.244 cos (2t — 75.96°) + 0.125 cos (4¢ —/82.87")
+ 0.084 cos (6t — 85.24°%) +0.063 cos (8t — 86.42°) +--- 0 <t < x (2.70b)
Table 2.1

n 0 1 2 3 4 5 6 7

C 0.504 0.244 0.125 0.084 0.063 0.0504 0.042 0.036
[ 0 ~75.96 —82.87 —85.24 —86.42 —87.14 —87.61 —87.95

Because we are required to represent g(f) by the trigonometric Fourier series over the
interval 0 < ¢ < 7, Ty = =, and the fundamental frequency is

21
= — = 2rad/s
wp T

Therefore,

o0
g(t)=ao+2a,.cos 2nt + b, sin 2nt 0o<t<mw

n=1
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Periodicity of the Trigonometric Fourier Series

We have shown how an arbitrary signal g(#) may be expressed as a trigonometric Fourier
series over any interval of Ty seconds. The Fourier series is equal to g(r) over this interval
alone. Outside this interval the series is not necessarily equal to g(z). It would be interesting
to find out what happens to the Fourier series outside this interval. We now show that the
trigonometric Fourier series is a periodic function of period Ty (the period of the fundamental).
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Let us denote the trigonometric Fourier series on the right-hand side of Eq. (2.68) by ¢(2).
Therefore,

o0
@(t) = Co+ Y Cycos (neogt +6,)  forallz

n=1

and

oo
@(t + To) = Co+ Y, Cuc0s [nwn(t + To) + 6,1

n=1

oo
=Co+ Z C, cos (nwot + 2nmw + 6,)

n=1

oo
=Co+ Z C, cos (nwot + 6,)
n=1

=@(r) foralls 2.71)

This shows that the trigonometric Fourier series is a periodic function of period T (the period
of its fundamental). For instance, ¢(¢), the Fourier series on the right-hand side of Eq. (2.70),
is a periodic function in which the segment of g(#) in Fig. 2.21a over the interval 0<t '5 b4
repeats periodically every 7 seconds, as shown in Fig. 2.21b.* Thus, when we represent.a signal
g(2) by the trigonometric Fourier series over a certain interval of duration To, the function g (zj)
and its Fourier series ¢(z) need only be equal over that interval of 7y seconds. Outside this
interval, the Fourier series repeats periodically with period Tp. Now if the function g(r) were
itself to be periodic with period Tp, then a Fourier series representing g(¢) over an interval

T, will also represent g(#) for all # (not just over the interval Tp). Moreover, such a periodic-

signal g(#) can be generated by a periodic repetition of any of its segments of duration Tp
(see Sec. 2.2.3, Fig. 2.7). Therefore, the trigonometric Fourier series representing a segmfant
of g(¢) of duration Ty starting at any instant represents g(z) for all £. This means in computing
the coefficients ag, an, and b,, we may use any value for # in Egs. (2.65). In other words, \'?VC
may perform this integration over any interval of Ty. Thus, the Fourier coefficients of a series
representing a periodic signal g(z) (for all ¢) can be expressed as

ap = 1 g(®) dt (2.72a)
Ty Jr,
ay = 2 g(t) cos nwot dt n=1,23,... (2.72b)
To Jg,
and
b, = E/ g() sin nwot dt n=12,3,... (2.72¢)
To Jr

where fTO means that the integration is performed over any interval of Ty seconds.

. . . ) .. 2
* In reality, the series convergence at the points of discontinuity shows about 9% overshoot (Gibbs phenomenon).
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Fourier Spectrum

The compact trigonometric Fourier series in Eq. (2.68) indicates that a periodic signal g(z)
can be expressed as a sum of sinusoids of frequencies 0 (dc), wp, 2w, - - -, KWy, - - -, whose
amplitudes are Cy, C, Cy, ..., Cy, -+ - and whose phases are 0, 8;, 6,, - -, 6, - - -. We can
readily plot amplitude C,, vs. » (amplitude spectrum) and 6, vs. » (phase spectrum). These
two plots together are the frequency spectra of g(f).

Figure 2.21c and d show the amplitude and phase spectra for the periodic signal ¢(t)
in Fig. 2.21b. These spectra tell us at a glance the frequency composition of ¢(¢), that is,
the amplitudes and phases of various sinusoidal components of ¢(z). Knowing the frequency
spectra, we can reconstruct or synthesize ¢(¢), as shown on the right-hand side of Eq. (2.70).
Therefore, the frequency spectra inf Fig.,2.21c and d provide an alternative description—the
frequency-domain description of ¢(¢). The time-domain description of ¢(¢) is shown in
Fig. 2.21b. A signal, therefore, has a dual identity: the time-domain identity ¢(f) and the
frequency-domain identity (Fourier spectra). The two identities complement each other. Taken
together, they provide a better understanding of a signal.

Series Convergence at Jump Discontinuities

When there is a jump discontinuity in a periodic signal g(1), its Fourier series at the point of
discontinuity converges to an average of the left-hand and right-hand limits of g(¢) at the instant
of discontinuity*. In Fig. 2.21b, for instance, the periodic signal ¢(¢) is discontinuous at ¢ = 0
with ¢(0") = 1 and ¢(0™) = ¢™"/% = 0.208. The corresponding Fourier series converges to
avalue of (1 + 0.208)/2 = 0.604 at ¢ = 0. This is easily verified from Eq. (2.7Db) by setting
t=0. \

Existence of the Fourier Series: Dirichlet Conditions
There are two basic conditions for the existence of the Fourier series.

1. For the series to exist, the coefficients ag, a,,, and b, in Eqs. (2.65) must be finite. From
Egs. (2.65) it follows that the existence of these coefficients is guaranteed if g(¢) is absolutely
integrable over one period; that is,

/ g dt < o0 2.73)
To

This is known as the weak Dirichlet condition. If a function g(t) satisfies the weak Dirichlet
condition, the existence of a Fourier series is guaranteed, but the series may not converge at
every point. For example, if a function g(¢) is infinite at some point, then obviously the series
representing the function will be nonconvergent at that point. Similarly, if a function has an
infinite number of maxima and minima in one period, then the function contains an appreciable
amount of components of frequencies approaching infinity. Thus, the higher coefficients in the
series do not decay rapidly, so that the series will not converge rapidly or uniformly. Thus, for
a convergent Fourier series, in addition to condition (2.73), we require that:

2. The function g(¢) have only a finite number of maxima and minima in one period,
and it may have only a finite number of finite discontinuities in one period.

These two conditions are known as the strong Dirichlet conditions. We note here
that any periodic waveform that can be generated in a laboratory satisfies strong Dirichlet

* This behavior of the Fourier series is dictated by its error energy minimization property, discussed in Sec. 2.7.
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conditions, and hence possesses a convergent Fourier series. Thus, a physical possibility of
a periodic waveform is a valid and sufficient condition for the existence of a convergent

series.

EXAMPLE 2.8

Find the compact trigonometric Fourier series for the periodic square wave w(¢) shown in Fig.
2.22a, and sketch its amplitude and phase spectra.

w(t)
1
3n -1 o T t n o I t>
2 2
@
1
Cn 2
&
0.5 <
0 z. 4 67 b8 10
x"_-2 o>
2
Figure 2.22  Square pulse periodic signal and its Fourier spectra.
The Fourier series is
o .
w(t)=ay+ Za,, cos nwoyt + by, sin nwpt
n=1 -

where

1
ay=— | w()dt
T T T
In the preceding equation, we may integrate w(¢) over any interval of duration Ty. Figure
2.22a shows that the best choice for a region of integration is from —Tp/2 to Tp/2. Because
w(t) = 1 only over (—Tp/4, Tp/4) and w(t) = 0 over the remaining segment,
1 T4 1

dt = = ) (2.74a)

ag = —
To J-1ya 2

We could have found ag, the average value of w(t), to be 1/2 merely by inspection of
w(t) in Fig. 2.22a. Also,
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2 (T4 2 niw
= — tdt = —si —_
an To e COS nwy Py sin ( 5 )
0 neven
2 =1,5913
={ an TEL2 A (2.74b)
1
- n=3,711,15,-..
. Tn
2 [T
bp== [ sinnrdt=0 (2.74c)
To J-my/a

In these derivations we used the fact that wyTy = 27. Therefore,

2 5

Observe that b, = 0 and all the sine terms are zero. Only the cosine terms appear in
the trigonometric series. The series is therefore already in compact form, except that the
amplitudes of alternating harmonics are negative. Now by definition, amplitudes C, are
positive [see Eq. (2.67a)]. The negative sign can be accommodated by a phase of  radians.
This can be seen from the trigonometric identity*

1 2 1 1 1
w(t) ==+ - (cos wot — 3 c0s 3wyt + = cos Swot — 7 cos Tawpt + -+ ) (2.75)

—CO0S X =cos (x — )

Using this fact, we can express the series in Eq. (2.75) as

1 2 1 1
w(t) = -+ — | cos wot + = cos 3wt — ) + = cos Swyt
2 7w 3 5

1 1
+ 7cos(7w0t——n)+§cos 9wot+--]

This is the desired form of the compact trigonometric Fourier series. The amplitudes are

1
N Co=3
0 n even
C"={i nodd
n .
0 _{0 foralln #3,7,11, 15, - - -
(N n=3711,15,--

We could plot amplitude and phase spectra using these values. We can, however, simplify
our task in this special case if we allow amplitude C, to take on negative values. If this is
allowed, we do not need a phase of —7 to account for the sign. This means the phases of
all components are zero, and we can discard the phase spectrum and manage with only the
amplitude spectrum, as shown in Fig. 2.22b. Observe that there is no loss of information in
doing so and that the amplitude spectrum in Fig. 2.22b has the complete information about

* Because cos (x =) = —cos x, we could have chosen the phase 7 or —x. In fact, cos (x & Nw) = —cos x for
any odd integral value of N. Therefore, the phase can be chosen as =N, where N is any convenient odd integer.
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the Fourier series in Eq. (2.75). Therefore, whenever all sine terms vanish (b, = 0), itis
convenient to allow C,, to take on negative values. This permits the spectral information to
be conveyed by a single spectrum—the amplitude spectrum. Because C, canbe positiye as
well as negative, the spectrum is called the amplitude spectrum rather than the magnitude

spectrum.

wo(?)

] 1

14

Figure 2.23  Bipolar square pulse periodic signal.

Another useful function that is related to the periodic square wave is the bipolar
square wave wo(?) shown in Fig. 2.23a. We encounter this signal in switching applications.
Note that wq(¢) is basically w(¢) minus its dc component. It is easy to see that

wo(t) = 2[w() — 0.5]
Hence, from Eq. (2.75) it follows that

1 1
wo(t) =,—3 (cos wot — %cos 3wot + 3 cos Swgt — = cos Taot + -+ ) (2.76)

Comparison of this equation with Eq. (2.75) shows that the Fourier components. of
wo(#) are identical to those of w(¢) [Eq. (2.75)] in every respect except for doublmg
the amplitudes and loss of dc.

EXAMPLE 2.9

Find the trigonometric Fourier series and sketch the corresponding spectra for the periodic
impulse train 87, (f) shown in Fig. 2.24a.

8= 28;(1)
A \ \ 3
ece (1 1]
(2)
2T, -T 0 T 2T 3T =
217
Ty
1
Ty sce
®)
0 @ 20, 3mp 400 S0 60 o>

Figure 2.24  Impulse train and its Fourier spectrum.
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The trigonometric Fourier series for 87, (7) is given by

2
8, (8) = Co + ZC,, cos (nawgt + 6,) wy = —7%

We first compute ay, a@,, and b,:

e 1
s@)dt = —

ag = —
Ty Jogp2 To

2. (D2 2
a, = f 8(¢) cos nwot dt = —
To Jro2 To

This result follows from the sampling property (2.19) of the impulse function. Similarly,
using the sampling property of the impulse, we obtain

0 T2
by = — 8(t) sin nwot dt =0
To J -2
Therefore, Co = 1/Ty, C,, = 2/Tp, and 6, = 0. Thus,
l o
(1) = — _
7,(t) T (1 +2nz=l:cos nwot) 2.77)

Figure 2.24b shows the amplitude spectrum. The phase spectrum is zero.

Effect of Symmetry

The Fourier series for the signal g(z) in Fig. 2.21a (Example 2.7) consists of sine and cosine

terms, but the series for the signal w(z) in Fig. 2.22a (Example 2.8) consists of cosine terms
. only. In some cases the Fourier series consists of sine terms only. This is no accident. It can be

shown that the Fourier series of any even periodic function g(#) consists of cosine terms only

and the series of any odd periodic function g(¢) consists of sine terms only (see Prob. 2.8-3).

2.9 EXPONENTIAL FOURIER SERIES

It is shown in Appendix A.2 that the set of exponentials /" (n = 0,£1,£2, ...) is
orthogonal over any interval of duration Ty = 277 /wy; that is,

/ ejmwot(ejnmot)* dr :/ ej(m—n)wgt dt = { 0 m #n
o T To m=n

Moreover, this set is a complete set.> 4 From Egs. (2.58) and (2.57) it follows that a signal
g(2) can be expressed over an interval of duration 7, seconds as an exponential Fourier series

(278)

oo
gy =Y Dyel™ .79
n=—0oo
where [see Eq. (2.57)]
1 .
D=L / g(t)e™mnt gy eV
To Jg,
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The exponential Fourier series is basically another form of the trigonometric Fourier series.
Each sinusoid of frequency w can be expressed as the sum of the two exponentials /' and

e~7®! This results in the exponential Fourier series consisting of components of the form e/’ ‘

with n varying from —oo to co. The exponential Fourier series in Eq. (2.79) is periodic with
period Tp.

In order to see its close connection with the trigonometric series, we shall rederive the

exponential Fourier series from the trigonometric Fourier series. A sinusoid in the trigonometric
series can be expressed as a sum of two exponentials using Euler’s formula:

C,, cos (nawot +6,) = %ﬁ [ef oot o i (renr ) ]

C, ; . C, ; .
= (7"619;1) elneot 4 (7”@—19’1) g Jnwot

= D,el"" 4 D_,einwt (2.81)
where
1 .
D, = Ec,,eﬂ’" |
1 N
D_, = Ecne*ﬁn (2.82)

The compact trigonometric Fourier series of a periodic signal g(#) is given by

o
g(t) = Co+ Y Cycos (naot +6,)

n=1

The use of Eq. (2.81) in the preceding equatioh (and letting Cy = Dy) yields

X
g(t) = Do+ Y Dpe/™ + D_,e "

n=1

o0
=D+ Z D,elm
n=-o0 (n#0)

which is precisely equivalent to Eq. (2.79) derived earlier. Equations (2.82) show the close
connection between the coefficients of the trigonometric and the exponential Fourier series.

Observe the compactness of expressions (2.79) and (2.80) and compare them to expres-
sions corresponding to trigonometric Fourier series. These two equations demonstrate very
clearly the principal virtue of exponential Fourier series. First, the form of the series is more
compact. Second, the mathematical expression for deriving the coefficients of the series is also
compact. It is much more convenient to handle the exponential series than the trigonometric
one. In the system analysis also, the exponential form proves more convenient than the
trigonometric form. For these reasons we shall use exponential (rather than trigonometric)
representation of signals in the rest of the book.

ExAMPLE 2,10  Find the exponential Fourier series for the signal in Fig. 2.21b (Example 2.7).
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Inthiscase, T0=7r,w0 =27T/T() =2,and

o0
o)=Y D™

n=—00
where -
1 )
D, = — f p®)e > dt
To Jg,
="l /” e—r/z e—j2nt dt
T Jo
= l /" G gy
T Jo
n
= ;e—(i+i2n)t
7 (3 + j2n) o
0.504
=Tran (2.83)
and
o0
t) = 0.504 J2ne
20] 23 e (2.84a)

Rr=—00

1 1 . 1 .
=0.504(1+ e/ + jat st 4 ...
. [ 1+ j4 1+58° Ty

1 . 1 : 1 )
—Jj2t e—}4t ,—J6t 4 ..
TR v LA s T L ](2.84b)

Observe that the coefficients D, are complex. Moreover, D, and D_, are conjugates, as
expected [see Egs. (2.82)].

2.9.1 Exponential Fourier Spectra

In exponential spectra, we plot coefficients D, as a function of w. But since D, is complex in
general, we need two plots: the real and the imaginary parts of D,, or the amplitude (magnitude)
and the angle of D,,. We prefer the latter because of its close connection to the amplitudes and
phases of corresponding components of the trigonometric Fourier series. We therefore plot
| Dy st o and /D, vs. w. This requires that the coefficients D, be expressed in polar form as
| D, e £Pn.

A comparison of Egs. (2.65a) and (2.80) (for n = 0) shows that Dy = gy = Co.
Equations (2.82) show that for a real periodic signal the twin coefficients D, and D_, are
conjugates, and 1

| Dyl = |D_y| = Ecn (2.85a)

(D, =6, and LD_, =—6, (2.85b)
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Thus,

Dy =|Dyle/®™ and  D_, =|Dyle”’*

Note that |D,| are the amplitudes (magnitudes) and /D, are the angles of various
exponential components. From Egs. (2.85) it follows that the amplitude spectrum (| Dyl vs. w)
is an even function of » and the angle spectrum (£ D, vs. @) is an odd function of & when g(#)

is a real signal. .
For the series in Example 2.10 [Eq. (2.84b)], for instance,

Do = 0.504
Dy = 10 'jO‘% =0.122¢77% = |Dy| =0.122 /Dy = -75.96°
7 .
1= 10.50‘2 =0.122¢7% = |D_4| =0.122  [D_; =75.96
—J
and
) = '10 jotg =0.0625¢ 725" — |D,| = 0.0625 /D, =—82.87°
J
= 10 .50-48 = 0.0625¢/**% = |D_| = 0.0625  /D_, =82.87°
—J
and so on. Note that D, and D_,, are conjugates, as expected [see Eqgs. (2.85)]. p

Figure 2.25 shows the frequency spectra (amplitude and angle) of the exponential Fourier ~

series for the periodic signal ¢(¢) in Fig. 2.21b.

|Dy |
0.504
. I 0.0625 @
) ? T I ] T ' ! 1
0 8 6 4 2 24 6 810 s
2D,
r
........................................................... 3
©)
B R R — 7 6 g8 10 o
SR
S L S Y ey —

Figure 2.25 Exponential Fourier spectra for the signal in Fig. 2.21a.

(2.86)
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We notice some interesting features of these spectra. First, the spectra exist for positive
as well as negative values of w (the frequency). Second, the amplitude spectrum is an even
function of w and the angle spectrum is an odd function of w. Finally, we see a close connection
between these spectra and the spectra of the corresponding trigonometric Fourier series for
@(t) (Fig. 2.21c and d).

What Is a Negative Frequency?

The existence of the spectrum at negative frequencies is somewhat disturbing because by
definition, the frequency (number of repetitions per second) is a positive quantity. How do
we interpret a negative frequency? Using a trigonometric identity, the sinusoid of a negative
frequency —awy can be expressed as

cos {(—wot + 6) = cos (wot — 6)

This clearly shows that the frequency of a sinusoid cos (wot + 0) is lwol, which is a positive
quantity. The same conclusion is reached by observing that
eI = cos wyt =+ jsin wot

Thus, the frequency of exponentials e*/“0* is indeed |wo|. How do we then interpret the
spectral plots for negative values of w? A healthier way of looking at the situation is to say
that exponential spectra are a graphical representation of coefficients D, as a function of w.
Existence of the spectrum at @ = —nawy is merely an indication of the fact that an exponential
component e="** exists in the series. We know that a sinusoid of frequency nwy can be
expressed in terms of a pair of exponentials e/ and ¢=/"! [see Eq. (2.81)].

Equations (2.85) show the close connection between trigonometric spectra (C, and 6,)
and exponential spectra (| D,| and ZD,). The dc components Dy and Cy are identical in both
spectra. Moreover, the exponential amplitude spectrum | D,,| is half the trigonometric amplitude
spectrum C, for > 1. The exponential angle spectrum /D, is identical to the trigonometric
phase spectrum 6, for n > 0. We can therefore produce the exponential spectra merely by the
inspection of trigonometric spectra, and vice versa.

ExampLE 2.11
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Find the exponential Fourier series for the periodic square wave w(z) shown in Fig. 2.22a.
= Wehave

o)
w(t)= Y Dyelmr

n=—00
where

1 .
D,=— [ w(@)e /" gt

Ty Jg,

1 To/4

=— eIt gy
To J_19/4

— _1__ (evjnonn/ét _ ejna)gTo/4)

T —jnaoTy

2 . {(nweTy 1 . (n:rr )
= sin = —sin { —
nwyTy 4 nw 2
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In this case D, is real. Consequently, we can do without the phase or ang'le p!ot
if we plot D, vs  instead of the amplitude spectrum (|D, |' vs. ), as shown in Fkllg; \
2.26. Compare this spectrum with the trigonometric spectrum in Fig. 2.22b. Observe thal
Dy = Co and |D,| = |D_n| = Cn/2, a8 expected.

05 @ Dy

B

B,
3n

Figure 2.26  Exponential Fourier spectrum of the square pulse periodic signal. o
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where

1 L .
Dy =— | Sp)e~ ™ gy
To Jz,
Choosing the interval of integration (—T/2, Tp/2) and recognizing that over this interval
S (0) = (1),
. 1 T2 R
D,=—. S(t)e /"0 dt
To J-12
In this integral, the impulse is located at = 0. From the sampling property of the impulse
function, the integral on the right-hand side is the value of e=/"®0* at t = ( (where the
impulse is located). Therefore,

1
D, = — 2.88
n TO ( )
and .
1 &, 2
O =g 3, ey = 2:89)

n=—00

Equation (2.89) shows that the exponential spectrum is uniform (D, = 1 / Tp) for all the
frequencies, as shown in Fig. 2.27. The spectrum, being real, requires only the amplitude
plot. All phases are zero. Compare this spectrum to the trigonometric spectrum shown in
Fig. 2.24b. The dc components are identical and the exponential spectrum amplitudes are
half those in the trigonometric spectrum for all & > 0.

EXAMPLE 2.12  Find the exponential Fourier series and sketch the corresponding spectra for the impulse train

81, (¢) shown in Fig. 2.27.

85 =28, (1)
A
ese
ece @
2T, T 0 T 2T 3T =
—=i0 —4o
D,

1

T
—4mg 309 —2wp —% 0 ®y 20 3mo 4®g 509 60g o>

Figure 2.27 Impulse train and its exponential Fourier spectra.

The exponential Fourier series is given by

nd . 2
b= D™ @o=7- 287)

n=—00
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Parseval’s Theorem

A periodic signal g(z) is a power signal, and every term in its Fourier series is also a power
signal. The power P, of g (¢) is equal to the power of its Fourier series. Because the Fourier series
consists of terms that are mutually orthogonal over oné period, the power of the Fourier series is
equal to the sum of the powers of its Fourier components. This follows from Parseval’s theorem.
‘We have already demonstrated this result in Example 2.2 for the trigonometric Fourier series.
It is also valid for the exponential Fourier series. Thus, for the trigonometric Fourier series

o
gt)y=Co+ Z C,, cos (naot + 6,)

n=1

the power of g(¥) is given by

1 o]
Py =C + 5 >k (2.90)
. n=1
For the exponential Fourier series
o]
g0) =Do+ ) Dyel™ /
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the power is given by (see Prob. 2.1-7)

o,

P, = Z |D,? 2.91a)
n=--00
For areal g(2), | D_n| = | Dy,|. Therefore,
oo .
Py=Dg*+2Y IDf (2.91b)

n=1 .

Comments: Parseval’s theorem occurs in many different forms, such as in Egs. (2.59);
(2.90), and (2.91). Yet another form is found in Eq. (3.64). Although these forms appe}i:;
different, they all state the same principle, that is, the square of the length .of avector equ.als ;:l ¢
sum of the squares of its orthogonal components. The form (2..59) apph'es to energy sign: s(i
the form (2.90) applies to periodic signals represented by the tngonomanc Fou_ner series, an
the form (2.91) applies to periodic signals represented by the exponential Fourier series.

2.10 NUMERICAL COMPUTATION OF D,

We can compute D, pumerically using the discrete Fourier transform (DF’IT), which uses
the samples of a periodic signal g(¢) over one period. The sampling interval is Ts sgcond.s,
Hence, there are No = To/ T, number of samples in ope period Tp. To find the relationship
between D,, and the samples of g (), consider Eq. (2.80),
D, = kS g(t)e It dy
To Jr, .
No—1

1 Ty ,— ik
im — kT, )e 1m0 T,
}Slino T ; gkTy) s

1l

No—1

1 —jnQok
= lim — § kT, )e im0 (2.92)
7151510 No £ g(kTy)e

where g(kT;) is the kth sample of g(t) and

L (2.93)

No= 7
In practice, it is impossible to make Ty — 0 in computing the right.-hand S.id.e of Eq.
(2.92). We can make it small, but not zero because it will increase the d.ata w1thouF limit. Thus,
we shall ignore the limit on 7y in Eq. (2.92) with the implicit understanding that 7 is reasonably

Qo = woTs,

small. This results in some computational error, which is inevitable in any numerical evaluation

of an integral. The error resulting from nonzero T is called the aliasing error, which will be
discussed in more details in Chapter 6. Thus, we can express Eq. (2.92) as
No—1

D, = Ni 3 gkTy)e (2.94)

0 k=0
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This equation shows that Dy,.y, = D,. Hence, Eq. (2.94) yields the Fourier spectrum D,
repeating periodically with period Ny. This will result in overlapping of various components.
To reduce the effect of such overlapping, we need to increase Ny as much as practicable. We
shall see later [Sec. (6.1)] that the overlapping appears as if the spectrum above the (Ny/2)th
harmonics had folded back at this {frequency (Nowo/2). Hence, to minimize the effect of this
spectral folding, we should make sure that D, for n > Np/2 is negligible. The DFT (or FFT)
gives the coefficients D, forn > O up to n = Ny/2. Beyond n = Ny/2, the coefficients
represent the values for negative n because of the periodicity property Dyin, = Dj. For
instance, when Ny = 32, D13 = D_y5, Dyg = D_y4, ---, D31 = D_y. The cycle repeats
again from # = 32 on. ‘

We can use the efficient fast Fourier transform (FFT) to compute the right-hand side
of Eq. (2.94). We shall use MATLAB to implement the FFT algorithm. For this purpose, we
need samples of g(f) over one period starting at ¢+ = 0. In this algorithm, it is also preferable
(although not necessary) that No be a power of 2, that is, Ny = 2™, where m is an integer.

Computer Example C2.1

Compute and plot the trigonometric and exponential Fourier spectra for the periodic signal in Fig.
2.21b (Example 2.7). .

The samples of g(¢) start at 7 = 0, and the last (Nyth) sample is at t = Ty — Ty. (The last sample
isnotat? = Ty because the sample at ¢ = 0 is identical to the sample at ¢ = Tp, and the next cycle
begins at # = Tp.) At the points of discontinuity, the sample value is taken as the average of the
values of the function on two sides of the discontinuity. Thus, in the present case, the first sample
(at t = 0) is not 1, but (¢™7/2 + 1)/2 = 0.604. To determine Ny, we require Dy, for n > No/2 to
be relatively small. Because g(z) has a jump discontinuity, D,, decays rather slowly as 1/z. Hence,
a choice of Ny = 200 is acceptable because the (Np/2)th (100th) harmonic is about 0.01 (about
1%) of the fundamental. However, we also require Ny to be a power of 2. Hence, we shall take
Ny = 256 = 28.

We write and save a MATLAB file (or program) c21.m to compute and plot the Fourier
coefficients.

% (c2l.m)

%M is the number of coefficients to be computed
TO=pi;N0=256; Ts=T0/NO0;M=10;

t=0:Ts:Ts* (NO-1); t=t’;

g=exp(-t/2);g(1)=0.604;

% fft(g) is the FFT [the sum on the right-hand side of Eg. (2.94)]
Dn=fft (g) /NO . :
[Dnangle, Dnmag]=cart2pol (real (Dn), imag(Dn)) ;
k=0:1length(Dn)-1;k=k’;

subplot(211), stem(k, Dnmag)

subplot (212), stem(k, Dnangle)

To compute trigonometric Fourier series coefficients, we recall program c21.m along with
commands to convert Dy into Cy, and 6;,.

c2l;clg
CO0=Dnmag (1) ; Cn=2*Dnmag(2:M) ;
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Amplitudes=[C0;Cnl]

Angles=Dnangles (1:M) ;
Angles=Angles* (180/pi);
disp(’Amplitudes Angles’)
[Amplitudes Angles]

% To Plot the Fourier coefficients
k=0:length(Amplitudes)-1; k=k’;
subplot (211), stem(k, Amplitudes)
subplot (212),stem(k, Angles)

ans =

Amplitudes Angles
0.5043 0

0.2446 -75.9622
0.1251 -82.8719
0.0837 -85.2317
0.0629 -86.4175
0.0503 -87.1299
0.0419 -87.6048
0.0359 -87.9437
0.0314 -88.1977
0.0279 -88.3949
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2.1-1 Find the energies of the signals shown in Fig. P2.1-1. Comment on the effect on energy of sign
change, time shifting or doubling of the signal. What is the effect on the energy if the signal is
muitiplied by k? .

1 V\ sin ¢ (a) ! i- —sin ’/\ (b) 2
- | = . K/ o 2sint .
—> t—> @

1 I‘ sin ¢ ©

Figure P2.1-1
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2.1-2 (a) F.ind E, and E,, the energies of the signals x(¢) and y(¢) shown in Fig. P2.1-2a. Sketch the
signals x(¢) + y () and x(¢) — y(¢) and show that the energies of either of these two signals
are equal to E, + E,. Repeat the procedure for the signal pair of Fig. P2.1-2b.

(b) Repeat the procedure for the signal pair of Fig. P2.1-2c. Are the energies of the signals
x(¢) + y(t) and x(¢) — y(¢) identical in this case?

x(1) 2 y(®)

]
2
0 t—>
0 2 t—» -1 L____J

y(®)

5
{

L.}

]
i

®)

Figure P2,1-2

2.1-3 Redo Examp.le 2.2ato find the power of a sinusoid C cos (wot +8) by averaging the signal energy
over one period 27 /wy (rather than averaging over the infinitely large interval).

2.1-4 Shozw that2 if @, = w,, the power of g(i) = C; cos (wit + 61) + C; cos (wat + 6) is
[Ci” + G2 +2C1C; cos (6; — 6,)1/2, which is not equal to (Cy2 + C,2)/2.

2.1-5 Find the power of the periodic signal g(¢) shown in Fig. P2.1-5. Find also the powers and the rms
values of: (a) —g(z); (b) 2g(¢); (c) cg(¢). Comment.

g(1)

Figure P2.1-5

2.1-6 Find the power and the rms value for the signals in: (a) Fi 2 i H i
t : g. 2.21b; (b) Fig. 2.22a; (c) Fig. 2.23;
(d) Fig. P2.8-4a; (e) Fig. P2.8-4c. y e

2.1-7 Show that the power of a signal g(t) given by

n
2(t) = z Do’ w; £ ay forall i £k

k=m
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is (Parseval’s theorem)

n
Py=) IDif’

k=m

2.1-8 Determine the power and the rms value for each of the following signals:
k4 w . L
(a) 10 cos (100: 4 —) (b) 10 cos (100; 4 5) +16 sin (150t + 5)

3
(c) (10 + 2 sin3¢) cos 10z (d) 10 cos 5¢ cos 10t
®) ™™ coswpt

(e) 10 sin 5¢ cos 10t

2.2-1 Show that an exponential e~ starting at —oo is neither an energy nor a power signal for any real
value of a. However, if a is imaginary, it is a power signal with power P, = 1 regardless of th;
value of a.

2.3-1 InFig. P2.3-1, the signal g; () = g(—?). Express signals g;(¢), 83 @®), ga(®), a}nd g5(t) ¥n terms
of signals g(#), g:i(¢), and their time-shifted, time-scaled, or time-‘mverted versions. For instance
22(t) = g(t — T) + g1(t — T) for some suitable value of 7. Similarly, both g3(¢) and ga(¢) can
be expressed as g(r — T) + g(¢ + T) for some suitable value of 7'. gs(¢) c?n be expressed as g(t)
time-shifted, time-scaled, and then multiplied by a constant. (These operations may be performed
in any order).

ki
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2.3-3 For the signal g(¢) shown in Fig. P2.3-3, sketch: (a) gt —4); (b) g(z/1.5); (¢) g2t — 4) (d)
8(2~1) . Hint: Recall that replacing t with £ — T delays the signal by T. Thus, g(2r —4) is g(2t)
with ¢ replaced by ¢ — 2. Similarly, g(2 — 7) is g(~t) with ¢ replaced by ¢ — 2.

| g(1)

Figure P2.3-3

2.3-4 For an energy signal g(¢) with enérgy E,, show that the energy of any one of the signals
—g8(t), g(=1), and g(r — T) is E,. Show also that the energy of g(at) as well as glat — b)
is Eg/a. This shows that time inversion and time shifting do not affect signal energy. On the other
hand, time compression of a signal by a factor a reduces the energy by the factor a. What is the

effect on signal energy if the signal is: (a) time-expanded by a factor a (a > 1); (b) multiplied by
a constant a?

2.4-1 Simplify the following expressions:

sin ¢ : jo+2
@ (,z+2)5<’> ®) (w—-I—Q) 5@
© [e cos (3 — 60°)] 8(z) @ [$nz0-2 _2)]5@ 1
¢~ cos ) [ 253 )]

1 sin ko
© (jw+2)s(w+3) ® ( - )B(w)

Hint: Use Eq. (2.18). For part (f) use L'Hopital’s rule.

2.4-2 Evaluate the following integrals:

g(t) g,(t) g,(1)
......................... ] i Y 1 [’;
| 0 t—> 0 > 1 0ol t—> 1 2
15
8,(0) 2,0 g5
1 S 1
>
-1 0 r— 1 1 o L 0 r—> 2
2 2

Figure P2.3-1

2.3-2 For the signal g(¢) shown in Fig, P2.3-2, sketch the signals: (a) g(—2); (b) g(t -+6); (¢) g(31); (d

g6 —1).

Figure P2.3-2
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(a) /-w g()8(t — 1) dt
(c) /w 8(t)e I dt
(e) / N 8(r+3)e™ dt

(g)foo g2 -8B =1y dt

(b)/ 8(x)g(t — ) dt
(d)fwé(t —2)sin wede
® / m(ﬁ +H5(1 —1)dt

) / &% cos %(x —5)8(x — 3) dx

Hint: 8(x) is located at x = 0. For example, §(1 — ) is located at 1 — ¢ = O; that is, at £ = 1, and

SO on.

24-3 Prove that

S(at) = La(r)

laf
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Hence, show that

3(60)=$3(f) where o =2nf

Hint. Show that
00 1
f ¢(1)é(at) dt = —Ia|¢(0)

2.5-1 Derive Eq. (2.26) in an alternate way by observing that e = (g — ¢x), and
le]?> =(g—ex)-(g—cx)=lgl* + ZIx|* — 2cg - x
2.5-2 For the signals g(z) and x(¢) shown in Fig. P2.5-2, find the component of the form x(¢) contained

in g(¢). In other words, find the optimum value of ¢ in the approximation g(¢) & cx(t) so that thg
error signal energy is minimum. What is the error signal energy?

8(1) x(1)

(@) (®)

Figure P2.5-2 '

2.5-3 For the signals g(¢) and x(¢) shown in Fig. P2.5-2, find the comp(?nenf of the form g () contain:d‘
| in x(¢). In other words, find the optimum value of ¢ in the approximation x(r) ~ cg(t) so that the
error signal energy is minimum. What is the error signal energy?

2.5-4 Repeat Prob. 2.5-2 if x(¢) is the sinusoid pulse shown in Fig. P2.5-4.

x(#)
1/ sin 27t

|\~

Figure P2.5-4

2.5-5 Energies of the two energy signals x(¢) and y(¢) are E; and E,, respectively.

(@) If x(¢) and y(¢) are orthogonal, then show that the energy of the signal x(¢) + y(¢) is identical
to the energy of the signal x(r) — y(#), and is given by E; + E,.

(b) If x(z) and y(¢) are orthogenal, find the energies of signals ¢, x () +¢2y(¢) and c1x(£) — cy(t). E

() We define E.,, the cross energy of the two energy signals x(z) and y(2), as

Ey = f - x(®)y* (@) dr

—00
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If z(¢) = x(2) & y(2), then show that
E,=E,+E,£(Ey+E,,)
2.5-6 Let x,(¢) and xz (#) be two unit energy siéxals orthogonal over an interval from ¢ = # to . We

can represent x; (1) and x,(¢) by two unit length, orthogonal vectors (X1, X3). Consider a signal
g(t) where

8(1) = c1x1(2) + eaxa () h<t<p
This signal can be represented as a vector g by apoint (¢, ¢,) in the x;—x, plane.
(a) Determine the vector representation of the following six signals in this two-dimensional vector
space:

M 510 =2x,() — ()
(i) g3(t) = —x2(0)
) g5(t) =2x1(1) + x(1)

() £20) = —x1() + 2x2(1)
(v) ga(t) = x1(2) + 2x5(2)
VD) g6(t) = 3x,(2)

(b) Point out pairs of mutually orthogonal vectors among these six vectors. Verify that the pairs
of signals corresponding to these orthogonal vectors are also orthogonal.

2.6-1 Find the correlation coefficient ¢, of signal x(¢) and each of the four pulses g1(2), g:(2), g3(2),

and g4(#) shown in Fig. P2.6-1. Which pair of pulses would you select for a binary communication
in order to provide maximum margin against the noise along the transmission path?

x (1) (a) g,(0) (b) 8,(8) (©)

v sin2m¢ 1 sin4nt
‘ 1
’ \./ > OI \/ \\/ e O,\/ Y

83(0) 8,4()
0.707 (d) 0.707 (e)
1
0 I 1 0 0.5 t—>
-0.707|-- .- l_

Figure P2.6-1

2.8-1 (a) Sketch the signal g(r) = #2 and find the trigonometric Fourier series to represent g(¢) over the
interval (—1, 1). Sketch the Fourier series @(2) for all values of .

(b) Verify Parseval’s theorem [Eq. (2.90)] for this case, given that

1 =

w90

n=1
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2.8-2 (a) Sketch the signal g(r) = ¢ and find the trigonometric Fourier series to represent g(t) over the

interval (—7, 7). Sketch the Fourier series o(®) for all values of z.

(b) Verify Parseval’s theorem [Eq. (2.90)] for this case, given that

http://jntu.blog.com

> 1 oz
~ n 6
1
a)
= = 3 gl o 1 3 5 7 @
_1'7
1
B [] ] ] [
~20m —10m -n|® 10 W01 t—>
1
/-31! —61;1/—41]: on 0 b7 in & w > ©
- !
./] —n/4 /] ./] @

| i
l/“ T/ l/;; l/'zn t—

/
A A/

L (e)'z

-5 3 -2 1 3 4 6 t—
6 4 6 8

Figure P2.8-4
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2.8-3 If a periodic signal satisfies certain symmetry conditions, the evaluation of the Fourier series
components is somewhat simplified. Show that:

(@) If g(¢) = g(—1) (even symmetry), then all the sine terms in the Fourier series vanish (b, =0).

M I g@t) = —g(—1) (odd symmetry) then the dc and all the cosine terms in the Fourier series
vanish (ag = a, = 0).

Further, show that in each case the Fourier coefficients can be evaluated by integrating
the periodic signal over the half-cycle only. This is because the entire information of one cycle
is implicit in a half-cycle due to symmetry. Hint: If g,(¢) and g,(¢) are even and odd functions,
respectively, of 7, then (assuming no impulse or its derivative at the origin)

/a g.()dr = 2f“ g di  and / () dr =
—a 0 —a

Also the product of an even and an odd function is an odd function, the product of two odd functions is
an even function, and the product of two even functions is an even function.

2.8-4 For each of the periodic signals shown in Fig. P2.8-4, find the compact trigonometric Fourier
series and sketch the amplitude and phase spectra. If either the sine or the cosine terms are absent
in the Fourier series, explain why.

2.8-5 (a) Show that an arbitrary function g(¢) can be expressed as a sum of an even function g, (r) and
an odd function g,(z):
8(1) = g.(1) + &)
Hint:

1 1
g = E[g(t) +g(-n]+ EIg(t) —g(=1)]

8e(t) &)

(b) Determine the odd and even components of the functions: (i) u(2); (i) e~*u(z); (iii) e’

1 .
NN
T S
= -

Figure P2.8-6
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2.8-6 If the two halves of one period of a periodic signal are of identical shape except that one is the
negative of the other, the periodic signal is said to have a half-wave symmetry. If a periodic signal A N A LY S I S A N D
g(#) with a period Ty satisfies the half-wave symmetry condition, then 7
I TRANSMISSION OF
t— =) =—g(@ . ,
¢ ( 2 ) s /%
In this case, show that all the even-numbered harmonics vanish, and that the odd-numbered : S l ‘ ; N A LS

harmonic coefficients are given by

4 N2 4 T2
a, = —f g(t)cos nwpt dt and b, = A,/ g(t) sin nwot dt
To Jo To Jo

Using these results, find the Fourier series for the periodic signals in Fig. P2.8-6.

2.9-1 For each of the periodic signals in Fig. P2.8-4, find exponential Fourier series and sketch the
corresponding spectra.

2.9-2 A periodic signal g(¢) is expressed by the following Fourier series:

‘ 2 2
g(t) =3cos t +cos (SZ - ?n) + 2cos (8¢ + —371)
lectrical engineers instinctively think of si; i i
. . . ¢ gnals in terms of their frequency spectra and
(a) Sketch the amplitude and phase spectra for the trigonometric series. ; think of systems in terms of their frequency responses. Even teenager(s] knov&): agout audio
(b) By inspection of spectra in part (a), sketch the exponential Fourier series spectra. i signals having a bandwidth of 20 kHz and good-quality loud speakers responding up

to 20 kHal z. This is basically thinking in the frequency domain. In the last chapter we discussed
spectral representation of periodic si . i i i :
2.9-3 Figure P2.9-3 shows the trigonometric Fourier spectra of a periodic signal g(t). 1 spectral relfresentation to ag:r?:gilg ssilggnlzlss (Fourier series). In this chapter we extend this

(c) By inspection of spectra in part (b), write the exponential Fourier series for g(2). p

(a) By inspection of Fig. P2.9-3, find the trigonometric Fourier series representing g(z).

(b) By inspection of Fig. P2.9-3, sketch the exponential Fourier spectra of g(z). ) 1 AP

(c) By inspection of the exponential Fourier spectra obtained in part (b), find the exponential : 3. ERIODIC SIGNAL REPRESENTATION BY FOURIER INTEGRAL
Fourier series for g(z).

(d) Show that the series found in parts (a) and (c) are equivalent.

App?ying a limiting process, we now show that an aperiodic signal can be expressed as a
continuous sum (integral) of everlasting exponentials. To represent an aperiodic signal g(z)
suc'h as the one shown in Fig. 3.1a by everlasting exponential signals, let us construct a nev&
pf:rlodlc signal gr, (f) formed by repeating the signal g(z) every Tp seconds, as shown in
Fig. 3.11?. The period Ty is made long enough to avoid overlap between the repeating pulses.
The periodic signal gz,(¢) can be represented by an exponential Fourier series. If we let
To — oo, the pulses in the periodic signal repeat after an infinite interval, and therefore

ngl}w gn(t) =g

Thus, the'Fourier. series representing &1, (¢) will also represent g(r) in the limit Ty — 0. The
exponential Fourier series for g7, (¢) is given by

o0
gn,@® =Y Dyelm 3.1
. e B n=—00
Figure P2.9-3 ; in which
2.9-4 Show that the coefficients of the exponential Fourier series of an even periodic signal are real and 1 1 ph2
those of an odd periodic signal are imaginary. 4 D, = I g (t)e~ It gy (3.2a)
0 J-1p/2 :
71
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2()

(@

o t—

&0
®)

P —
° 7 2
Figure 3.1  Construction of a periodic signal by periodic extension of g(#).
and
2 )
(3.2b)

Observe that integrating gr,(£) over (—To/2, To/2) is the same as integrating g(f) over
(—00, 00). Therefore, Eq. (3.2a) can be expressed as

1 (= »
Dy =— / g™ di 3.20)
0 J—-o0

Tt is interesting to see how the nature of the spectrum changes as Tp increases. To

understand this fascinating behavior, let us define G(w), a continuous function of w, as

G(w) = /w g(t)e;j“" dt (3.3)

A glance at Egs. (3.2c) and (3.3) shows that
1
D, = —G(nwop) (3.4)
To )

This shows that the Fourier coefficients D, are (1/To times) the samples of G(w) uniformly
spaced at intervals of wo rad/s, as shown in Fig. 3.2a*. Therefore, (1/ To)G(w) is the envelope
for the coefficients D,. We now let Ty — oo by doubling Ty repeatedly. Doubling Tj halves
the fundamental frequency wp, so that there are now twice as many components (samples)
in the spectrum. However, by doubling Ty, the envelope (1/Tp)G(w) is halved, as shown in
Fig. 3.2b. If we continue this process of doubling Ty repeatedly, the spectrum progressively
becomes denser while its magnitude becomes smaller. Note, however, that the relative shape
of the envelope remains the same [proportional to G (w) in Eq. (3.3)]. In the limit as To — ©0,
wy — 0 and D, — 0. This means that the spectrum is so dense that the spectral components

* For the sake of simplicity we assume D, and therefore G(w) in Fig. 3.2 to be real. The argument, however, is also
valid for complex D, [or G(w)].
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are spac.ed at' zero (infinitesimal) interval. At the same time, the amplitude of each component
j:;erq (1;1Vﬁn12s;mal). We have nothing of everything, yet we have something! This sounds like
ice in Wonderland, but as we shall see, these are the classic ch: isti ili
vl aracteristics of a very familiar
Substitution of Eq. (3.4) in Eq. (3.1) yields

=3 ﬂ;“’_@ejw 3.5)
0

n=—00

As Ty — oo,'a)o becogles infinitesimal (wy — 0). Because of this, we shall replace wy by a
- more appropriate notation, Aw. In terms of this new notation, Eq. (3.2b) becomes
\ Aw = 21
To
and Eq. (3.5) becomes

(3.6a)

_ & GrAw)Aw A
gTo(t) = Z T‘ elndox
j :

n=—00.

f)rquation' (3-6a) shows that gz, (f) can be eéxpressed as a sum of everlasting exponentials of

frequenc1es (X :I:.A([oé:l:ZAAw, +3Aw, - - - (the Fourier series). The amount of the component of
equency nAw is [G(n Aw]/2m. e limi

ThereforZ, (nAw)Aw]/2x. In the limit as Ty — oo, Aw — 0 and gn @) — g@).

o 1 & .
@ = lim gr,(t) = lim —— > GrA®)e A A (3.6b)
n=—0c

The surlgt on the righ.t-hand side of Eq. (3.6b) can be viewed as the area under the function
G(w)e/”, as shown in Fig. 3.3. Therefore,

1 oo
- Jor
g - f;m G(w)e’dw 3.7
D, Envelope Fi ; i
gure 3.2 Change in the Fourier spects hen the pe-
7170 G(w) riod Tp in Fig. 3.1 is doubled. pectium when the pe
— , v l [ —
0 0—>
D, ) . Envelope
4 G
- I , l . @ ®
= -1-1‘1"I"I"]--IT l I Ll I | I‘]‘T"I"I"r-r---1--.--7--.---
0 : w—>
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* You may consider this as an irrefutable proof of the proposition that 0% ownership of everything is better than

100% ownership of nothing!
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Figure 3.3  The Fourier series becomes the

G(w)e’® = : -
() Fourier integral in the limit as To — o0.

Area G(nAO))ei"Aw’

The integral on the right-hand side is called the Fourier integral. We have now succeeded
in representing an aperiodic signal g(z) by a Fourier integral® (rather than a Fourier series).
This integral is basically a Fourier series (in the limit) with fundamental frequency Aw — 0,
as seen from Eq. (3.6). The amount of the exponential e/ndt is G(nAw)Aw/2m. Thus, the
function G(w) given by Eq. (3.3) acts as a spectral function.

‘We call G (o) the direct Fourier transform of g (), and g(¢) the inverse Fourier transform
of G{(w). The same information is conveyed by the statement that g(z) and G(w) are a Fourier
transform pair. Symbolically, this is expressed as

G =Flg®] and  g@)=F ' [G@)]

or
g(t) = G(w)
To recapitulate, '
o0
G = [ swer d (3.8
—o0
and '
1 o .
g) == f G(w)e’ dw (3.8b)
27 J-o

It is helpful to keep in mind that the Fourier integral in Eq. (3.8b) is of the nature of a
Fourier series with fundamental frequency A approaching zero [Eq. (3.6b)]. Therefore, most
of the discussion and properties of Fourier series apply to the Fourier transform as well. We
can plot the spectrum G () as a function of . Since G (w) is complex, we have both amplitude
and angle (or phase) spectra: -

G() = |G(w)|e@

in which |G (w)] is the amplitude and 6, (w) is the angle (or phase) of G(w). From Eq. (3.8a),

G(—w) = / gty dt

—00

* This should not be considered as a rigorous proof of Eq. (3.7). The situation is not as simple as we have made it appear.’

:
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Conjugate Symmetry Property

From this equation and Eq. (3.8a), it follows that if g(¢) is a real function of t, then G(w) and
G(—w) are complex conjugates, that is,

G(-w) = G* (@) (3.9

Therefore,
|G (~w)| = |G(w)
Og(~w) = —0,(w)

(3.102)
(3.10b)

Thus, for real g(z), th.e amplimde‘ spectrum |G (w)} is an even function, and the phase spectrum
8¢ (w) is an odd function of w. This property (the conjugate symmetry preperty) is valid only
Bc;r reazlzg8 (7). These results were derived earlier for the Fourier spectrum of a periodic signal
qs. (2.85)] and should come as no surprise. The transform G is th j
ecifnion of o0y ’ sfc (w) is the frequency-domain

EXAMPLE 3.1  Find the Fourier transform of e~ u(¢).

HOJ

—at

Figure 3.4 ¢~ “u(t) and its Fourier spectra.

By definition [Eq. (3.8a)],

o0 o0
G(w) =/ e u(t)e 7 dy =/ e~@Hior gy

0 0

oo
e~ atjoxn
a+ jo 0

—jot| _ = j —at ,—j. :
But |e | = 1. Therefore, as t — oo, e~ @/t = g=atp—jot _ () if g > 0. Therefore,

Gw) = R a>0 (3.11a)

Expressing a + jo in the polar form as ~/a? + @2 e/ ™ (%) we obtain
1 .
G(w) = ———¢ i (D
N7 (3.11b)

Therefore,

1 ) w

1Gw)] = m and By (@) = —tan™! (-a—)

http://jntu.blog.com
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The amplitude spectrum |G ()| and the phase spectrum 6 (w) are shown in Fig. 3.4b.

expected.

Existence of the Fourier Transform

In Example 3.1 we observed that when a < 0, the Fourier integral for e *u(t) does not
converge. Hence, the Fourier transform for e~ y(t) does not exist if a < O (growing
exponential). Clearly, not all signals are Fourier transformable. The existence of the Fourier
transform is assured for any g(¢) satisfying the Dirichlet conditions mentioned in Sec. 2.8.The

first of these conditions is*

/oo [g(t)| dt < oo (3.12)

To show this, recall that |¢ /'] = 1. Hence, from Eq. (3.8a) we obtain

[ee]
Gl =< [ Il

—o0
This shows that the existence of the Fourier transform is assured if condition (3.12) is satisfied.
Otherwise, there is no guarantee. We have seen in Example 3.1 that for an exponentially
growing signal (which violates this condition) the Fourier transform does not exist. Although
this condition is sufficient, it is not necessary for the existence of the Fourier transform of a
signal. For example, the signal (sin at)/7, violates condition (3.12), but does have a Fourier

transform. Any signal that can be generated in practice satisfies the Dirichlet conditions and .

therefore has a Fourier transform. Thus, the physical existence of a signal is a sufficient
condition for the existence of its transform.

Linearity of the Fourier Transform
The Fourier transform is linear; that is, if
g1(t) <= Gi(w) and &2(t) = G2 ()
theq
a181(t) + a28:(1) = a1G1 (@) + 22G2(w) (3.13)

The proof is trivial and follows directly from Eq. (3.8a). This result can be extended to any
finite number of terms.

3.1.1 Physical Appreciation of the Fourier Transform

In understanding any aspect of the Fourier transform, we should remember that Fourier
representation is a way of expressing a signal in terms of everlasting sinusoids, or exponentials.

* The remaining Dirichlet conditions are as follows: In any finite interval, g(z) may have only a finite number of
maxima and minima and a finite number of finite discontinuities, When these conditions are satisfied, the Fourier

integral on the right-hand side of Eq. (3.8b) converges to g(z) at all points where g(#) is continuous and converges {0

the average of the right-hand and left-hand limits of g(z) at points where g(z) is discontinuous.
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Observe that |G(w)| is an even function of w, and 6,(w) is an odd function of o, as
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Gx)

(b)
Figure 3.5  Analogy for Fourier transform.

The Fourier spectrum of a signal indicates the relative. amplitudes and phases of the sinusoids
that are required to ‘synthesize that signal. A periodic signal Fourier spectrum has finite
amplitudes and exists at discrete frequencies (wp and its multiples). Such a spectrum is easy
to visualize, but the spectrum of an aperiodic signal is not easy to visualize because it has a
continuous spectrum that exists at every frequency. The continuous spectrum concept can be
appreciated by considering an analogous, more tangible phenomenon. One familiar example
of a continuous distribution is the loading of a beam. Consider a beam loaded with weights
D1, D3, D3, - - -, D, units at the uniformly spaced points x1, x3, - - -, X, as shown in Fig. 3.5a.
The total load Wy on the beam is given by the sum of these loads at each of the n points:

Wr=Y D
i=1

Consider now the case of a continuously loaded beam, as shown in Fig. 3.5b. In this case,
although there appears to be a load at every point, the load at any one point is zero. This does
not mean that there is no load on the beam. A meaningful measure of load in this situation is
not the load at a point, but rather the loading density per unit.length at that point. Let G(x)
be the loading density per unit length of beam. This means that the load over a beam length
Ax (Ax — 0) at some point x is G(x)Ax. To find the total load on the beam, we divide the
beam into segments of interval Ax (Ax — 0). The load over the nth such segment of length
Ax is [G(nAx)] Ax. The total load Wr is given by

Wr = li "
T Alfllo;G("A” Ax
1

= f " Gx) dx

1

In the case of discrete loading (Fig. 3.5a), the load exists only at the » discrete points. At other
points there is no load. On the other hand, in the continuously loaded case, the load exists at
every point, but at any specific point x the load is zero. The load over a small interval Ax,
however, is [G(nAx)] Ax (Fig. 3.5b). Thus, even though the load at a point x is zero, the
relative load at that point is G (x).

An exactly analogous situation exists in the case of a signal spectrum. When g(¢) is
periodic, the spectrum is discrete, and g(¢) can be expressed as a sum of discrete exponentials
with finite amplitudes:

HOED I s
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For an aperiodic signal, the spectrum becomes continuous; that is, the spectrum exists for
every value of w, but the amplitude of each component in the spectrum is zero. The meaningful

measure here is not the amplitude of a component of some frequency but the spectral density

per unit bandwidth. From Eq. (3.6b) it is clear that g(t) is synthesized by adding exponentials.
of the form e/ in which the contribution by any one exponential component is zero.
But the contribution by exponentials in an infinitesimal band Aw located at @ = nAw is
(1/27)G(nAw) Aw, and the addition of all these components yields g(¢) in the integral form:
= 1 1 = G (jnAw)lA — 1 0 G jot d
g(t) = A:gog Z (nAw)e 0= o /;oo (w)e (5}

The contribution by components within the band de is (1/27)G (w) dw = G(w) df, in which
df is the bandwidth in hertz. Clearly G (w) is the spectral density per unit bandwidth (in hertz).
This also means that even if the amplitude of any one component is zero, the relative amount
of a component of frequency w is G(w). Although G(w) is a spectral density, in practice it is
customarily called the spectrum of g(z) rather than the spectral density of g(z). Deferring to
this convention; we shall call G(w) the Fourier spectrum (or Fourier transform) of g().

A Marvelous Balancing Act

Animpoitant point to remember here is that g (¢) is represented (or synthesized) by exponentials
or sinusoids that are everlasting (not causal). This leads to a rather fascinating picture when
we try to visualize the synthesis of a time-limited pulse signal g(#) (Fig. 3.6) according to the
sinusoidal components in its Fourier spectrum. The signal g() exists only over an interval
(a, b) and is zero outside this interval. The spectrum of g(#) contains an infinite number of
exponentials (or sinusoids) which start at t = —o0 and continue forever. The amplitudes and
phases of these components are such that they add up exactly to g(¢) over the finite interval

(a, b) and add up to zero everywhere outside this interval. Juggling with such a perfect -

and delicate balance of amplitudes and phases of an infinite number of components boggles
the human imagination. Yet, the Fourier transform accomplishes it routinely, without much
thinking on our part. Indeed, we become so involved in mathematical manipulations that we
fail to notice this marvel.

3.2 TRANSFORMS OF SOME USEFUL FUNCTIONS

For convenience, we now introduce a compact notation for some useful functions such as gate,
triangle, and interpolation functions.

Unit Gate Function
We define a unit gate function rect (x) as a gate pulse of unit height and unit width, centered
at the origin, as shown in Fig. 3.7a:

) Figure 3.6 A time-limited puise.

|
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1| rect(x) 1 | rect (%)
X —=
g 1
> 0 > —71; 0 % X —=
(@ ®
Figure 3.7  Gate pulse.
0 x| > %
rect (x) = { 1 x| =1 3.14)
1 x| < %

The gate pulse in Fig. 3.7b is the unit gate pulse rect (x) expanded by a factor T and
therefore can be expressed as rect (x/t) (see Sec. 2.3.2). Observe that 7, the denominator of
the argument of rect (x/7), indicates the width of the pulse.

Unit Triangle Function

We define a unit triangle function A(x) as a trian it hei it wi
gular pulse of unit height
centered at the origin, as shown in Fig. 3.8a: ’ it hefght and unit widd

A(x)z{o [x] >

1—2)x| x| < (3.15)

D= N

The pulse in Fig. 3.8b is A(x/7). Observe that here, as for thy i
( . 2 ¢ gate pulse, the denominato
of the argument of A(x/7) indicates the pulse width. '

Interpolation Function sinc (x)
The function sin x/x is the “sine over argument” function denoted by sinc (x).* This function

A® ) x
. . A
-1 lo 1 ”
2 r—= % l 0 % X —-
@ ®

Figure 3.8  Triangle pulse.

* sinc (x) is also denoted by Sa (x) in the literature. Some authors define sinc (x) as
5 sinwx
sinc (x) = ——
X
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plays an important role in signal processing. It is also known as the filtering or interpolating
function. We define .

sinc () = s“; ad (3.16)

Inspection of Eq. (3.16) shows that

1

2. sinc (x) = 0 when sin x = 0 except at x = 0, where it is indeterminate. This means that
sinc (x) = Oforx = =4m, 27, £37,---. :

3. Using L’Hopital’s rule, we find sinc (0) = 1.

4. sinc (x) is the product of an oscillating signal sin x (of period 27) and a monotonically

decreasing function 1/x . Therefore, sinc (x) exhibits sinusoidal oscillations of period 27,

with amplitude decreasing continuously as 1/x.

sinc (x) is an even function of x.

Figure 3.9a shows sinc (x). Observe that sinc (x) =0 for values of x that are positive
and negative integral multiples of . Figure 3.9b shows sinc (Bw/7). The argument 3w/7 =7
when @ = 7m/3. Therefore, the first zero of this function occurs at w = 77 /3.

|

sine (x)

(@

-~ _fn Io 7Tn\/13ﬂr
3 3

Figure 3.9  Sinc pulse.
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(@)

Figure 3.10  Gate pulse and its Fourier spectrum.

- . : .
G(a))‘=/ rect (—) eI dt
E - i

Since rect (t/7) = 1 for ¢ < 7/2, and since it is zero for |¢| > /2,

We have

/2 .
mmzf ot
—7/2

_L(é—fWT/Z el 2sin (wt/2)
jo ®

= T—sin @t/2) = 7 sinc (ﬁ)

(wt/2) 2
Therefore,
t . T
rect (?) <= Tsinc (7) (3.17)

Recall that sinc (x) = 0 when x = +nw. Hence, sinc (wt/2) = 0 when
wt/2 = *nx; that is, when w = *2nw/t (n = 1,2, 3, ---), as shown in Fig. 3.10b.
Observe that in this case G(w) happens to be real. Hence, we may convey the spectral
information by a single plot of G(w) shown in Fig. 3.10b.

EXAMPLE 3.2

Find the Fourier transform of g(¢) = rect (¢/7) (Fig. 3.10a).

http://jntu.blog.com

Bandwidth of rect (%) )

The spectrum G (w) in Fig. 3.10 peaks at @ = 0 and decays at higher frequencies. Therefore,
rect (t/t) is a low-pass signal with most of the signal energy in lower frequency components.
Signal bandwidth is the difference between the highest (significant) frequency and the lowest
(significant) frequency in the signal spectrum. Strictly speaking, because the spectrum extends
from 0 to oo, the bandwidth is oo in the present case. However, much of the spectrum is
concentrated within the first lobe (from w = 0 to @ = 27 /7), and we may consider @ = 27/t
to be the highest (significant) frequency in the spectrum. Therefore, a rough estimate of the
bandwidth® of a rectangular pulse of width T seconds is 27 /7 rad/s, or 1/7 Hz. Note the
reciprocal relationship of the pulse width with its bandwidth. We shall observe later that this
result is true in general. :

* To compute the bandwidth, we must consider the spectrum only for positive values of w. The trigonometric
spectrum exists only for positive frequencies. The negative frequencies occur because we use exponential spectra
for mathematical convenience. Each sinusoid cos w,? appears as a sum of two exponential components e/“»* and
e~Jent with frequencies @, and —cw,, respectively. But in reality, there is only one component of frequency w,.
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EXAMPLE 3.3  Find the Fourier transform of the unit impulse 8(¢).

Using the sampling property of the impulse [Eq. (2.19a)], we obtain
o0
Fis@)] = f S(t)e i¥dt =1
o0

(3.18a)

or

8 =1 (3.18b)

Figure 3.11 shows 8(¢) and its spectrum.

g =8

|0 t—

(@ (®)

Figure 3.11  Unit impulse and its Fourier spectrum.

ExampLE 3.4  Find the inverse Fourier transform of § ().

From Eq. (3.8b) and the sampling property of the impulse function,

1 _ L fm jeot — L
FlB@]=5- _wé(w)e’ do =

Therefore,

L — §(w) (3.19a)
R 2
or

1 < 27é(w) (3.19b)

This shows that the spectrum of a constant signal g(f) = 1is an impulse 278(w), as
shown in Fig. 3.12.

The result [Eq. (3.19b)] also could have been anticipated on qualitative grounds.
Recall that the Fourier transform of g(¢) is a spectral representation of g(¢) in terms of
everlasting exponential components of the form e/, Now to represent a constant signal
g(t) = 1, we need a single everlasting exponential® /" with w = 0. This results in a

* The constant multiplier 27 in the spectrum [G (w) = 278 (w)] may be a bit puzzling. Since 1 = e/ with w = 0, it
appears that the Fourier transform of g(¢) = 1 should be an impulse of strength unity rather than 277 Recall, however,
that in the Fourier transform g(z) is synthesized not by exponentials of amplitude G (nAw)Aw, but of amplitude 1/27
times G(nAw)Aw, as seen from Eq. (3.6b). Had we used variable f (in hertz) instead of w, the spectrum would
have been a unit impulse.

T

EXAMPLE 3.6
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spectrum.at a single frequency @ = 0. Another way of looking at the situation is that
gy=1 isa dc signal which has a single frequency w = 0 (dc).

] g(f) =1 G(w) = 2n8(w0)

Figure 3.12  Constant (dc) signal and its Fourier spectrum.

If an impulse at @ = 0 is a spectrum of a dc signal, what does an impulse at w = wy
represent? We shall answer this question in the next example. )

ExamPLE 3.5  Find the inverse Fourier transform of 8(w — w).

Using the sampling property of the impulse function, we obtain ’

1 1 [*® ; 1T .
S(w — = — - Jjot — __plwot
FI8( wp)] o /_wS(w wp)e!” dw 2”e 0
Therefore,

1 .
Zejwot <= §(w — wp)
or

&/ = 275 (w — wp) (3.202)

) This result shows that the spectrum of an everlasting exponential ¢/** is a single
impulseatw = wy. We reach the same conclusion by qualitative reasoning. Torepresent the
everlasting exponential e/*’, we need a single everlasting exponential e/“* with w = wy.
Therefore, the spectrum consists of a single component at frequency w = wy.

From Eg, (3.20a) it follows that

eI = 27 8(w + wp) (3.20b)

Find the Fourier transforms of the everlasting sinusoid cos wy?.

AN —
VAVATAVAVAYE R

Figure 3.13  Cosine signal and its Fourier spectrum.

g "Recall the Euler formula

G(w)

1 . .
cos wot = —z-(ef“"" + e~ i@0ty

http://jntu.blog.com
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Adding Egs. (3.20a) and (3.20b), and using the above formula, we obtain
cos wyt <= m[§(w + wo) + 8(w — wo)] (3.21)

The spectrum of cos wot consists of two impulses at wp and — wp, as shown in
Fig. 3.13. The result also follows from qualitative reasoning. An everlasting sinusoid
cos wot can be synthesized by two everlasting exponentials, 270" and e~/ Therefore;
the Fourier spectrum consists of only two components of frequencies wo and —ay.

EXAMPLE 3.7  Find the Fourier transform of the sign function sgn ¢ (pronounced signum 7), shown in Fig..
3.14. Its value is +1 or —1, depending on whether 7 is positive or negative:

1 t>0
=1 (2o G4

—emu(—t) ...........................................

Figure 3.14  Sign function.

The transform of sgn ¢ can be obtained by considering sgn ¢ as a sum of two exponentials,
as shown in Fig. 3.14, in the limit as @ — 0:

T —at _oat, o
sgnt_zlll_r)%[e u(t) — e u(—1)]

Therefore,

F [sgnt] = lim {Fleu@)] = Fle"u(-n1}

g 1 1
= lim ( — = - ) (see pairs 1 and 2 in Table 3.1)
a=»0\a+ jo a—jo
—2jw 2
= == 2
P (a2 +a)2) jo 623

3.3 SOME PROPERTIES OF THE FOURIER TRANSFORM

We now study some of the important properties of the Fourier transform and their implications
as well as their applications. Before embarking on this study, it is important to point out &
pervasive aspect of the Fourier transform—the time-frequency duality.

http://jntu.blog.com

Table 3.1

Short Table of Fourier Transforms

3.3 Some Properties of the Fourier Transform

8 G(w)
_ 1 =
1 e u(s _
® a+ jo a>0
2 e u(—t) ! - ) a>0
a- jo:
~alt 2a
oo Tre a>0
— 1
4 te % u(t) —_—
@+ jor a>0
!
5 e u(t "
) @+ joy™+ a>0
6 &(@t) 1
7 1 278(w)
8 i 278(w — wo)
9 cos wot 7 [8(w — wo) + 8(w + wp)]
10 sin wyt Jrl8(w + wp) — §(@ — wp)]
1 u(t) 78(w) + i
jo
12 sgnt i
jo
13 cos wot u(r) 2 [8(e — wp) + 8(0 + wp)] + 21‘"
2 o} — o?
. 7
14 sin wot u(z) I 15w — w0) — 8(0 + 0)] + —2
2j o — w?
15 e~ sinwot u(t) — %
(a+jw)2+co(2, a>0
16 e~ cos wpt u(r) __atije
(a+ jo)? + o} @>0
3§ z ot
17 tf — i i
rect (r) T sinc ( 2 )
w ®
18 — sinc (Wt —
= e (W9 rect (2w)
t T ot
19 Al = T2 (2
<t> 5 sinc ( 7 )
w Wt w
20 — sinc? | — —
3 sinc ( > ) A(ZW)
e 0
2 3 8¢ —nT) @ Y 8- naw) wo= 2
n==00 n=—0c0 T
2 i on/2meo "
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g G(m)

—~

Figure 3.15  Near symmetry between direct and inverse Fourier transforms.

3.3.1 Symmetry of Direct and Inverse Transform
Operations—Time-Frequency Duality

Equations (3.8) show an interesting fact: the direct and the inverse transform operations are
remarkably similar. These operations, required to go from g(¢) to G(w) and then from G(w)
to g(z), are shown graphically in Fig. 3.15. There are only two minor differences in these
operations: the factor 27 appears only in the inverse operator, and the exponential indices in
the two operations have opposite signs. Otherwise the two operations are symmetrical.” This

observation has far-reaching consequences in the study of Fourier transform. It is the basis .~

of the so-called duality of time and frequency. The duality principle may be compared with a
photograph and its negative. A photograph can be obtained from its negative, and by using
an identical procedure, the negative can be obtained from the photograph. For any -result
or relationship between g(#) and G(w), there exists a dual result or relationship, obtained
by interchanging the roles of g(¢) and G(w) in the original result (along with some minor
modifications arising because of the factor 27 and a sign change). For example, the time-
shifting property, to be proved later, states that if g(#) <= G(w), then

2@t — 1p) &= G(w)e 7%
The dual of this property (the frequency-shifting property) states that
* Of the two-differences, the former can be eliminated by a change of variable from w to f (in hertz). In this case, ’
w=2rf and do =2ndf
Therefore, the direct and the inverse transforms are given by

oo o0
GQ2nf) = / g@)e I ds and  g(t) = / GQrf)e/Z I df
—o0 —o0
This leaves only one significant difference, that of sign change in the exponential index. Otherwise the two operations
are symimetrical.

|
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g()e’ ™ = G(w — wp)

Observe the role reversal of time-and frequency in these two equations (with the minor
difference of the sign change in the exponential index). The value of this principle lies in
the fact that whenever we derive any result, we.can be sure that it has a dual. This can give
valuable insights about many unsuspected properties or results in signal processing.

The properties of the Fourier transform are useful not only in deriving the direct and the
inverse transforms of many functions; but also in obtaining several valuable results in signal
processing. The reader should not fail to observe the ever-present duality in this discussion. We
begin with the symmetry property, which'is one of the consequences of the duality principle
discussed. ’

3.3.2 Symmetry Property
This property states that if

g(t) <= G(w)
then

G(t) &= 2ng(—w) (3.24)

Proof: From Egq. (3.8b),
1 _— ‘
glt) = —f G(x)e’™ dx
2r J_o
Hence,
0 .
2rg(—t) = f G(x)e /™ dx

00

Changing ¢ to w yields Eq. (3.24).

EXAMPLE 3.8  In this example we shall apply the symmetry property [Eq. (3.24)] to the pair in Fig. 3.16a.
&
1
- 0 — -
75
G(w)
110}
S N
AnN\_/2n | 2aN\_/4% — - 0 I g
T T T T 2 2
(b)

Figure 3.16  Duality property of the Fourier transform.
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From Egq. (3.17) we have

rect (£> <= T sinc (%t) (3.25)
E,LJ —

8 G@

Also G(t) is the same as G (w) with w replaced by ¢, and g(—w) is the same as g(®)
with ¢ replaced by —w. Therefore, the symmetry property (3.24) yields

t — ® )
T sinc (%) &= 271 rect (—T—) = 27 rect (?) (3.26)
R —
G@®) 27 g(—w)

In Eq. (3.26) we used the fact that rect (—x) = rect (x) because rect is an even function.
‘Figure 3.16b shows this pair graphically. Observe the interchange of the role§ of t and @
(with the minor adjustment of the factor 27). This result appears as pair 18 in Table 3.1
(with 7/2 = W). '
As an interesting exercise, by applying the symmetry property, the reader should
generate a dual of every pair in Table 3.1.

3.3.3 Scaling Property

If
g@) &= G(w)

then, for any real constant a,
®

glat) < I'i_IG (a) 327

Proof:  For a positive real constant a,

Flg(an] = /

—00

: 1 [ . 1 w
—jot — (—jo/a)x =_-G(=
glat)e 79 dt = 2 / g(x)e dx = p (a)

—00

o0

Similarly, it can be shown thatif a < 0,

o = Lo (2)

Hence follows Egq. (3.27).
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Significance of the Scaling Property .

The function g(ar) represents the function g(f) compressed in time by a factor a (see Sec.
2.3.2). Similarly, a function G(w/a) represents the function G(w) expanded in frequency by
the same factor a. The scaling property states that time compression of a signal results in
its spectral expansion, and time expansion of the signal results in its spectral compression.
Intuitively compression in time by a factor a means that the signal is varying rapidly by
the same factor. To synthesize such a signal, the frequencies of its sinusoidal components
must be increased by the factor @, implying that its frequency spectrum is expanded by the
factor a. Similarly, a signal expanded in time varies more slowly; hence, the frequencies of its
components are lowered, implying that its frequency spectrum is compressed. For instance,
the signal cos 2wyt is the same as the signal cos wyr time-compressed by a factor of 2. Clearly,
the spectrum of the former (impulse at +2ay) is an expanded version of the spectrum of the
latter (impulse at £wy). The effect of this scaling is demonstrated in Fig. 3.17.

Reciprocity of Signal Duration and Its Bandwidth

The scaling property implies that if g(¢) is wider, its spectrum is narrower, and vice versa.
Doubling the signal duration halves its bandwidth, and vice versa. This suggests that the
bandwidth of a signal is inversely proportional to the signal duration or width (in seconds). We
have already verified this fact for the gate pulse, where we found that the bandwidth of a gate
pulse of width 7 seconds is 1/z Hz. More discussion of this interesting topic can be found in
the literature.?

8
1
et 0 R
2 2
8@
1
=T 0 T
-

Figure 3.17  Scaling property of the Fourier transform.

EXAMPLE 3.9
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Show that
g(—1) &= G(-w) (3.28)

Using this result and the fact that e=*u(t) <= 1/a + jw, find the Fourier transforms of
e u(—t) and @, .
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o]
(@) ®
Figure 3.18 e~ and its Fourier spectrum. 5

Equation (3.28) follows from Eq. (3.27) by lettinga = —1. Application of Eq. (3.28) to
pair 1 of Table 3.1 yields

1
A u(—t) = -

a—jo
Also
e = ey (t) + e u(-1)
Therefore, ,
ey Ly 12 (3.29)
¢ atjo  a—jo a+o ‘

The signal ¢! and its spectrum are shown in Fig. 3.18.

3.3.4 Time-Shifting Property

If
g(t) &= G(w)
then '
g(t — tp) == G(w)e™° (3.302)
Proof- By definition,
0 .
Al -l = [ _ae—werdr
—00
Letting t — fo = x, we.have
o0 .
Flga 1= [ e dx
oo 1
(3.30b) ]

=e f °° gx)e " dx = G(w)e /"

—0C
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This result shows that delaying a signal by ty seconds does not change its amplitude spectrum.
The phase spectrum, however, is changed by —wty.

Physical Explanation of the Linear Phase

Time delay in a signal causes a linear phase shift in its spectrum. This result can also be derived
by heuristic reasoning. Imagine g(z) being synthesized by its Fourier components, which are
sinusoids of certain amplitudes and ph‘ases. The delayed signal g(t — ) can be synthesized by
the same sinusoidal components, each delayed by #o seconds. The amplitudes of the components
remain unchanged. Therefore, the amplitude spectrum of g(z — fy) is identical to that of g(0).
The time delay of 7 in each sinusoid, however, does change the phase of each component.
Now, a sinusoid cos wr delayed by # is.given by

cos w(t — 1y) = cos (wt — wty)

Therefore, atime delay 7, in a sinusoid of fréquency @ manifests as a phase delay of wty. Thisisa
linear function of w, meaning that higher frequency components must undergo proportionately
higher phase shifts to achieve the same time delay. This effect is shown in Fig. 3.19 with two
sinusoids, the frequency of the lower sinusoid being twice that of the upper. The same time
delay £, amounts to a phase shift of 7/2 in the upper sinusoid and a phase shift of 7 in the
lower sinusoid. This verifies the fact that to achieve the same time delay, higher frequency
sinusoids must undergo proportionately higher phase shifts.

Figure 3.19  Physical explanation of the time-shifting property.

EXAMPLE 3.10  Find the Fourier transform of ¢=4l‘—"%!,

This function, shown in Fig. 3.20a, is a time-shifted version of e=#l (shown in Fig. 3.18a).
From Eqgs. (3.29) and (3.30) we have

http://jntu.blog.com



http://jntu.blog.com

92  ANALYSIS AND TRANSMISSION OF SIGNALS
—alt— — jowt
R v L (3.31)
The spectrum of ¢~4/~"0! (Fig, 3.20b) is the same as that of e~“!! (Fig. 3.18b), except
for an added phase shift of —w1 . '
Observe that the time delay 7, causes a linear phase spectrum —wp. This example
clearly demonstrates the effect of time shift.
1
g(t) - e-a]t42n|
<>
e
0 ty t—> -
. 8, = -wto/
(@ )
Figure 3.20  Effect of time shifting on the Fourier spectrum of a signal.
ExampLE 3.11  Show that ‘
gt —T)+gt+T) & 2G(w) cos Tw (3.32)
& This follows directly from Egs. (3.30).
1
3.3.5 Frequency-Shifting Property
If =
g(t) &= G(w) ’;;
then
g(1)e’™ < G(w — wp) (333

Proof: By definition,

Flg®)el™'] = /

—oC

fee)
gyl e I dt = f g /@@ dt — G(w — wo)

—00

This property states that multiplication of a signal by a factor e/ shifts the spectn.m? of
that signal by @ = wy. Note the duality between the time-shifting and the frequency-shifting

properties.
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Changing wy to —wy in Eq. (3.33) yields

ge N = G(w + wp) (3.34)

Because e/ is not a real function that can be generated, frequency shifting in practice
is achieved by multiplying g(r) by a sinusoid. This can be seen from the fact that

1 . .
g()cos wot = > [g®e/™ + g(t)e=7on]
From Egs. (3.33) and (3.34), it follows that

g(t) cos wot = % [G(w — wp) + G(w + wy)] (3.35)
This shows that the multiplication of a signal g(z) by a sinusoid of frequency wo shifts the
spectium G (w) by +wp. Multiplication of a sinusoid cos wyt by g(f) amounts to modulating
the sinusoid amplitude. This type of modulation is known as amplitude modulation. The
sinusoid cos wyt is called the carrier, the signal g(z) is the modulating signal, and the signal
g(?) cos wot is the modulated signal. Modulation and demodulation will be discussed in detail
in Chapter 4.
To sketch a signal g(f) cos wyt, we observe that

g(@) when cos wpt =1
—g(®) when cos wyt = —1

Therefore, g(t) cos wyt touches g(r) when the sinusoid cos wy is at its positive peaks and
touches —g(z) when cos wpt is at its negative peaks. This means that g(z) and —g(t) act as
envelopes for the signal g(¢) cos wot (see Fig. 3.21c). The signal —g(¢) is a mirror image
of g(¢) about the horizontal axis. Figure 3.21 shows the signals g(¢), g(¢) cos wot and their
spectra.

g(t) cos wot = {

Shifting the Phase Spectrum of a Modulated Signal

We can shift the phase of each spectral component of a modulated signal by a constant amount
6o merely by using a carrier cos (wg? + ) instead of cos wot. If a signal g(¢) is multiplied by
cos (wgt + 6p), then using an argument similar to that used to derive Eq. (3.35), we can show
that

1 A ,
8() cos (@of +6p) <= > [G(@ - wp) e7® + G(w + wp) e77%] (3.36)
For a special case when 8y = —/2, Eq. (3.36) becomes ]
1 ; 4
8(sin oot = 5 [G@—w0) €™ + G(w + wn) 7] (3.37)

Observe that sin wy? is cos wor with a phase delay of 71/21 Thus, shifting the carrier phase by
7 /2 shifts the phase of every spectral component by 7 /2. Figure 3.21e and f shows the signal
g(#) sin wyr and its spectrum.

Exampie 3.12
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Find and sketch the Fourier transform of the modulated signal g(z) cos woz in which g(¢) is a
gate pulse rect (¢/T'), as shown in Fig. 3.22a.
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&) @
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Figure 3.21 Amplitude modulation of a signal causes spectral shifting.
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~
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Figure 3.22 Example of spectral shifting by amplitude modulation.
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The pulse g(¢) is the same rectangular pulse shown in Fig. 3.10a (with t = 7). From pair
17 of Table 3.1, we find G (w), the Fourier transform of g(¢), as

rect <= T sinc or
sinc { —
T 2

This spectrum G (w) is shown in Fig. 3.22b. The signal g(¢) cos wot is shownin Fig.3.22¢.
From Eq. (3.35) it follows that

8(1)c0s w0t 4= 2[G(0+ o) + G0 w0)]

This spectrum of g(¢) cos wo is obtained by shifting G(w) in Fig. 3.22b to the left by wp
and also to the right by wp and then multiplying it by half, as shown in Fig. 3.22d.
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Application of Modulation
Modulation is used to shift signal spectra. Some of the situations where spectrum shifting is
necessary are given next.

1. If several signals, each occupying the same frequency band, are transmitted simultaneously
over the same transmission medium, they will all interfere; it will be impossible to separate
or retrieve them at a receiver. For example, if all radio stations decide to broadcast audio
signals simultaneously, the receiver will not be able to separate them. This problem is solved
by using modulation, whereby each radio station is assigned a distinct carrier frequency.
Each station transmits a modulated signal, thus shifting the signal spectrum to its allocated
band, which is not occupied by any other station. A radio receiver can pick up any station
by tuning to the band of the desired station. The receiver must now demodulate the received
signal (undo the effect of modulation). Demodulation therefore consists of another spectral
shift required to restore the signal to its original band. Note that both modulation and
demodulation implement spectral shifting. Consequently, demodulation operation is similar
to modulation (see Prob. 3.3-10). This method of transmitting several signals simultaneously
over a channel by sharing its frequency band is known as frequency-division multiplexing
(FDM).

2. For effective radiation of power over aradio link, the antenna size must be on the order of the
wavelength of the signal to be radiated. Audio signal frequencies are so low (wavelengths are
so large) that impracticably large antennas will be required for radiation. Here, shifting the
spectrum to a higher frequency (a smaller wavelength) by modulation solves the problem.

Bandpass Signals

Figure 3.21d and f shows that if g, (t) and g, (¢) are low-pass signals, each with a bandwidth
B Hz or 27 B rad/s, then the signals g.(r) cos wor and g,(f)sin wot are both bandpass
signals occupying the same band, and each having a bandwidth of 47 B rad/s. Hence, a linear
combination of both these signals will also be a bandpass signal occupying the same band as
that of the either signal, and with the same bandwidth (47 B rad/s). Hence, a general bandpass
signal g3, (¢) can be expressed as*

8op(t) = gc(t) cos wot + g (t) sin wyt (3.38)

* See Sec. 11.5 for a rigorous proof of this statement.
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E(t)

gop(t)
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Figure 3.23  Bandpass signal and its spectrum.

The spectrum of g, (¢) is centered at Fwp and has a bandwidth 4 B, as shown in Fig. 3.23.
Although the magnitude spectra of both g.(¢) cos wo? and g, () sin wo? are symmetrical about
+y, the magnitude spectrum of their sum, gy, (?), is not necessarily symmetrical about %eo.
This is due to the fact that the amplitudes of the two signals do not add directly because of
their phases for the reason that

alei(ﬂl +a2ej"2 # (a1 + az)ej(w1+¢z)

A typical bandpass signal g,(¢) and its spectra are shown in Fig. 3.23. Using a well-known
trigonometric identity, Eq. (3.38) can be expressed as

gop(t) = E(t) cos [wot + ¥ ()] (3.39)
where
E(t) = +,/g2(1) + g2() -(3.40a)
=—tan”! gs—(t)} 3.40b
Vo o [gc(t) (3.40b)

Because g.() and g, (¢) are low-pass signals, E (¢) and Y (¢) are also low-pass signals. Because
E(2) is nonnegative [Eq. (3.40a)], it follows from Eq. (3.39) that E(¢) is a slowly varying
envelope and ¢ (¢) is a slowly varying phase of the bandpass signal g, (¢), as shown in Fig. 3.23.
Thus, the bandpass signal gy, () will appear as a sinusoid of slowly varying amplitude. Because
of the time-varying phase ¥ (¢) the frequency of the sinusoid also varies slowly” with time
about the center frequency wp.

ExAmpLE 3.13

Find the Fourier transform of a general periodic signal g(t) of period Ty, and hence, determine -

the Fourier transform of the periodic impulse train 8z, (#) shown in Fig. 3.24a.

* [t is necessary that 27 B << ap for a well-defined envelope. Otherwise the variations of E(¢) are of the same order £

as the carrier, and it will be difficult to separate the envelope from the carrier.
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|g<z) l G(0) = wodwo(e)
3Ty, -To 0 2T, 4T, 2wy -9 0 w20
f— w—>

(a) . (b)

Figure 3.24  Impulse train and its spectrum.'

A periodic signal g(z) can be expressed as an exponential Fourier series as

o0
g(@®) = Z D, e/mevt wy = 2T_7r
0

n=—00

Therefore,

g(t) — Z jT[Dn ejnwoz]

n=—00
Now from Eq. (3.20a), it follows that
o
gy <=2 Y D, 5w — nwp) (3.41)
n=—00

Equation (2.89) shows that the impulse train 87, (f) can be expressed as an exponential
Fourier series as

I &
5T0(t) = ? Z e]nwut Wy = 2T_7T
0 0

n=—co

Here D, = 1/Ty. Therefore, from Eq. (3.41),

2 &
@) &= — Z 8(w — nawyp)
T n=—co
27
=T

Thus,'the spectrum of the impulse train also happens to be an impulse train (in the frequency
domain), as shown in Fig. 3.24b.

= w0 (@) @0 (342)

3.3.6 Convolution

The colnvolution of two functions g(z) and w(z), denoted by g(¢) * w(z), is defined by the
integral

o0

g(t)*w(t)=/ g@w( —1)dr

—00
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The time convolution property and its dual, the frequency convolution property, state
that if

gi1t) = Gi(w) and () <= G:(v)

then (time convelution)

g1(1) % g2(t) = G1(0)Gr(w) (3.43)
and (frequency convelutien) ‘ ’
] ‘
81()g:(t) = ZGl(w) * Go(w) (3.44)
Proof: By definition,
o0

Flg1(@) * g2(0)| =/ e U g1(r)ga(t — t)dr] dt
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Because

u(t— T) = { (1) z i i

it follows that

oo t
g ut) = f (@l — v)dt = f o(0) dr

Now from the time convolution property [Eq. (3.43)], it follows that

g®) *u(t) < Gw)U(w)
=G [.i + m?(w)}
jw

=@ 05w
jw

In deriving the last result we used pair 11 of Table 3.1 and Eq. (2.18a).

= /‘00 &1(7) I:/oo e gyt — r)dt} dr

The inner integral is the Fourier transform of g>(t — 1), given by [time-shifting property in

Eq. (3.30)] G2(w)e /7. Hence, . ; ¢
Flar(0) * g2(0)] = f 21(D)e 1 Ga(w) dr

- 6y f £1(De 1 dT = G (@)Ga(®)

The frequency convolution property (3.44) can be proved in exactly the same way by reversing
the roles of g(¢) and G (w).

Bandwidth of the Product of Two Signals

If g1(¢) and g (¢) have bandwidths B; and B, Hz, respectively, the bandwidth of g;(¢)g2(¢)
is By + B, Hz. This result follows from the application of the width property of convolution®
to Eq. (3.44). This property states that the width of x * y is the sum of the widths of x and y.
Consequently, if the bandwidth of g(¢) is B Hz, then the bandwidth of g2(¢) is 2B Hz, and the
bandwidth of g” () is nB Hz.*

ExampLE 3.14

Using the time convolution property, show that if
&) = G(o)
then

f g(rydr = % +1G0)s(w) (3.45)

—00

* The width property of convolution does not hold in some pathological cases. This happens when the convolution
of two functions is zero over a range even when both functions are nonzero, e.g., sin ot u(z) * u(t). Technically
the property holds even in this case if in calculating the width of the convolved function we take into account that
range where the convolution is zero.
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3.3.7 Time Differentiation and Time Integration

I
2(t) = G(w)

then (time differentiation)*

dg ;

T = joG(w) (3.46)
and (time integration)

1 G -
f g(r)dr —(i) + 7G(0)5(w) (3.47)
oo jo

Proof: Differentiation of both sides of Eq. (3.8b) yields

d 1 [ .
% _ | joG@e™ do
dt 2w J_o
This shows that
d
2 = joG@)
Repeated application of this property yields
drg .
e = (jo)"G(w) (3.48)

The time integration property [Eq. (3.47)] already has been proved in Example 3.14.

* Valid only if the transform of dg/dt exists.
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EXAMPLE 3.15  Using the time differentiation property, find the Fourier transform of the triangle pulse A /1)

shown in Fig. 3.25a.

1 g)=A (%)

L
53

[

|

f—
-—\lN
&
S
a

Figure 3.25  Finding the Fourier transform of a piecewise-linear signal using the time differentiation property.

To find the Fourier transform of this pulse we differentiate it successively, as shown in
Fig. 3.25b and c. The second derivative consists of a sequence of impulses, as shown in
Fig. 3.25¢. Recall that the derivative of a signal at a jump discontinuity is an impulse of
strength equal to the amount of jump. The function dg/dt has a positive jump of 2/7 at
t = 41/2, and a negative jump of 4/7 at r = 0. Therefore,

d’g 2 T T
—= == -} - §{t— = 3.49
7 = [P+ g) - mo+s(-3)] 64)
From the time differentiation property (3.48),
2
%}é — (jo)*G(w) = —*G(w) (3.502)

Also, from the time-shifting property (3.30),
8(t — fg) &= eI (3.50b)
Taking the Fourier transform of Eq. (3.49) and using the results in Egs. (3.50), we thain

=3 208) - o )L ()
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and

_ 8 L sqoty T sin (wr/4)7? T . 5 [OT
Gl@) = ——sin? (27) = 2 [7/4—] = = sine (—4—) 3.51)

The spectrum G(w) is shown in Fig. 3.25d. This procedure of finding the Fourier
transform can be applied to any function g(r) made up of straight-line segments with
g() — Oas|t] — oc. The second derivative of such a signal yields a sequence of impulses
whose Fourier transform can be found by-inspection. This example suggests a numerical
method of finding the Fourier transform of an arbitrary signal g(¢) by approximating the
signal by straight-line segments.

3.4 SIGNAL TRANSMISSION THROUGH A LINEAR SYSTEM

For a linear, time-invariant, continuous-time system the input-output relationship is given by
y(0) = g@®) xh(2) (352

where g(t) is the input, y(#) is the output, and 4(z) is the unit impulse response of the linear

time-invariant system. If
g(t) <= G(w), y@) < Y(w), and h(t) < H(w)

where H(w) is the system transfer function, then application of the time convolution property
to Eq. (3.52) yields

Y(@) = G(w)H(w) (3.53)
3.4.1 Signal Distortion during Transmission

The transmission of an input signal g(¢) through a system changes it into the output signal y(z).
Equation (3.53) shows the nature of this change or modification. Here G(w) and ¥ () are the

Table 3.2
Fourier Transform Operations
Operation g G(w)
Addition g1(t) + g@) G1(®) + Gz(w)
Scalar multiplication kg(t) kG(w)
Symmetry G(t) 27g(—w)
1

Scaling g(at) —G (E)

la] ~ \a
Time shift gt — 1) G(w)e /@0
Frequency shift g(t)el™t G{w — wg)
Time convolution g1(t) * g2 () G1(@)Ga(w)
Frequency convolution g1(0g @) P G1(w) * G2 (w)
Time differentiation % (jo)'G(w)

13
Time integration / g(x) dx GT(@ + 7G(0)5(w)
VS [}
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spectra of the input and the output, respectively. Therefore, H (w). is ‘the spectral response of the
system. The output spectrum is given by the input spectrum mu]tlpl'led by the sp.ectra.J resp(f)rtllie
of the system. Equation (3.53) clearly brings out the spffctral shaping (or modification) of the
signal by the system. Equation (3.53) can be expressed in polar form as

j 716 (@)+6)
Y (@)@ = |G(w)||H ()]e/ T (@)

Therefore,
Y (@)| = |G(w)| |H (@)} (3.54a)
0y (w) = Oz (®) + Oh(@) (3.54b)

During the transmission, the input signal amplitude spcc@m |G(w)) is changed to IG(a;)]l
|H (w)|. Similarly, the input signal phase spec@m 0, (.w)' 1s.change.d to Og(w) + O (aZ .
input signal spectral component of frequency @ 1s modlﬁed in amp!u‘ude by a factor |H (w)|
and is shifted in phase by an angle 8 (w). Clearly, | H (w)| is the amplitude rf:sponse, and 6 (@)
is the phase response of the system. The plots of | H (w)| and 6, (w). as ful:lC[lOl’{S of [ show at.a
glance how the system modifies the amplitudes and phases of various smusmdgl 1.nputs. This
is why H (w) is called the frequency response of the sys.tem. Dgnng transmission through
the system, some frequency components may be boosted in amplitude, while others may be
attenuated. The relative phases of the various components also change. In general, the output
waveform will be different from the input waveform.

i i nsmission , o
Elgzggrglog)lpiis:ag:r?s, such as signal amplification or message s%gnal trar{Smmsmn over a
communication channel, we require the output waveformtobe a repl.lca of the input wavF:foFrn.
In such cases, we need to minimize the distortion caused by the zu‘nphﬁer.or~ the communication
channel. Tt is therefore of practical interest to determine the chara?tenstlcs of a system that
allows a signal to pass without distortion (distortionless transmission). o

" Transmission is said to be distortionless if the input and the output havsi identical wave
shapes within a multiplicative constant. A delayed output thaF rgtains thf: input waveform
is also considered distortionless. Thus, in distortionless transmission, the input g(¢) and the

output y(r) satisfy the condition

The Fourier transform of this equation yields
Y(w) = kG(w)e ™™
But )
Y(w) = G(w)H(w)
Therefore, _
H(w) =ke 7?4
This is the transfer function required for distortionless transmission. From this equation it
follows that
|H(w)| =k (3.56a)
Oy (w) = —wig (3.56b)
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y() = kgt — ta) (3.55) .

1
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This shows that for distortionless transmission, the amplitude response |H ()| must be a
constant, and the phase response 6, (w) must be a linear function of w, as shown in Fig. 3.26.
The slope of 6, (w) with respect to @ is —z, where ¢, is the delay of the output with respect to
the input.” ‘

Intuitive Explanation of the Distortionless Transmission Conditions
It is instructive to derive the conditions for distortionless transmission heuristically. Once
again, imagine g(z) to be composed of various sinusoids (its spectral components), which are
being passed through a distortionless system. For the distortionless case, the output signal is
the input signal multiplied by & and delayed by #,. To synthesize such a signal, we need exactly
the same components as those of g(¢), with each component multiplied by k and delayed by
t4. This means that the system transfer function H (w) should be such that each sinusoidal
component suffers the same attenuation k.and each component undergoes the same time delay
of t; seconds. The first condition requires that

‘ |H(@)| =k
We have seen earlier (sec. 3.3) that to achieve the same time delay #; for every frequency
component requires a linear phase delay wz, (Fig. 3.19). Therefore,

O (@) = —wty

The time delay resulting from the signal transmission through a system is the negative
of the slope of the system phase response ; that is,
doy,
dw
If the slope of 6y is constant (that is, if 6, is linear with ), all the components are delayed
by the same time interval #;. But if the slope is not constant, z,, the time delay, varies with
frequency. This means that different frequency components undergo different amounts of time
delay, and consequently the output waveform will not be a replica of the input waveform. A
good way of judging phase linearity is to plot z; as a function of frequency. For a distortionless
system, 7; should be constant over the band of interest.t

ti(@) = 3.57)

Figure 3.26  Linear time-invariant system
frequency response for distortionless trans-
mission.

p * In addition, we require that ¢, (0) either be 0 (as shown in Fig. 3.26) or have a constant value nw (n an integer),
that is, 64 (w) = nmw — wt,. The addition of the excess phase of n may at most change the sign of the signal.

T Figure 3.26 shows that for distortionless transmission, the phase response is not only linear, but must also pass
through the origin. This latter requirement can be somewhat relaxed for bandpass signals. The phase at the origin may
be any. constant [0, (w) = 6y — w?y or 6;(0) = &]. The reason for this can be found in Eq. (3.36), which shows that
the addition of a constant phase 6o to a spectrum of a bandpass signal amounts to a phase shift of the carrier by 6.
The modulating signal (the envelope) is not affected. The output envelope is the same as the input envelope delayed
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It is often thought (erroneously) that flatness of amplitude response |H (w)| alone can
guarantee signal quality. A system may have a flat amplitude response and yet distort a signal
beyond recognition if the phase response is not linear (¢4 not constant).

The Nature of Distortion in Audio and Video Signals

Generally speaking, a human ear can readily perceive amplitude distortion; although it is
relatively insensitive to phase distortion. For the phase distortion to become noticeable, the
variation in delay (variation in the slope of 65) should be comparable to the signal duration
(or the physically perceptible duration, in case the signal.itself is long). In the case of audio
signals, each spoken syllable can be considered as an individual signal. The average duration of
a spoken syllable is of a magnitude on the order of 0.01 to 0.1 second. The audio systems may
have nonlinear phases, yet no noticeable signal distortion results because in practical audio
systems, maximum variation in the slope of 8 is only a small fraction of a millisecond. This
is the real reason behind the statement that “the human ear is relatively insensitive to phase
distortion.”* As a result, the manufacturers of audio equipment make available only |H (w)|,
the amplitude response characteristic of their systems.

For video signals, on the other hand, the situation is exactly the opposite. The human
eye is sensitive to phase distortion but is relatively insensitive to amplitude distortion. The
amplitude distortion in television signals manifests itself as a partial destruction of the relative
half-tone values of the resulting picture, which is not readily apparent to the human eye. The
phase distortion (nonlinear phase), on the other hand, causes different time delays in different
picture elements. This results in a smeared picture, which is readily apparent o the human eye.
Phase distortion is also very important in digital communication systems because the nonlinear
phase characteristic of a channel causes pulse dispersion (spreading out), which in turn causes
pulses to interfere with neighboring pulses. This interference can cause an error in the pulse
amplitude at the receiver: a binary 1 may read as 0, and vice versa.

EXAMPLE 3.16  If g(¢) and y(r) are the input and the output, respectively, of a simple RC low-pass filter

(Fig. 3.27a), determine the transfer function H(w) and sketch |H ()|, (@), and t4(). For
distortionless transmission through this filter, what is the requirement on the bandwidth of g(¢)
if amplitude response variation within 2% and time delay variation within 5% are tolerable?
What is the transmission delay? Find the output y(t).

Application of the voltage division rule to this circuit yields
1/joC 1 a

H(w) = : = : = :
R+ (1/joC) 14+ joRC a+jo
where '
4= =10°
=2c=
Hence,
a
Hw) = ——=1 wKa
N
E2) @
Op(w) = —tan — X —— woKa
Ca a .

by t; = —db/dw, called the group of envelope delay, and the output carrier is the same as the input carrier delayed
byt, = —bu (wo)/wo, called the phase delay, where wy is the center frequency of the passband.
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R=10°

+ O—‘W‘«T—o +
110]

C=107y()
. T

. —o—

(a)

2a
8, (w) = — tan™! (w/a)
B L >
3 IETTRETN \.\ ....................
S o
(b) a
t4(®) %

ol @ 7

0 —>
(©

Figure 3.27  Simple RC filter, its frequency response and time delay.

Finally, the time delay is given by [Eq. (3.57)]

o, a 1
t =" = ~ —6
2(w) dw_w2+a2*;=100 w<Ka

' The amplitude and phase response characteristics are given in Fig. 3.27b. Th

tlme .delay t; as a fur}ction of w is shown in Fig. 3.27c. Forow X a (ag.—.IOG. the
a.mph.tude response ispractically constant and the phase shift is nearly linear_Th ‘ )ir ‘e
linearity results in a constant time delay characteristic. The filter therefore c. -
low-frequency signals with negligible distortion. k o fransmt
s In our case, amplitude fesponse variation within 2% and time delay variation within
b are tolerable. Let wo be the highest bandwidth of a signal that can be transmitted within

these specifications. To comp i
: s. pute @, observe that the filter is a low-pass i i
and time delay both at maximum when @ = 0 and ovpass fler with gain

[HOl=1 and 0= L
a
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Therefore, | H (wp)] > 0.98 and #4(wo) = 0.95/?, so that
|H (@0)] = ———— > 0.98 => &y < 0.203a = 203,000
Wi +a?
a0 ., ) < 022940 = 229,400
wi+a? T a
The smaller of the two values, wp = 203, 000 rad/s or 32.31 kHz, is the highest bandwidth

that satisfies both constraints on | H (w)] and #5. ' )
The time delay 7z & 1/a = 10~ over this band (see Fig. 3.27¢). Also the amplitude

~ —6
response is almost unity (Fig. 3.27b). Therefore, the output y(r) =~ g(t — 107°).

t4(wo) =

3.5 IDEAL AND PRACTICAL FILTERS

Ideal filters allow distortionless transmission of a certain l?and of frequencies and suppress
all the remaining frequencies. The ideal low-pass filter (.Flg. 3.28), for example, allows all
components below w = W rad/s to pass without distortion and suppresses a%l f:omponents
above @ = W. Figure 3.29 shows ideal high-pass and bandpass filter chmacteqstxcs. )
The ideal low-pass filter in Fig. 3.28a has a linear phase 01" slope —14, which resultsfm a
time delay of #; seconds for all its input components of frequenmes. below W rad/s. There ore,
if the input is a signal g(¢) band-limited to W rad/s, the output y(¢) is g(r) delayed by 74, that is,

y() = gt —12)

The signal g(¢) is transmitted by this system without distortion, but with time delay ;.
For this filter |H (w)| = rect (0/2W), and 0, (@) = —wtg, SO that

H(w) = rect (%) e~Jon (3.582)

The unit impulse response k(z) of this filter is found from pair 18 in Table 3.1 and the time-

shifting property: bty = [rect ( 5’% ) e—jwtd]

W ne W — 1) (3.58b)
T

) ®)

Figure 3.28  Ideal low-pass filter frequency response and its impulse response.
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Figure 3.29  Ideal high-pass and band-
pass filter frequency responses.

0 ,@)
|H(e)|

®)

Recall that h(z) is the system response to impulse input §(¢), which is applied at t = 0.
Figure 3.28b shows a curious fact: the response %(¢) begins even before the input is applied
(att = 0). Clearly, the filter is noncausal and therefore physically unrealizable. Similarly, one
can show that other ideal filters (such as the ideal high-pass or the ideal bandpass filters shown
in Fig. 3.29) are also physically unrealizable.

For a physically realizable system, #(z) must be causal; that is,

h(t)=0 fort <0

In the frequency domain, this condition is equivalent to the well-known Paley-Wiener
criterion, which states that the necessary and sufficient condition for the amplitude response
| H (w)) to be realizable is™

/ T InH@I,, o (3.59)

w 1+w?

If H(w) does not satisfy this condition, it'is unrealizable. Note that if |H (w)| = 0 over any
finite band, | In|H (w)|| = oo over that band, and the condition (3.59) is violated. If, however,
H(w) = 0 at a single frequency (or a set of discrete frequencies), the integral in Eq. (3.59)
may still be finite even though the integrand is infinite. Therefore, for a physically realizable
system, H(w) may be zero at some discrete frequencies, but it cannot be zero over any finite
band. According to this criterion, ideal filter characteristics (Figs. 3.28 and 3.29) are clearly
unrealizable.

The impulse response 4(z) in Fig. 3.28 is not realizable. One practical approach to filter
design is to cut off the tail of 2(¢) for t < 0. The resulting causal impulse response 7(z), where

7(t) = h()u()

is physically realizable because it is causal (Fig. 3.30). If 7, is sufficiently large, 71\(1‘) will be a
close approximation of 4(z), and the resulting filter H (o) will be a good approximation of an
ideal filter. This close realization of the ideal filter is achieved because of the increased value

* |H(w)| is assumed to be square integrable, that is,

f ” |H(w)? dw

is finite. Note that the Paley-Wiener criterion is a criterion for the realizability of the amplitude response | H ()].
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n Figure 3.30  Approximate realization of an ideal
O low-pass filter by truncating its impulse response,

AN

N\,
OI\/ ] \/ -

of time‘delay t4. This means that the price of close realization is higher delay in_ the output;
this is often true of noncausal systems. Of course, theoretically a delay #; = oo is needed to
realize the ideal characteristics. But a glance at Fig. 3.28b shows that a d&?lay t4 of three or
four times 77/ W will make i’l\(l‘) a reasonably close version of h.(t — t7). For instance, alz :mgl;)
filter is required to handle frequencies of up to 20 kHz.. In this case a fy .of about 10 alg :
ms) would be a reasonable choice. The truncation operation [cutting the tail of 4(f) to md e it
causal], however, creates some unsuspected problems of spectral spread.and leakage, an dcan
be partly corrected by truncating /4 (¢) gradually (rather than abruptly) using a tapered window
e V
funcml’gbractice, we can realize a variety of filter characteristics to e}pproagh ideafl cl}z}ragtens-
tics. Practical (realizable) filter characteristics are gradual, without jump discontinuities in the
amplitude response | H (w)[. The well-known Butterworth filters, for example, have amplitude
response
1

W) = B

These characteristics are shown in Fig. 3.31 for several values of n (the order of the filter).

i s an ides -pass behavior as n — oo.
Note that the amplitude response approaches an ideal low-pass - - .
The half-power bandwidth of a filteris defined as the bandwidth over which the a‘mphtude
response | H (w)| remains constant within variations of 3 dB (or a ratio of 1/ ﬁ, t.hat is, 0.707.
Figure 3.31 shows that for all n, the Butterworth filter (half-power) bandwidth is B Hz. The

Figure 3.31  Butterworth filter characteristic.
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h(r)
Butterworth n = 4
! ~]deal
\
J/
ll
] \
/ \
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T \\ 2 4 v 10 12~—
Oy(w) < I A

27 Bt—

Figure 3.32 Comparison of Butterworth filter (n-= 4) with an ideal filter.

half-power bandwidth of a low-pass filter is also called the cutoff frequency. Figure 3.32
shows |H(w)|, 8,(w), and h(t) for the case of n = 4.

It should be remembered that the magnitude |H (w)| and the phase 6,(w) of a system
are interdependent; that is, we cannot choose |H (»)| and 6, (w) independently as we please.
A certain trade-off exists between ideal magnitude and ideal phase characteristics. If we try
to perfect | H (w)| more, 6, () deviates more from the ideal, and vice versa. As n — 00, the
amplitude response approaches ideal, but the corresponding phase response is badly distorted
in the vicinity of the cutoff frequency B Hz.

Digital Filters ,

Analog signals can also be processed by digital means (A/D conversion). This involves
sampling, quantizing, and coding. The resulting digital signal can be processed by a small,
special-purpose digital computer designed to convert the input sequence into a desired output
‘sequence. The output sequence is converted back into the desired analog signal. A special
algorithm of the processing digital computer can be used to achieve a given signal operation
(e.g., low-pass, bandpass, or high-pass filtering).

Digital processing of analog signals has several advantages. A small, special-purpose
computer can be time-shared for several uses, and the cost of digital implementation is often
considerably lower than that of its analog counterpart. The accuracy of a digital filter is
dependent only on the computer word length, the quantizing interval, and the sampling rate
(aliasing error). Digital filters employ simple elements, such as adders, multipliers, shifters,
and delay elements, rather than RLC components and operational amplifiers. As a result, they
are generally unaffected by such factors as component accuracy, temperature stability, long-
term drift, and so on, that afflict analog filter circuits. Also, many of the circuit restrictions
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imposed by physical limitations of analog devices can be removed, or at least circumvented,
in a digital processor. Moreover, filters of a high order can be realized easily. Finally, digital
filters can be modified simply by changing the algorithm of the computer, in contrast to an
analog system, which may have to be physically rebuilt.

The subject of digital filtering is somewhat beyond our scope in this course. Several
excellent books are available on the subject.?

3.6 SIGNAL DISTORTION OVER A COMMUNICATION CHANNEL -

A signal transmitted over a channel is distorted because of various channel imperfections. The
nature of signal distortion will now be studied. :

Linear Distortion

We shall first consider linear time-invariant channels. Signal distortion can be caused over such
achannel by nonideal characteristics of either the magnitude, the phase, or both. We canidentify
the effects these nonidealities will have on a pulse g(¢) transmitted through such a channel.
Let the pulse exist over the interval (a, b) and be zero outside this interval. We recall the
discussion in Sec. 3.1.1 about the marvelous balance of the Fourier spectrum. The components
of the Fourier spectrum of the pulse have such a perfect and delicate balance of magnitudes:and
phases that they add up precisely to the pulse g (1) over the interval (a, b) and to zero outside
this interval. The transmission of g(z) through an ideal channel that satisfies the conditions
of distortionless transmission also leaves this balance undisturbed, because a distortionless
channel multiplies each component by the same factor and delays each component by the

same amount of time. Now, if the amplitude response of the channel is not ideal [that is, -

|H ()] is not equal to a constant], this delicate balance will be disturbed, and the sum of all
the components cannot be zero outside the interval (a, b). In short, the pulse will spread out
(see the following example). The same thing happens if the channel phase characteristic is not
ideal, that is, Oy (w) # —®ia. Thus, spreading, or dispersion, of the pulse will occur if either
the amplitude response or the phase response, or both, are nonideal.

This type of distortion is undesirable in a TDM system, because pulse spreading causes

interference with a neighboring pulse and consequently with a neighboring channel (crosstalk). -

For an FDM system, this type of distortion causes distortion (dispersion) in each multiplexed
signal, but no interference occurs with a neighboring channel. This is because in FDM, each
of the multiplexed signals occupies a band not occupied by any other signal. The amplitude
and phase nonidealities of a channel will distort the spectrum of each signal, but because they
are all nonoverlapping, no interference occurs among them.

ExampiE 3.17

A low-pass filter (Fig. 3.332) transfer function H () is given by

(1 + kcos Tw)e 14" w| < 27B (3.60)

H("’):{o | > 27 B

A pulse g(#) band-limited to B Hz (Fig. 3.33b) is applied at the input of this filter. Find

the output y(#).
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[H(w)]

(a)

~ B s .
0, (w) = ‘wtdj\\\
~
g
0 t—
(b)
Figure 3.33

Pulse is dispersed when it passes through a system that is not distortionless,

This filter has ideal phase and nonideal i isti
B, 36 o ¥yt magnitude characteristics. Because g(t) <
Y (@) = G(w)H (w)
= G(0)(1 + kcos Tw)e ™/l
= G(w)e /" + k[G(w) cos Twle™/*" (3.61)
Using the time-shifting property and Egs. (3.30a) and (3.32), we have

_ k
y(t)_g(t_td)—'_E[g(t_td_T)"rg(t—td—l»T)] (3.62)

The output is actually g(¢) + (k/2)[
: ‘ g(t —T)+g(t+T)] delayed by ;. It i
of g(¢) and its echoes shifted by +,. The dispersion of the pulse causeg bl; itscgcr:lli)s;z

is evident from Fig. 3.33c. Ideal ampli oni
Simitar effoes (o0 el 350y plitude but nonideal phase response of H(w) has a

Distortion Caused by Channel Nonlinearities

Until i i
o si(;;valvsvng?T:;dered tlhe shannel to be linear. This approximation is valid only for
. ge amplitudes, nonlinearities cannot be i i i
nonlinear systems is beyond our sc o S cone ot 1
i ope. Here we shall consider a si i
nont ¢ ( imple case of a memoril
nlinear channel where the input g-and the output y are related by some nonlinear equatizfls

y=f(@

The right-hand side of this equation can be expanded in a McLaurin’s series as

YO = a0+ @18 + ag’(t) +asg* ) + -+ argh (1) + -+
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Recall the result in Sec. 3.3.6 (convolution) that if the bandwidth of g(?) is B Hz, then the
bandwidth of g¥(¢) is kB-Hz. Hence, the bandwidth of y(¢) is kB Hz. Consequently, the
output spectrum spreads well beyond the input spectrum, and the output signal contains new
frequency components not contained in the input signal. In broadcast communication, we need
to amplify signals at very high power levels, where high-efficiency amplifiers (class C) are
desirable. Unfortunately, these amplifiers are nonlinear, and their use to amplify signals causes
distortion. This is one of the serious problems in AM signals. However, FM signals are not
affected by nonlinear distortion, as shown in Chapter 5. If a signal is transmitted over a nonlinear
channel, the nonlinearity not only distorts the signal, but also causes interference with other
signals on the channel because of its spectral dispersion (spreading). The spectral dispersion
will cause a serious interference problem in FDM systems (but not in TDM systems).

ExampLE 3.18

The input x (¢) and the output y(¢) of a certain nonlinear channel are related as
y(&) = x(£) + 0.001x*(t)

Find the output signal y(¢) and its spectrum Y () if the input signal is x(t) = (1000/x)
sinc (10001). Verify that the bandwidth of the output signal is twice that of the input signal.
This is the result of signal squaring. Can the signal x (#) be recovered (without distortion) from

the output y(¢)?

Since
1000
x() = - sinc (10007)
w
X (w) = rect (ﬁ)_())
‘We have
- 1000 1000
y(£) = x(r) + 0.001x%(1) = sinc (10007) + = sinc?(1000¢)
® ) ®
= — . Al —
Y(0) = rect (2000) +0316 (4000)

Observe that 0.316 sinc?(1000¢) is the unwanted (distortion) term in the received signal. b
Figure 3.34a shows the input (desired) signal spectrum X (w); Fig. 3.34b shows the
spectrum of the undesired (distortion) term; and Fig. 3.34c shows the received signal
spectrum Y (»). We make the following observations:

1. The bandwidth of the received signal y(¢) is twice that of the input signal x(t) (because -
of signal squaring). . S

2. The received signal contains the input signal x(r) plus an unwanted signal (1000/7)
sinc?(1000z). The spectra of these two signals are shown in Fig. 3.34a and b. Figure
3.34¢ shows Y (w), the spectrum of the received signal. Note that the desired signal
and the distortion signal spectra overlap, and it is impossible to recover the signal x ()
from the received signal y(¢) without some distortion.

3. We can reduce the distortion by passing the received signal through a low-pass filter of
bandwidth 1000 rad/s. The spectrum of the output of this filter is shown in Fig. 3.34d.
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Observe that the output of this filter is the desired input signal x () with some residual
distortion.

4. We have an additional problem of interference with other signals if the input signal x (z)
is frequency-division multiplexed along with several other signals on this channel. This
means that several signals occupying nonoverlapping frequency bands are transmitted
sn:m.lltaneously on the same channel. Spreading of the spectrum X (w) outside its
original band of 1000 rad/s will interfere with the signal in the band of 1000 to 2000
rad/s. Thus, in addition to the distortion of x(¢), we also have an interference with the
neighboring band.

5. If x(z) were a digital signal consisting of a pulse train, each pulse would be distorted
but there would be no interference with the neighboring pulses. Moreover even witl;
distort.ed pulses, data can be received without loss because digital communication
can withstand considerable pulse distortion without loss of information. Thus, if this
channel were used to transmit a TDM signal consisting of two interleaved pulse trains
the data in the two trains would be recovered at the receiver. ,

-1000 0 100

Distortion term spectrum

(b) O —

1316

-1000 0 1000 ® —>
(@
Figure 3.34  Signal distortion caused by nonlinear operation. (a) Desired (input) signal spectrum.

(b) Spectrum of the unwanted signal (distortion) in the received signal S| i
b . v f
signal. (d) Spectrum of the received signal after low-pass filtering. gnal- (€) Spectrum of the recelved
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Distortion Caused by Multipath Effects

A multipath transmission takes place when a transmitted signal arrives at the receiver by two
or more paths of different delays. For example, if a signal is transmitted over a cable that has
impedance irregularities (mismatching) along the path, the signal will arrive at the receiver in
the form of a direct wave plus various reflections with various delays. In radio links, the signal
can be received by direct path between the transmitting and the receiving antennas and also by
reflections from other objects, such as hills, buildings, and so on. In long-distance radio links
using the ionosphere, similar effects occur because of one-hop and multihop paths. In each
of these cases, the transmission channel can be represented as several channels in parallel,
each with a different relative attenuation and a different time delay. Let us consider the case
of only two paths: one with a unity gain and a delay #,, and the other with a gain « and a delay
t;+ At, as shown in Fig. 3.35a. The transfer functions of the two paths are given by e~/ and
e J@tatAD respectively. The overall transfer function of such a channel is H (w), given by

H(w) = e Jon +aé—jm(td+At)
— e—ja)td(l +ae—ijt) . (3633)

= ¢ /9% (] + o cos wAt — ja sin wAt)

—1 _asinwAt 1

=+/1+ 02+ 2acoswAt ¢~/ et rocom (3.63b)
—_———
(H@I 64(@) )

Both the magnitude and the phase characteristics of H(w) are periodic in @ with a
period of 27 /At (Fig. 3.35b). The multipath transmission, therefore, causes nonidealities in

Delay 1,
Transmitted .
signal ——»—— Received
< signal
(a) > a Delay 1, + At

(b)

Figure 3.35 Multipath transmission.
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the magnitude and the phase characteristics of the channel and will cause linear distortion (pulse
dispersion), as discussed earlier. If, for instance, the gains of the two paths are very close, that
is, @ ~ 1, the signals received by the two paths can very nearly cancel each other at certain
frequencies, where their phases are 7 rad apart (signal annihilation by destructive interference).
Equation (3.63b) shows that at frequencies where @ = nz/At (n odd), cos wAt = —1,
and |H(w)| ~ 0 when oo &~ 1. These frequencies are the multipath null frequencies. At
frequencies @ = nx /At (n even), the two signals interfere constructively to enhance the gain.
Such channels cause frequency-selective fading of transmitted signals. Such distortion can
be partly corrected by using the tapped delay-line equalizer, as shown in Prob. 3.6-2 These
equalizers are useful in several applications in communications, discussed in Chapters 6 and 7.

Fading Channels ‘
Thus far, the channel characteristics were assumed to be constant with time. In practice,
we encounter channels whose transmission characteristics vary with time. These include
troposcatter channels and channels using the ionosphere for radio reflection to achieve long-
distance communication. The time variations of the channel properties arise because of
semiperiodic and random changes in the propagation characteristics of the medium. The
reflection properties of the ionosphere, for example, are related to meteorological conditions
that change seasonally, daily, and even from hour to hour, much the same way as does
the weather. Periods of sudden storms also occur. Hence, the effective channel transfer
function varies semiperiodically and randomly, causing random attenuation of the signal. This
phenomenon is known as fading. One way to reduce the effects of fading is to use automatic
gain control (AGC).*

Fading may be strongly frequency dependent where different frequency components are
affected unequally. Such fading is known as frequency-selective fading and can cause serious
problems in communication. Multipath propagation can cause frequency-selective fading.

3.7 SIGNAL ENERGY AND ENERGY SPECTRAL DENSITY

The energy E, of a signal g(¢) is defined as the area under |g(#)}>. We can also determine the
signal energy from its Fourier transform G (w) through Parseval’s theorem.

Parseval’s Theorem
Signal energy can be related to the signal spectrum G () by substituting Eq. (3.8b) in Eq. (2.2):

B= [ sogwa=[" g0 [% | c@e dw] dr

Here, we used the fact that g*(¢), being the conjugate of g (¢), can be expressed as the conjugate
of the right-hand side of Eq. (3.8b). Now, interchanging the order of integration yields

E, = % / G*(w) [ / ” g(t)e 7« dt] do
= i/ G(w)G*(w) dw
27 J oo

* AGC will also suppress slow variations of the original signal.
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= L/ 1G(@)? dw (3.64)
27 J_x

This is the statement of the well-known Parseval’s theorem. A similar result was c?btained.for a
periodic signal and its Fourier series in Eq. (2.59). This result allows us to detemne ll%e SJgpal
energy from either the time-domain specification 2(2) or the frequency-domain specification
G (w) of the same signal.

EXAMPLE 3.19  Verify Parseval’s theorem for the signal g(#) = e u(t) (a > 0).

We have

« 2 e Zatd 1 (365)
E, = zdt:f e t=— B
< /_wg() A 2a

We now determine E, from the signal spectrum G(w) given by

G(w) =

“ jo+a
and from Eq. (3.64),
1 [ 2 1 [ 1 d 1 tan=! o] 1
= = — —_— = — tan~ — =
Ee= 2 [oo G do = 27 Jooo @? +a? @ 2ra al_o 2a

which verifies Parseval’s theorem.

Energy Spectral Density (ESD) ’ ' ‘

Equation (3.64) can be interpreted to mean that the energy of a signal g(¢) is the? res.ult, of
energies contributed by all the spectral components of the signal g(¢). The contn.butlon of
a spectral component of frequency  is proportional to |G(w)|?. To elaborate this furﬂ}er,
consider a signal g(¢) applied at the input of an ideal bandpass filter, yyhose transfer function
H (w) is shown in Fig. 3.36a. This filter suppresses all frequencies excfept a narrow ba.nd Aw
(Aw — 0) centered at a frequency wo (Fig. 3.36b). If the filter output is y(#), then its Fourier
transform Y (@) = G (0)H (w), and E,, the energy of the output y(1), is

Ey= 2L f " IG@H@P do (3.66)
T J—00

Because H (w)=1 over the passband Aw, and zero everywhere else, the intergral on the right-
hand side is the sum of the two shaded areas in Fig. 3.36b, and we have (for Aw — 0) ‘

E, =2 o |Gl do = 26wyl df

Thus, 2|G(w)|? df is the energy contributed by the spectral components within the two narrow
bands, each of width A f Hz, centered at +wy. Therefore, we can interpret |G (@) |2 as the energy
per unit bandwidth (in hertz) of the spectral components of g(z) centered at frequency o. In
other words, |G (w)[? is the energy spectral density (per unit bandwidth in hertz) . (?f g(@).
Actually the energy contributed per unit bandwidth is 2| G (w)|? because both the Hosmve and
the negative frequency components combine to form the components in theband A f'. Howe\{er,
for the sake of convenience we consider the positive and negative frequency components being
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Figure 3.36  Interpretation: of the energy
spectral density of a signal.

(a)

independe}lt. Some authors do define 2|G(w)}? as the energy spectral density. The energy
spectral density (ESD) W, (¢) is thus defined as

V@) = |G@f 3.67)
and Eq. (3.64) can be expressed as
1 o o0
E, = — f Y, (w) do = / W, (w) df (3.68)
27 J oo —o0

From the results in Example 3.19, the ESD of the signal g(¢) = e~ *u(z) is

Ve (w) = ]G(w)Jz = m

Essential Bandwidth of a Signal

The spectra of most signals extend to infinity. However, because the energy of a practical signal
is finite, the signal spectrum must approach 0 as w — oco. Most of the signal energy is contained
within a certain band of B Hz, and the energy content of the components of frequencies greater
than B Hz is negligible. We can therefore suppress the signal spectrum beyond B Hz with little
effect on the signal shape and energy. The bandwidth B is called the essential bandwidth of the
signal. The criterion for selecting B depends on the error tolerance in a particular application.
We may, for instance, select B to be that band which contains 95% of the signal energy®. This
figure may be higher or lower than 95%, depending on the precision needed. Using such a
criterion, we can determine the essential bandwidth of a signal. Suppression.of all the spectral
components of g(¢) beyond the essential bandwidth results in a signal g(z), which is a close
approximation of g(¢).T If we use the 95% criterion for the essential bandwidth, the energy of
the error (the difference) g(r) — g(¢) is 5% of E,. The following example demonstrates the
bandwidth estimation procedure.

* Essential bandwidth for a low-pass signal may also be defined as a frequency at which the value of the amplitude
spectrum is a small fraction (about 5 to 10%) of its peak value. In Example 3.19, the peak of |G(w)] is 1/a, and
it occurs at w = 0.

T In practice the truncation is performed gradually using tapered windows in order to avoid excessive spectral leakage
resulting from the abrupt truncation.
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t
rect (—) <= T sinc (ﬂ)
r 2

© AL
EXAMPLE 3.20  Estimate the essential bandwidth W rad/s of the signal e™% u(¢) if the essential band is required so because

to contain 95% of the signal energy.
In this case,

G@) = 1 the ESD for this pulse is
J
and the ESD is Yg(@) = |G(@)|* = T? sinc? (%)
2 - ; . - .
|G@)*l = P ;I;Z;Suflig 11; ;hr(iZWHTLn Fig. 3.3§b as a function of wT as well as fT, where f is the
: ertz. The ener; withi P
This ESD is shown in Fig. 3.37. Moreover, the signal energy Eg is 1/27 times the area ergy Ew within the band from 0 to W rad/s is given by
under this ESD, which has already been found to be 1/2a. Let W rad/s be the essential 2(1)
bandwidth, which contains 95% of the total signal energy E,. This means 1/27 times the 1
shaded area in Fig. 3.37 is 0.95/2a, that is, l |
095 1 fW dw =T T
2a 27 Jowo?+a? - 2 (a)wi
1 w 1 w
= — tan”} (ﬁ\ = _—tan"' — (@) = | G(w)]?
2na al-w ma a

or
0.957%

w -
=tan~' — = W = 12.706a tad/s
= )

This means that the spectral components of g(¢) in the band from 0 (dc) to 12.706 rad/s
(2.02 Hz) contribute 95% of the total signal energy; all the remaining spectral components

(in the band from 12.706 rad/s to 00) contribute only 5% of the signal energy.” o ol
— f[T—>
3
0 |
| w © — 1
Figure 3.37  Estimating the essential bandwidth of a signal.
EXAMPLE 3.21  Estimate the essential bandwidth of a rectangular pulse g () = rect(t/T) (Fig. 3.38a), where
the essential bandwidth is to contain at least 90% of the pulse energy.
For this pulse, the energy E, is
© T/2 ; ; ‘
Eg=f g(t)dt:/ dt=T 0 1 2 3 4 BT =
—0 -T/2 JI— + ; ; ; wr
2r 4r 67 8T -
* Note that although the ESD exists over the band —oo to 0o, the trigonometric spectrum exists only over the band ©

0 to co. The spectrum range —o< to 00 applies to the exponential spectrum. In practice, whenever we talk abouta |

bandwidth, we mean it in the trigonometric sense. Hence, the essential band is from 0 to W, not —W to W. Figure 3.38  Gate function and its energy spectral density.
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1 (v 5. 2(wT>
= — T?sinc* | — ) dw
Ew 27tf_w )

Setting T = x in this integral so that dw = (1/T) dx, we obtain
T (YT L x
=— —}d
Ey = ﬁfo sinc (2) x

Also because Eg = T, we have

The integral on the right-hand side is numerically computed, and the plot of Ew/Eg vs.
WT is shown in Fig. 3.38c. Note that 90.28% of the total energy of the Qulse gt)is
contained within the band W = 27/ T rad/sor B = 1/T Hz. Ther'efore, using th‘? 99%
criterion, the bandwidth of a rectangular pulse of width T seconds is 1/7 Hz. A similar
result was obtained from Example 3.2.

Energy of Modulated Signals )

We have seen that modulation shifts the signal spectrum G (@) to the !eft and right by wo. We

now show that a similar thing happens to the ESD of the modulated s1.gn§11.‘ -
Let g(¢) be a baseband signal band-limited to B Hz. The amplitude-modulated signa

o(t) is
o(t) = g(t) coswot

and the spectrum (Fourier transform) of ¢(¢) is
®(w) = %[G(w + wp) + G(@ — wp)]
The ESD of the modulated signal ¢(f) is |§I>(w)|2, that is,
1
%@=1mm+mnﬂw—mw

If wy > 27 B, then G(w + wg) and G (@ — wo) are nonoverlapping (see Fig. 3.39), and

W, (w) = %[|G(w + o) +1Gw— wo)l{‘ (3.692)
= %[‘I’g(w + @) + Wyl — wo)} (3.690)

The ESDs of both g(r) and the modulated signal ¢(¢) are shown in Fig. 3.39. It is. clearftg;lt
modulation shifts the ESD of g(¢) by £wo. Observe that the area under W, (w) is hal 'i
area under W, (). Because the energy of a signal is proportional to the area under its ESD, 1

follows that the energy of ¢(f) is half the energy of g(z), that is,
E, = %Eg wo > 2B (3.70)

It may seem surprising that a signal ¢(z), which appears so energetic compared to g(?), sl{oul(i
have only half the energy of g(t). Appearances are deceiving, as usual. The energy of a signal
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Figure 3.39  Energy spectral densities of modulat-
ing and modulated signals.

=27B 0 2B
(ay

w—> -

‘I,w ()

is proportional to the square of its amplitude, and higher amplitudes contribute more energy.
Signal g(¢) remains at higher amplitude levels most of the time. On the other hand, ¢(¢), because
of the factor cos wot, dips to zero amplitude levels many times, which reduces its energy.

Time Autocorrelation Function and the Energy Spectral Density

In Chapter 2, we showed that a good measure of comparing two signals g(¢) and z(z) is the
correlation function ,,(t) defined in Eq. (2.49). We also defined the correlation of a signal
g(#) with itself [the autocorrelation function ¥¢(7)] in Eq. (2.50). For a real signal g(¢), the
autocorrelation function ¥,(t) is given by*

Ve (r) = / gt)gt +1)dr (3.71a)
Setting x = ¢ + v in Eq. (3.71a) yields
0= [ gwge v ax

00

In this equation, x is a dummy variable and could be replaced by 7. Thus,

o0
Ye(T) = / gt)gt £ 1) dt (3.710)
—00
This shows that for a real g(¢), the autocorrelation function is an even function of 7, that is,
Ye(7) = Yo (—7) (3.72)
* For a complex signal g(¢), we define
Ye(r) = / gt +1)dt (3.71n)
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We now show that the ESD ¥, (») = |G(®) |2 is the Fourier transform of the autocorre-

* lation function ¥, (7). Although the result is proved here for real signals, it is valid for complex

signals also. Note that the autocorrelation function is a function of , not z. Hence, its Fourier
transform is [ ¥ (t)e™/*F dz. Thus,

Fl, ()] = / Paidd [/ ggt+1) dt] dt

—00

= /w g() Uw gt + t)e—f‘“dr] dt

The inner integral is the Fourier transform of g(t +1), whi‘ch is g(7) left-shifted by ¢. Hence,
it is given by [time-shifting property in Eq. (3.30)] G(w)e’/™. Therefore,

o0
PN =@ [ s at = 6@)G(-0) = G
-
This shows that ' ~
Y (1) == Ve(w) = IGw)l? (3.73)
A careful observation of the operation of correlation shows close connection to con-
volution. Indeed, the autocorrelation function ¥,(t) is the convolution of g(r) with g(—1)
because

g xg(-1)= / gx)gl—(x —x)ldx = f g()g(x — 1) dx = Y (T)

—_ —00

Application of the time convolution property [Eq. (3.43)] to this equation yields Eq. (3 73).

ExampLE 3.22

Find the time autocorrelation function of the signal g(¢) = e~*u(t), and from it determine the
ESD of g(¢). ’ -

In this case,
g®)=e*u@®) and gt —1)= eyt — 1)

autocorrelation function ¥, (t) is given by the area under the product g(#)g(t — ) [see
Egq. (3.71b)]. Therefore,

o0 oo 1
PYe(r) = / g)g(t — Ty dt =€ / e 2 dt = —e ™%
00 z 2a

This is valid for positive r. We can perform a similar procedure for negative 7. However,
we know that for a real g(z), ¥g(7) is an even function of 7. Therefore,

_ 1
"pg(f) = Zae

Figure 3.40b shows the autocorrelation function ¥, (). The ESD Wy(w) is the
Fourier transform of ¥, (7). From Table 3.1 (pair 3), it follows that

\I-’g(a)) = ———0)2 T az

which confirms the earlier result.

Recall that g(z — ) is g(¢) right-shifted by 7, as shown in Fig. 3.40a (for positive 7). The
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&) G(1-1)
0 T r—
(@
- 1
T—
®

Figure 3.40 - Computation of the time autocorrelation function.

ESD of the Input and the Outﬁht
If g(t) and y(z) are the input and the corresponding output of a linear time-invariant (LTT)

system, then
Y(w) = Hw)G(w)
Therefore,
[Y (@) = [H@)P|G(w)?
This shows that b k

Uy (@) = |H(@) ¥y (@) (3.74)
Thus, the output signal ESD is | H (w)|? times the input signal ESD.

3.8 SIGNAL POWER AND POWER SPECTRAL DENSITY

I-Tor a power signal, a'meaningful measure of its size is its power [defined in Eq. (2.4)] as the
time average of the signal energy averaged over the infinite time interval. The power P, of a
real signal g(z) is givén by f

1 [T
Py = lim = / &) dt (3.75)
-T/2

The signal power and the related concepts can be readily und i
. tood b,
signal g7 (¢) as ly understood by defining a truncated

_1&8® 7l <T/2
gr(t) = { 0 > T2
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The truncated signal is shown in Fig. 3.41. The integral on the right-hand side of Eq. (3.75) is

the energy of the truncated signal gr (z). Thus,

. Egr (3.76)
Py = Tllfc'}o T

This equation serves as a link between power and energy. Understanding this relationship will
be very helpful in understanding and relating all the power concepts to the energy concepts.
Because the signal power is just the time average of energy, all the concepts and rf:su.lzls‘l c?f
signal energy apply to signal power also if we modify the concepts properly by taking their
time averages.

Power Spectral Density (PSD) . ) A
If the signefl’ g(t) is a power signal, then its power is finite, and the truncated signal gr (¢) is an

energy signal as long as T is finite. If g7 (t) &= Gr(w), then from Parseval’s theorem,

© 2 ! le (@) d
—_ = — . w
Fo= [ d0d=5 | e

Hence, Pg, the power of g(z), is given by

P lim B fim & L/w |G (@) dw] 3.7
8T 150 T Tooo T |27 J_ o :

As T increases, the duration of gz (¢) increases, and its energy E,, also incr;ases proportion-

ately. This means |Gr (w)|? also increases with T, andas T — 09, |Gr(w)|* also appro?lches

oo. However, lGT(co)l2 must approach oo -at the same rate as T becaus§ for a po_wer signal,

the right-hand side of Eq. (3.77) must converge. This convergence permits us to interchange

the order of the limiting process and integration in Eq. (3.77), and we have

2
I lim |Gr (@) do (3.78)

g 271\ _oo T>00

We define the power spectral density (PSD) Sg(w) as

|Gr(w)* (3.79)

Sp(w) = lim =

Figure 3.41  Limiting process in derivation of

g(1) PSD.

g7(1)

A A N

7 o] ~ T;Z ——
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Consequently,”

1 o0
Pp= - /_ Sy(@) de (3.802)

1 [ .
= ;r—/(; S (@) dw (3.80b)

This result is parallel to the result [Eq. (3.68)] for energy signals. The power is 1/27 times the
area under the PSD. Observe that the PSD is the time average of the ESD of g7 (¢) [Eq. (3.79)].

As is the case with ESD, the PSD is also a positive, real, and even function of w. If
g(t) is a voltage signal, the units of PSD are volts squared per hertz. Equations (3.80) can be
expressed in a more compact form using the variable f (in hertz) as

P, _—./ Se(w) df=2/ Sg(w) df (3.81)
—00 0

Time-Autocorrelation Function of Power Signals
The (time) autocorrelation function R, () of a real power signal g(¢) is defined as’

1 T2
Rg(r) = lim —f gt)gt +1)dr (3.82a)
T-oo T —T/2

Using the same argument as that used for energy signals [Eqs. (3.71b) and (3.72)], we can
show that R, (7) is an even function of T. This means for a real g(¢)

1T
Re(r) = lim *,/‘ g(gt —1)dt (3.82b)
T—oo T T2
and
Ry (1) = Ry(—7) (3.83)

For energy signals, the ESD W,(w) is the Fourier transform of the autocorrelation
function ¥, (7). A similar result applies to power signals. We now show that for a power
signal, the PSD S (w) is the Fourier transform of the autocorrelation function R, (7). From
Eq. (3.82a) and Fig. 3.41,

oL im 22
Ret) = fim 7 f grOgrte+0)dr = Jim YO

Recall that ¥y, (v) <= |Gr(w)|>. Hence, the Fourier transform of the preceding equation
yields
|Gr(w)?

Ry(0) = Jim =T = 5,(0) (3.84)

* One should use caution in using a unilateral expression such as P, =2(1/2m) f{;” Sg(w) dw when S () contains
an impulse at the origin (a dc component). The impulse part should not be multiplied by the factor 2.

1 For a complex g(¢), we define

1 T/2
Ry = fim 7 [ 8Os dr (3.820)
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Although we have proved these results for a real g(t), Egs. (3.79), (3.80), (3.81), and (3.84)

equally valid for a complex g(¢). ‘
e theyconcept and relationships for signal power are parallel to those for signal energy.

This is brought out in Table 3.3.

i Its Mean Square Value A
ilgll:‘:;lclel;?gqél;?xl.?/S) shows that tge signal power is the time average or mean Ef its squat;ledt
value. In other words P, is the mean square value of g(t),.We must remember, 'sz\]’er’ a
this is a time mean, not a statistical mean (to be discussed in later chailpters). ?tanstm mea%s
are denoted by overbars. Thus, the (statistical) mean square of a'vanable x is d:inote;ivlga xe.
To distinguish from this kind of mean, we shall use a wavy over£;£to denotve atime ge.
Thus, the time mean square value of g(¢) will be denotezcl by g*(t). The time averag:z :}rle
conventionally denoted by pointed brackets, s?.ch as < g’ ) >. We sl"lall, lgoweveti; urathe(:
wavy overline notation because it is much easier to associate means with a bar on top "

than the brackets. Using this notation, we see that

21) = lim L " i) dt (3.85a)
Pg =2 (t) - T'—oo T -T2

Note that the rms value of a signal is the square root of its mean square value. Therefore,
[¢®lms = v Pe (3.85b)
From Eqs. (3.82), it is clear that for a real signal g(#), the time autocorrelation function
R, (7) is the time mean of g(t)g(t + 7). Thus,
Ry(r) = gN)glt£7) (3.86)

This discussion also explains why we have been using the term time autocorre}at%on
rather than just autocorrelation. This is to distinguish clearly t_he preser?t fiutocorre ation
function (a time average) from the statistical autocorrelation function (a statistical average) to

be introduced in a future chapter.

Interpretation of Power Spectral Density

is ati along the lines used in the:
Because the PSD is a time average of the ESD of g (), we can argue ‘
interpretation of ESD. We can readily show that the PSD S (w) represents the power per unit V

Table 3.3

" li 1fm 2y di = fim 22
n=[_fod Bl g |, S 0T
Eoa

i . 1f”2 o Yer (@

= — et + 1) dt = lim ——

= [ swse+oar Ry(o) = Jim 7 [ s+ ar= Jim 257

—00

‘ G @ _ | Ve @)
¥ =16 Sy = fim, = = Jin, =

R, (1) == Sp(@)

P (1) &= W, (@) =2
Py=— / Sg(@) do
2 Jowo

1 oo
= — W, (0) dw
E 27 f,m ()
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bandwidth (in hertz) of the spectral components at the frequency . The power contributed by
the spectral components within the band w; to w; is given by .
@

1 2
4

@1

Autocorrelation Method: A Powerful Tool

For a signal g(t), the ESD, which is equal to |G(w)|?, can also be found by taking the
Fourier transform of its autocorrelation function. If the Fourier transform of a signal is enough
to determine its ESD, then why do we needlessly complicate our lives by talking about
autocorrelation functions? The reason for following this alternate route is to lay a foundation
for dealing with power signals and random signals. The Fourier transform of a power signal
generally does not exist. Moreover, the luxury of finding the Fourier transform is available only
for deterministic signals, which can be described as functions of time. The random message
signals that occur in communication problems (e.g., random binary pulse train) cannot be
described as functions of time, and it is impossible to find their Fourier transforms. However, the
autocorrelation’function for such signals can be determined from their statistical information.
This allows us to determine the PSD (the spectral information) of such a signal. Indeed, we
may consider the autocorrelation approach as the generalization of Fourier techniques to power
signals and random signals. The following example of a random binary pulse train dramatically
illustrates the power of this technique.

EXAMPLE 3.23

http://jntu.blog.com

Figure 3.42a shows a random binary pulse train g(¢). The pulse width is T} /2, and one binary
digitis transmitted every T, seconds. A binary 1is transmitted by the positive pulse, and a binary
0 is transmitted by the negative pulse. The two symbols are equally likely and occur randomly.
We shall determine the autocorrelation function, the PSD, and the essential bandwidth of this
signal.

We cannot describe this signal as a function of time because the precise waveform is
not known due to its random nature. We do, however, know its behavior in terms of
the averages (the statistical information). The autocorrelation function, being an average
parameter (time average) of the signal, is determinable from the given statistical (average)
information. We have [Eq. (3.82b)] '
1 772

Re(r) = lim ~f gHgt —1)dt
T T J_ 12

Figure 3.42b shows g(¢) by solid lines and g(¢ — ), which is g(z) delayed by 7, by
dashed lines. To determire the integrand on the right-hand side of the above equation, we
multiply g(¢) with g(¢ — 7), find the area under the product g(¢)g(r — ), and divide it
by the averaging interval T. Let there be N bits (pulses) during this interval T so that
T=NT,andas T = oo, N — oo. Thus,

: ) 1 [Nn2
Re(r) = A}l_r}réo A ./;NTI,/2 g(t)gt —t) dt

Let us first consider the case of 7 < T;/2. In this case there is an overlap (shown
by the shaded region) between each pulse of g(¢) and that of g(f — t). The area under
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Figure 3.42  Autocorrelation function and power spectral density function of a random binary pulse
train. -

the product g()g(t — 1) is Tp/2 — T for each pulse. Since there are N pulses during the
averaging interval, then the total area under g(H)gt — 1) is N(Tp/2 — 1), and

[V (2
Ngnoo NT, 2 )

Rg ()=
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. _ Ty
) T Y
Because R, () is an even function of 7,
1 2|7| T
R =—-{1-— =2 .
¢(7) 2( T, ) It < 5 (3.88a)

as shown in Fig. 3.42c.

As we increase T beyond Tj/2, there will be overlap between each pulse and its
immediate neighbor. The two overlapping pulses are equally likely to be of the same
polarity or of opposite polarity. Their product is equally likely to be 1 or —1 over the
overlapping interval. On the average, half the pulse products will be 1 (positive-positive
or negative-negative pulse combinations), and the remaining half pulse products will be
—1 (positive-negative or negative-positive combinations). Consequently, the area under
g(1)g(t — ©) will be zero when averaged over an infinitely large time (T — o0), and

v T;
Rp(r)=0 [t] > 2

2

The autocorrelation function in this case is the triangle function %A(t/ T,) shown in

Fig. 3.42c. The PSD is the Fourier transform of %A(z /Tp), which is found in Example

3.15 (or Table 3.1, pair 19) as
T, . Ty
Se(w) = v sinc? (T)

The PSD is the square of the sinc function shown in Fig. 3.42d. From the result in Example
3.21, we conclude that the 90.28% of the area of this spectrum is contained within the band
from 0 to 47/ T, rad/s, or from O to 2/ T; Hz. Thus, the essential bandwidth may be taken
as 2/ T, Hz (assuming a 90% power criterion). This example illustrates dramatically how
the autocorrelation function can be used to obtain the spectral information of a (random)
signal where conventional means of obtaining the Fourier spectrum are not usable.

(3.88b)

(3.89)

Input and Output Power Spectral Densities

Because the PSD is a time average of ESDs, the relationship between the input and output
signal PSDs of a linear time-invariant (LTI) system is similar to that of ESDs. Following the
argument used for ESD [Eq. (3.74)], we can readily show that if g(s) and y(¢) are the input
and output signals of an LTI system with transfer function H (w), then

Sy(@) = |H(@)*Sy(w) (3.90)

ExampLE 3.24

http://jntu.blog.com

A noise signal n;(t) with PSD S, (w) = K is applied at the input of an ideal differentiator
(Fig. 3.43a). Determine the PSD and the power of the output noise signal 7, (¢).

The transfer function of an ideal differentiator is H(w) = jw. If the noise at the
demodulator output is 7, (¢), then from Eq. (3.90),

Sno (@) = [H(@)* Sy (@) = |jol?K
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The output PSD S, (w) is parabolic, as shown in Fig. 3.43c. The output noise power N,
is 1/27 times the area under the output PSD. Therefore,

2nB 27 B 8 2B3K
N, = — Kotdo=K wzdw=L—
27 Jooxm —2nB 3
ny(?) i no(t)
dt
(@)

(b)

Figure 3.43 . Power spectral densities at the input and the output of an ideal differentiator.

3.9 NUMERICAL COMPUTATION OF FOURIER TRANSFORM: THE DFT

PSD of Modulated Signals

Following the argument in deriving Egs. (3.69) and (3.70) for energy signals, we can derive
similar results for power signals by taking the time averages. We can show that for a power
signal g(¢), if

o(t) = g(t) coswpt
then the PSD S, (w) of the modulated signal ¢(7) is given by

1 .
Sp(@) = 5 [Se(@ + on) + Sy(@—av)] 3o

Thus, modulation shifts the PSD of g(z) by £ay. The power of ¢(r) is half the power of g(),
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is true of G(w). To begin with, let us consider a signal g(f) of duration = seconds, starting at
¢ = 0, as shown in Fig. 3.44a. However, for reasons that will become clear as we go along, we
shall consider the duration of g(¢) to be T, where Ty > 7, which makes g(t) = 0inthe inte)rval
T <t < To, as shown in Fig. 3.44a. Clearly, this makes no difference in the computation of
G(w). Let us take samples of g(¢) at uniform intervals of 7, seconds. There are a total of Ny
samples, where

Ty
No = T (3.93)
Now,*
Ty )
Glw) = f * ee i ay
0
No—1
= Jim D gkT)e ™ T, (3.94)
7 k=0

Pet us consider the samples of G(w) at uniform intervals of wy. If G, is the rth sample, that
is, G, = G(rawy), then from Eq. (3.94), we obtain

No—1

that is,

1
Py=3P w0 221B (392)

To compute G{(w), the Fourier transform of g(¢), numerically, we have to use the samples of
g(z). Moreover, we can determine G(w) only at some finite number of frequencies. Thus, we
can only compute the samples of G (). For this reason, we shall now find the relationships
between the samples of g(z) and the samples of G(w).

Tn numerical computations, the data must be finite. This means that the number of samples
of g(t) and G(w) must be finite. In other words, we must deal with time-limited signals. If
the signal is not time-limited, then we need to truncate it to make its duration finite. The same

http://jntu.blog.com

Gy = ) Tog(kT)e 7o
k=0
No—1
=) g /rk (3.95)
k=0
where
gk = Tog(kTy); G, = G(rwy), Qo = wo T, (3.96)
8@
0]——1 [ 730 t -
(a)
8k
i e e
0] T, — ] t —-
© @

fige 3.44  Relationship between the samples of g(#) and of G ().

* The upper limit on the summation in Eq. (3.94) is No — 1 (not Np) because the last term in the sum starts at (Np — DT,
and covers the area under the summand up to NoT; = Tp. )
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Thus, Eq. (3.95) relates the samples of g(#) to the samples of G(w). In this derivation, we have
assumed that 7, — 0. In practice, it is not possible to make T; — 0 because it will increase
the data enormously. We strive to make 7 as small as is practicable. This will result in some
computational error.

We make an interesting observation from Eq. (3.95). The samples G, are periodic with
a period of 27/ Qo samples. This follows from Eq. (3.95), which shows that G -12-/90) = G,.
Thus, only 27/ o number of samples G, can be independent. Equation (3.95) shows that G,
is determined by Ny independent values gz. Hence, for unique inverses of these equations,
there can be only Ny independent sample values G,. This means

2w 2r 2aNy

=T = (3.97)
Qo  wTy;  woTp

No

Hence, :
2 1

= TO and fg = To
Thus, the spectral sampling interval wy rad/sec. (or fy Hz) can be adjusted by a proper choice
of Ty: the larger the Tp, the smaller the wo. The wisdom of selecting Ty > 7 is now clear. When
Tp is greater than 7, we shall have several zero-valued samples g; in the interval from 7 to
To. Thus, by increasing the number of zero-valued samples of g, we reduce wy [more clpsely
spaced samples of G (w)], yielding more details of G(w). This process of reducing wg by the
inclusion of zero-valued samples g is known as zero padding. Also, for a given sampling
interval T, larger Ty implies larger No. Thus, by selecting suitably large value of No, we can
obtain samples of G(w) as close as possible.

To find the inverse relationship, we multiply both sides of Eq. (3.95) by ¢/™%" and sum

over r as
No—1 No—1 [Np—-1
2 :GreJmQOr — § : § gke—]rQOk ejmfzor
r=0

r=0 L k=0

(3.98)

2]

Interchanging the order of summation on the right-hand side,

No—1 No~1 No—1
Z Grejmﬂor — Z g |:Z ej(m—k)ﬂor:l (3'99)
r=0

k=0 r=0

In order to find the inner sum on the right-hand side, we shall now show that

No—1
Y et = Mo n =0, ENy, £2No, - (3.100)
— 0 otherwise .

To show this, recall that 20Ny = 27 and /"% = 1 for n = 0, &Ny, £2Ny, - - - , so that
No—1 No-1
DW= "1=Ny  n=0,%Ny,£2Np, -
k=0 -0

To compute the sum for other values of n, we note that thc‘sum on the left-hand side of Eq.
(3.100) is a geometric progression with common ratio & = e/"%, Therefore (see Appendix E),

No—1 inQ0No
Z oISk _ € _ 1] -0 oMo _ Lj2mn _ |
e]"‘ 0

k=0
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This proves Eq. (3.100). It now follows that the inner sum on the right-hand side of Eq. (3.99)
is zero for k # m, and the sum is Ny when k = m. Therefore, the outer sum will have only
one nonzero term when k = m, and it is Nog; = Nogy. Therefore,

No—1

1 . 2
=g ) G 2= F’Z (3.101)

Equation (3.101) reveals the interesting fact that geu4ng) = gm. This means that the
sequence g is also periodic with a period of N, samples (representing the time duration
NoT; = Ty seconds). Moreover, G, is also periodic with a period of Ny samples, representing
a frequency interval Nowo = (To/T;)(27/Tp) = 27/ T, = ws rad/s. This is equal to 1/T;
Hz. But 1/7; is the number of samples of g(r) per second. Thus, 1/7; = f; is the sampling
frequency (in hertz) of g(r). This means G, is Ny-periodic, repeating every f; Hz. Let us
summarize the results derived so far. We have proved the discrete Fourier transform (DFT)
pair

K No—1
Gy =) eIk (3.102a)
k=0
1 No—1
—_ ikQ
8= 5 Z; G, el*%r (3.102b)
where
8k = T8 (kTy) G, = G(rax)
21 2
== =t
wg T 7 fo %) T 7 f
TO Wy f:s‘ 27
Nog=—=—= =22 Qo = wyTy = — .103
=7 % 7 0 = woT No (3.103)

Both the sequences g, and G, are periodic with a period of Ny samples. This results
in g repeating with period T seconds and G, repeating with period w, = 27/ T, rad/s, or
fs = 1/ T, Hz (the sampling frequency). The sampling interval of g; is T, seconds and the
sampling interval of G, is wy = 27/ Ty radfs, or fo = 1/ Ty Hz. This is shown in Fig. 3.44c
and d. For convenience, we have used the frequency variable f (in hertz) rather than o (in
radious per second).

We have assumed g(z) to be time-limited to t seconds. This makes G () non-band-
limited.” Hence, the periodic repetition of the spectra G,, as shown in Fig. 3.44d, will cause
overlapping of spectral components, resulting in error. The nature of this error, known as
aliasing error, is explained in more detail in Chapter 6. The spectrum G, repeats every f;
Hz. The aliasing error is reduced by increasing f;, the repetition frequency (see Fig. 3.44d).
To summarize, the computation of G, using DFT has aliasing error when g(¢) is time-limited.
This error can be made as small as desired by increasing the sampling frequency f; = 1/7; (or
reducing the sampling interval T;). The aliasing error is the direct result of the nonfulfillment
of the requirement 7, — 0 in Eq. (3.94).

* We can show that a signal cannot be simultaneously time-limited and band-limited. If it is one, it cannot be the
other, and vice versa.®
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When g(¢) is not time-limited, we need to truncate it to make it time-limited. This wil]

cause further error in ‘G,. This error can be reduced as much as desired by appropriately ’

increasing the truncating interval 7p.* . '
" In %omputation ogf the inverse Fourier transform [t?y using t.he inverse DFI' in Egq,
(3.102b)] we have similar problems. If G(w) is band-linpted, g.(t) is not‘ time-limited, and
the periodic repetition of samples g; will overlap (aliasing in the tm.le 'doma.m). We can redl}Ce
the aliasing error by increasing Tp, the period of g; (in seconds): This is ‘eqmvalent tf) réduclng
the frequency sampling interval fy = 1/ Ty of G(w). Moreover, if G(a)? isnot band-lmuted, we
need to truncate it. This will cause an additional error in the computation (?f g By increasing
the truncation bandwidth, we can reduce this error. In practice, (tapered) window ﬁmctmns. are
often used for truncation’ in order to reduce the severity of some problems caused by straight
truncation (also known as rectangular windowing). | )
Because G, is Np-periodic, we need to determine the values of G, over any one petiod.
It is customary to determine G, over the range (0, No — 1) rather than over the range
(—No/2, No/2 — 1). The identical remark applies to g. :

Choice of T;, Ty, and Ny .
In DFT compu:;ation,’ we first need to select suitable values for Ny, Ty, and Tp. For this purpose

we should first decide on B, the essential bandwidth of g(z). From Fig. 3.44d, itis clear.that the
spectral overlapping (aliasing) occurs at the frequency f;/2 Hz. This spectra}l overlappmg may
also be viewed as the spectrum beyond f; /2 folding back at f; /2. Hence, this frequency is als.o
called the folding frequency. If the folding frequency is chosen such that‘ the §pectru¥n (.?(a)) is
negligible beyond the folding frequency, aliasing (the spectra‘l overla%ppl‘ng) is not significant.
Hence, the folding frequency should at least be equal to the highest §1gmﬁcant frequency, ﬂ}at
is , the frequency beyond which G(w) is negligible. We shall call this fr.eque.nc.y the‘ essential
bandwidth B (in hertz). If g(¢) is band-limited, then clearly, its bandwidth is 1dent1ca17to the
essential bandwidth. Thus, :

I >B (3:104a)

5z

Moreover, the sampling interval T; = 1/f; [Eq. (3.103)]. Hence,

L<—4 (.104b)

" T 2B
Once we pick B, we can choose T; according to Eq. (3.104b). Also,
1
fo= T

where f; is the frequency resolution [separation between samples of G(w)]. Hence, if fois
given, we can pick Tp according to Eq. (3.105). Knowing Ty and T, we determine Ny from

(3.105)

No=2 (3.106)

T

In general, if the signal is time-limited, G(w) is not band-limited, and ther.e is aﬁasing in
the computation of G, . To reduce the aliasing effect, we need to increase the folding frequency,

* The DFT relationships represent a transform in their own right, and they are exact. If, however, we identify g

and G, as the samples of a signal g(¢) and its Fourier transform G(w), respectively, then the DFT relationships are-

approximations because of the aliasing and truncating effects.
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that is, reduce T (the sampling interval) as much as is practicable. If the signal is band-limited,
g(2) is not time-limited, and there is aliasing (overlapping) in the computation of g;. To reduce
this aliasing, we need to increase Tp, the period of g;. This results in reducing the frequency
sampling interval f; (in hertz). In either case (reducing 7 in the time-limited case or increasing
Ty in the band-limited case), for higher accuracy, we need to increase the number of samples
Ny because Ny = Ty/ T,. There are also signals that are neither time-limited nor band-limited.
In such cases, we need to reduce T and increase Tp.

Points of Discontinuity
If g(¢) has a jump discontinuity at a sampling point, the sample value should be taken as the

average of the values on the two sides of the discontinuity because the Fourier representation
at a point of discontinuity converges to the average value.

DFT Computations Using the FFT Algorithm
The number of computations required in performing the DFT was dramatically reduced by
an algorithm déveloped by Tukey and Cooley in 1965.5 This algorithm, known as the fast
Fourier transform (FFT), reduces the number of computations from something on the
order of Ng to Nolog No. To compute one sample G, from Eq. (3.102a), we require Ny
complex multiplications and Ny — 1 complex additions. To compute Ny values of G, (r =
0,1,.--, No— 1), we require a total of Ng complex multiplications and No(No — 1) complex
additions. For large Ny, this can be prohibitively time-consuming, even for a very high-speed
computer. The FFT is, thus, a life saver in signal processing applications. The FFT algorithm
is simplified if we choose Ny to be a power of 2, although this is not necessary, in general.
Details of the FFT can be found in any book on signal processing.?

Letus consider two examples illustrating the use 6f DFT in finding the Fourier transform.
We shall use MATLAB to find DFT by the FFT algorithm. In the first example, the signal

8(t) = e7Pu(¥) starts at £ = 0. In the second example, we use g(f) = rect(z), which starts at
1

t=—3.
2

Computer Example C3.1

Use DFT (implemented by the FFT algorithm) to compute the Fourier transform of e~y (2). Plot the
resulting Fourier spectra.

We first determine T and Ty. The Fourier transform of e =2/ 1 () is 1/(jw+2). This low-pass signal
is not band-limited. Let us take its essential bandwidth to be that frequency where |G ()| becomes
1% of its peak value, which occurs at w = 0. Observe that

1 ~
w2+4 @
Also, the peak of |G(w)] is at w = 0, where [G(0)| = 0.5. Hence, the essential bandwidth B is at
® = 27 B, where

IG@)| = 0> 2

100
G@)| ~ —— =05x001 = 5='Py,
27 B I

and from Eq. (3.104b),

1
Ty < — =0.0057 = 0.0157
s =< 2B 0. T 5
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Let us round this value down to Ty = 0.015625 second so tl?at'we have 64 samples per s.ecionﬁ_
The second issue is to determine Tg. The signal is not time-limited. We neeq to trunc;’;e }:t a}t ; dg
such that g(Tp) <« 1. We shall pick Ty = 4 (eight t‘m}e constants of the silg'nlal)3 \»:1 tc yiel
No = Tp/Ts = 256. This is a power of 2. Note that there is a gre'at deal of ﬂ;xﬂnhty 121 ef é]nmmr;i
T, and Ty, depending on the accuracy desired and the computational capacity available. We cou

just as well have picked Tp = 8 and Ty = 1/32, yielding No = 256, although this would have given

a slightly higher aliasing error. )
Because the signal has a jump discontinu . - 0,
the averages of the values on the two sides of the discontinuity. The MATLAB program,

implements the DFT using the FFT algorithm is as follows:”

ity at t = O, the first sample (at ¢ = 0) is 0.5,
which

Ts=1/64; T0=4; NO=TO/Ts;
t=0:Ts:Ts* (NO-1);t=t";
g=Ts*exp (-2*t); R
g(1)=Ts*0.5;
G=fft(g);
[Gp,Cm] =cart2pol (real(G), imag (G)) ;
k=0:N0-1; k=k’;
w=2*pi*k/T0; s
subplot (211) ,stem(w(1:32) ,Gm(1:32)) ;"
subplot (212) ,stem(w(1:32) ,Gp(1:32))
Because G is Ng-periodic, Gy = G(r+256) S0 that G256'= G(_). Hepce, we need to plot G
over the ranger = 0 to 255 (not 256). Moreover, because of this periodicity, G—r = G(—r+256),

0.5

04

Exact

0.3
FFT values

02

0.1

| RN
0 10 20 30 40
A
|
T : T T
6,(®) |
-05+\
—1 4
Bxact FFT values

e 2
Figure:3.45  Discrete Fourier transform of an exponential signal e~ u(f).
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and the G, over the range of r = —127 to —1 are identical to the G, over the range of r = 129

to 255. Thus, G_127 = Gi29, G_126 = G130, ---» G_1 = Gpss. In addition, because
of the property of conjugate symmetry of the Fourier transform, G_, = Gy, it follows that
G129 = GT27, G130 = GTZ6’ ey, G255 = GT Thus, the plOtS beyond r o= N()/2 (128 in

this case) are not necessary for real signals (because they are conjugates of G, for r = 0 to 128.

The plot of the Fourier spectra in Fig. 3.45 shows the samples of magnitude and phase of
G(w) at the intervals of 1/Tp = 1/4 Hz or wg = 1.5708 rad/s. In Fig. 3.45, we have shown only
the first 28 points (rather than all 128 points) to avoid too much crowding of the data.

In this example, we knew G (w) beforehand and hence could make intelligent choices for B
(or the sampling frequency fs). In practice, we generally do not know G (w) beforehand. In fact,
that is the very thing we are trying to determine. In such a case, we must make an intelligent guess
for B or fs from circumstantial evidence. We should then continue reducing the value of 7; and
recomputing the transform until the result stabilizes within the desired number of significant digits.

Next, we compute the Fourier transform of g(¢) = 8 rect (z).

.
Computer Example C3.2
Use DFT (implemented by the FFT algorithm) to compute the Fourier transform of 8 rect(z). Plot the
resulting Fourier spectra.

This gate function and its Fourier transform are shown in Fig. 3.46a and b. To determine the value
of the sampling interval Ty, we must first decide on the essential bandwidth B. From Fig. 3.46b,
we see that G(w) decays rather slowly with w. Hence, the essential bandwidth B is rather large.
For instance, at B = 15.5 Hz (97.39 rad/s), G(w) = —0.1643, which is about 2% of the peak
at G(O).{Hence, the essential bandwidth may be taken as 16 Hz. However, we shall deliberately
take B = 4 for two reasons: (1) to show the effect of aliasing and (2) the use of B > 4 will give
an enormous number of samples, which cannot be conveniently displayed on the book-sized sheet
without losing sight of the essentials. Thus, we shall intentionally accept approximation in order to
clarify the concepts of DFT graphically.

The choice of B = 4 results in the sampling interval 7y = 1/2B = % Looking again
at the spectrum in Fig. 3.46b, we see that the choice of the frequency resolution fi = :1{ Hz is
reasonable. This will give four samples in each lobe of G(w). In this case Ty = 1/fy = 4 seconds
and Ny = To/T = 32. The duration of g(z) is only 1 second. We must repeat it every 4 seconds
(Ty = 4), as shown in Fig. 3.46¢, and take samples every % second. This gives us 32 samples
(Ng = 32). Also,

gk = Tsg(kT)
1

=3 8kT)

-Since g() = 8 rect (¢), the values of g are 1, 0, or 0.5 (at the points of discontinuity), as shown in
Fig. 3.46¢. In this figure, g is shown as a function of ¢ as well as k, for convenience.

In the derivation of the DFT, we assumed that g(z) begins at # = 0 (Fig. 3.44a), and then took
No samples over the interval (0, Tp). In the present case, however, g(¢) begins at — % This difficulty
is easily resolved when we realize that the DFT found by this procedure is actually the DFT of g
repeating periodically every Tp seconds. From Fig. 3.46¢, it is clear that repeating the segment of
8k over the interval from —2 to 2 seconds periodically is identical to repeating the segment of g
over the interval from 0 to 4 seconds. Hence, the DFT of the samples taken from —2 to 2 seconds
is the same as that of the samples taken from 0 to 4 seconds. Therefore, regardless of where g(r)
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N 8
starts, we can always take the samples of g(¢) and its periodic extension over the interval from 0 to 8
Ty. In the present example, the 32 sample values are
1 0<k<3 and 29<k<31
=10  5=<k=27 @
0.5 k=4,28 -0.5 0.5 -
Observe that the last sample is at # = 31/8, not at 4, because the signal repetition starts at = 4, and
the sample at 7 = 4 is the same as the sample at = 0. Now, Ny = 32 and Qo = 27/32 = 7/16.
Therefore [see Eq. (3.102a)], ’
31
Gr = Z gke—jr T
k=0
The MATLAB program, which implements this DFT equation using the FFT algorithm, is
given next. First we write a MATLAB program to generate 32 samples of g, and then we compute (b)
the DFT.
% (c32.m) o
B=4; £0=1/4;
Ts=1/(2*B); T0=1/f0;
NO=T0/Ts;
k=0:N0; k=k’; 18
for m=1:length (k)
if k(m)>=0 & k(m)<=3, gk(m)=1; end I )
if k(m)==4 & k(m)==28 gk(m)=0.5; end I sosss I ]‘ I I
if k(m)>=5 & k(m)<=27, gk(m)=0; end —36 -32 28 -16 -4 4 16§ . 28 32 36 ©
if k(m)>=29 & k(m)<=31, gk(m)=1; end +
end -4 -2 0 2 ' 4
gk=gk’;
Gr=£ft (gk);
subplot (211), stem(k, gk) PO *
subplot (212) , stem(k, Gr) 1
Figure 3.46d shows the plot of Gy Exact
The samples G, are separated by fo = 1 /T Hz. In this case T = 4, so the frequency
resolution fy is % Hz, as desired. The folding frequency fs/2 = B = 4 Hz corresponds to
r = Ngo/2 = 16. Because G, is Ng-periodic (No = 32), the values of G forr = —16 to FFT values - ]
1 — —1 are the same as those for » = 16 to n = 31. The DFT gives us the samples of the spectrum
Gl@- , @
For the sake of Gomparison, Fig. 3.46d also shows the shaded curve 8 sinc(w/2), which H
is the Fourier transform of 8 rect(r). The values of G, computed from the DFT equation show i
aliasing error, which is clearly seen by comparing the two superimposed plots. The error in G2
is just about 1.3%. However, the aliasing error increases rapidly with 7. For instance, the error in . 5 ..'1"TT‘=. B .
Gy is about 12%, and the error in G g is 33%. The error in G4 is 2 whopping 72%. The percent -} - s, '..‘l 1 1 7
error increases rapidly near the folding frequency (r = 16) because g(z) has a jump discontinuity, 7o A0
which makes G{(w) decay slowly as 1/w. Hence, near the folding frequency, the inverted tail (due to L.
aliasing) is very nearly equal to G(w) itself. Moreover, the final values are the difference between 4 2 0 5 i T -

the exact and the folded values (which are very close to the exact values). Hence, the percent error
near the folding frequency (r = 16 in this case) is very high, although the absolute etror is very
small. Clearly, for signals with jump discontinuities, the aliasing error near the folding frequency

Figure 3.46  Discrete Fourier transform of a gate pulse.
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signals with jump discontinuities.

will always be high (in percentage terms), regardless of the choice of Ng. To ensure a nfeg\ljgible
aliasing error at any value r, we must make sure that Ny 3> r. This observation is valid for all

http://jntu.blog.com

Filtering

We generally think of filtering in terms of some hardware-oriented solution (ngnely, building
a circuit with RLC components and operational amplifiers). However, filtering also has a
software-oriented solution [a computer algorithm that yields thej filtered output y(¢) ~for a
given input g(#)]. This can be conveniently a_wcomplished by using the DFT: If g(t) tlls the
signal to be filtered, then G,, the DFT of gk, is found. The spectrum G, is then shaped
(filtered) as desired by multiplying G, by H, where H, are the samples pf the filter transfer
function H (w) [H, = H (rax)]. Finally, we take the IDFT of G, H', to obtain the filtered output
v [yx = Tsy(kT)]. This procedure is demonstrated in the following example.

Computer Example C3.3

The signal g(¢) in Fig. 3.47a is passed through an ideal low-pass filter of transfer function H (),

shown in Fig. 3.47b. Using DFT, find the filter output.

g| 8@ @ L H(w) (b)
0.5 05 t—» -2 2 fHD) >
1| G
I I I I I I ()
240 -32 -2 -16 -8 -4 4 8 16, _, 24 32 40
0 - 26 -4 -2 0 2 ' 6 8 10
-10 8 6 4 1>
@
1 .
o
. b e PO 4.1
e S o e S ud - 4 - T
~16 —g 0 178 16 u ¥ _’31

Figure 3.47  Filtering g(¢) through H(w).
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We have already found the 32-point DFT of g(z) (see Fig. 3.46d). Next we multiply G, by H;. To
compute Hy, we remember that in computing the 32-point DFT of g(t), we have used fy = JT.
Because G,- is 32-periodic, Hy must also be 32-periodic with samples separated by ‘l} Hz. This
means that H, must be repeated every 8 Hz or 1677 rad/s (see Fig. 3.47c). This gives the 32 samples
of Hy over 0 < w < 167 as follows:

1 0<r<7 and 25=<r <31
H =40 9<r=<23
0.5 r=28,24

We multiply G by H, and take the inverse DFT. The resulting output signal is shown in Fig. 3.47d.
Table 3.4 gives a printout of g¢, Gr, Hy, Yy, and y.

We have already found the 32-point DFT (G,) of g(¢) in Example C3.2. The MATLAB
program of Example C3.2 should be saved as an m-file, e.g., “c32.m.” We can import G, in the
MATLAB environment by the command “c32.” Next, we generate 32-point samples of H, multiply
Gy by H;, and take the inverse DFT to compute y;.. We can also find y; by convolving gz with Az

c32; .

r=0:32; r=r’;

for m=1:length(r)
if r(m)>=0 & r(m)<=7, Hr(m)=1; end
if r(m)>=25 & r(m)<=31, Hr(m)=1; end
if r(m)>=9 & r(m)<=23, Hr(m)=0; end
if r(m)==8 & r(m)==24, Hr(m)=0.5; end

Table 3.4

No, 8 G, H, G.H, Y
0 1 8.000 1 8.000 9285
1 1 7179 1 7179 1.009
2 1 5.027 1 5.027 1.090
3 1 2331 1 2331 9123
4 05 0.000 1 0.000 4847
5 0 -1.323 1 -1.323 08884
6 0 —-1.497 1 -1.497 -.05698
7 0 —~8616 1 -8616 —01383
8 0 0.000 05 0.000 02933
9 0 5803 0 0.000 004837
10 0 6682 0 0.000 ~.01966
11 0 3778 0 0.000 -002156
2 0 0.000 0 0.000 01534
13 0 -2145 0 0.000 0009828
14 0 1989 0 0.000 —01338
15 0 06964 0 0,000 10002876
16 0 0.000 0 0.000 01280
17 0 -.06964 1] 0.000 —.0002876
18 [ -.1989 0 0.000 -01338
19 0 -2145 0 0.000 0009828
20 0 0.000 0 0.000 01534
21 0 3778 0 0.000 -.002156
2 0 6682 0 0.000 -.01966
23 0 5803 0 0.000 004837
2 0 0.000 05 0.000 103933
25 0 —8616 1 -.8616 —-.01383
26 0 ~1497 1 1497 05698
27 0 ~1.323 1 -1.323 08884
23 05 0.000 1 0.000 48347
29 1 2.331 1 2331 9123
30 1 5.027 1 5.027 1.090
31 1 7.179 1 7.179 1.009
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end B
Hr=Hr’; 313 Ifg(r) <= G(w), then show that g*(r) «=> G*(—w).

Yr=Gr.*Hr;

yk=ifft(Yr); 3.1-4  From definition (3.8a), find the Fourier transforms of the signals g(¢) shown in Fig. P3.1-4.

clg, stem(k, yk)

. . : ' 80 (@) ) ®)
’ e—ﬂt em
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3.1-1 Show that the Fourier transform of g(f) may be expressed as (@ ()
o] o
G(w) = f g(t)coswt dt — j f g(t) sinwt dt Figure P3.1-5
—o0 —o0

Hence, show that if g(¢) is an even function of 7, then 3.1-6 From definition (3.8b), find the inverse Fourier transforms of the spectra shown in Fig. P3.1-6.

00
G(w) = 2[ g(t)coswt dt
0
and if g(¢) is an odd function of ¢, then

G(w) = —Zj/ g(t)sin ot dt
o

Hence, prove that:

Ifg(r) is: Then G(w) is: Figure P3.1-6
a real and even function of ¢ i a real and even function of @ ;
areal and odd function of ¢ an imaginary and odd function of w 3.1 i
. . .1-7 F ; :
an imaginary and even function of ¢ an jmaginary and even function of @ rom definition (3.8b), find the inverse Fourier transforms of the spectra shown in Fig. P3.1-7.
a complex and even function of ¢ a complex and even function of @
a complex and odd function of ¢ a complex and odd function of @ x4

3.1-2 (a) Show that for a real g(z), the inverse transform, Eq. (3.8b), can be expressed as

gt) = % /oo |G (w)| cos[wt + b, ()] dw
7 Jo .

This is the trigonometric form of the (inverse) Fourier transform. Compare this with the compact
trigonometric Fourier series. )

Figure P3.1-7

(b) Express the Fourier integral (inverse Fourier transform) for g(¢) = e~*u(¢) in the trigono-
metric form given in part (a). , [ ]
3.1-8 Find the inverse Fourier transform of G () for the spectra shown in Fig. P3.1-8.
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1G(o)l

results in the pulse g; (¢) in Fig. P3.3-2b; consequently g, (¢) = g(—t). The pulse in Fig. P3.3-2¢c
1 can be expressed as g(t — T') + g1(¢ — T') [the sum of g(¢) and g, (?) both delayed by T']. The
pulses in Fig. P3.3-2d and e both can be expressed as g(t — T) + g;(t + T) [the sum of g
delayed by T and g, (t) advanced by T'] for some suitable choice of 7'. The pulse in Fig. P3.3-2f
can be obtained by time-expanding g(z) by a factor of 2 and then delaying the resulting pulse by
2 seconds [or by first delaying g(#) by 1 second and then time-expanding by a factor of 2].

i ’ o | L La® &
.o , i PO e S :
0,() 0,(®) .
®p ®0 1 !
] s o ®—> -1 U 0 l > 1 0 t—> 1 2
- - 3
% @ ® ©
_at -z 15
0 ' z L osm Lo 0]
@ ®) g
t—>
Figure P3.1-8
. . -1 0 t—> 1 _1 o L 0 —> 2
Hint: G(@) = |G(@)]e/%. For part @), G(@) = 1e7/°, || < v. Forpart ®), - 2 2 '
1eim? = —j O<w<=<wy @ (O] ®
G(w) = { 1ei™? = j 0>w>—wp

) Figure P3.3-2
i i litude spectrum

i i how different phase spectra (both with the same amp!

This péﬁ?l:?irgll; S(E?fffen‘? :Zgnals P 3.3-3 Using only the time-shifting property and Table 3.1, find the Fourier transforms of the signals
repres .

shown in Fig. P3.3-3. Hint: The signal in Fig. P3.3-3a is a sum of two shifted gate pulses.

3.2-1 Sketch the following functions: The signal in Fig. P3.3-3b is sin 7 [u(t) — u(t — 7)] = sin ¢ u(t) —sin ¢ u(t — 7) =

; ; —10/8) ; (d) sinc (ww/5) ; (e) sinc [(w — 107)/5); - | sin ¢ u(t) + sin (¢t — ) u(t — ). The reader should verify that the addition of these two
® o O A(sw'/(; 00)1’1 (Cz 'reig) is g/(i)) l’i(gf)lt-Shiﬁed by a. ' sinusoids indeed results in the pulse in Fig. P3.3-3b. In the same way we can express the signal
() sinc (¢/5) rect (t/107). Hint: 8(=5 2 ; in Figs. P3.3-3c as cos 7 u(f) + sin (¢ — 7/2)u(t — 7 /2) (verify this by sketching these signals).
32-2 From definition (3.8a), show that the Fourier transform of rect (t — 5) is sinc (w/2)e~*. i The signal in Fig. P3.3-3d is e [u(t) — u(t — T)] = e~*u(t) — e Te 2Dyt — T).
.2-2 From .8a), ;
32-3 From definition (3.8b), show that the inverse Fourier transform of rect [(w — 10)/27] is sinc ; . .
e - ‘ T o = @ ®)
. N
3.2-4 Using pairs 7 and 12 (Table 3.1) show that u(f) <= ndé(w) + 1/jow. A‘ B 1 / | 7]{
_j i - 0
32-5 Show thatcos (wyt +8) <= 7[8(w + wo)e 70 4 §(w — wo)e’®]. Hint: Express cos (Q)ot +6) .
in terms of exponentials using Euler’s formula. . . B
3.3-1 Apply the symmetry property to the appropriate pair in Table 3.1 to show that: 7 t © .
. V —
@) 0.5[6() + (/7] - N : IL _
®)SE+T)+8@¢—T) < 2cos Tw 3 i

(©) 8(t+T) — 8(t — T) <= 2j sin Tw. Hint: g(~1) <= G(=©) and 5() = 5(—D). Figure P3.3-3

3.3-2 The Fourier transform of the triangular pulse g(#) in Fig. P3.3-2ais given as 3.3-4 Using the time-shifting property, show that if g() <= G(w), then

G(w) = Lz(efw — jwel® —1) g +T)+g(t — T) & 2G(w)cos Tw
[ .
Using this information, and the time-shifting and time-scaling properties, find the Fourer .

This is the dual of Eq. (3.35). Using this result and pairs 17 and 19 in Table 3.1, find the Fourier
transforms of the signals shown in Fig. P3.3-2b, ¢, d, e, and f. Hing: Time inversion in g() -

transforms of the signals shown in Fig. P3.34.
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Figure P3.3-4
3.3.5 Prove the following results:

g(t) sin wpt <= EIJT[G(U) — wp) — G(o + wp)]
2—1;[g(l +T)—g(t—T)] < Gwsin Tw
J

Using the latter result and Table 3.1, find the Fourier transform of the signal in Fig. P3.3-5.

J:T—‘f OJ[

Figure P3.3-5

i i i ind the Fourier transforms
- i in Fig. P3.3-6 are modulated signals with carrier cos 10¢. Find
A e e perties of the Fourier transform and Table 3.1. Sketch

i ing the appropriate proj A
of these signals usirg o p ; d (b). Hint: These functions can be expressed in

the amplitude and phase spectra for parts (a) an

the form g () cos wgt.
-
YA -
Sl
(@

1

—_

®)

—

MAAMAAARRL -
:‘I\V[\V[\VI\V VUV

perty and Table 3.1, find the inverse Fourier transform of the ]

Figure P3.3-6

3.3-7 Using the frequency-shifting pro;
spectra shown in Fig. P3.3-7.

Figure P3.3-7
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A signal g(z) is band—linﬁted to B Hz. Show that the signal g"(#) is band-limited to n B Hz. Hint:
g4(t) = [G(w) * G(w)]/2x, and so on. Use the width property of convolution.

Find the Fourier transform of the signal in Fig. P3.3-3a by three different methods:

(a) By direct integration using the definition (3.8a).

(b) Using only pair 17 Table 3.1 and the time-shifting property.

(c) Using the time-differentiation and time-shifting properties, along with the fact that §(r) <=
1. Hint: 1 — cos 2x = 2sin®x.

The process of recovering a signal g(r) from the modulated signal g(r) cos wyt is called
demodulation. Show that the signal g(¢) cos wot can be demodulated by multiplying it with
2 cos wpt and passing the product through a low-pass filter of bandwidth W rad/s [the bandwidth
of g()]. Assume W < . Hint: 2cos> wot = 1+ cos 2wpt. Recognize that the spectrum of
g(t) cos 2aqt is centered at 2wy and will be suppressed by a low-pass filter of bandwidth W
rad/s.

Signals g;(r) = 10%rect (10*) and g,(t) = 8(¢) are applied at the inputs of the ideal low-pass
filters H{(w) = rect (w/40, 0007r) and Hy(w) = rect (w/20, 0007) (Fig. P3.4-1). The outputs
¥1(#) and y, (¢) of these filters are multiplied to obtain the signal y(z) = y;(£)y,(?).

(a) Sketch G (w) and G,(w).

(b) Sketch H;(w) and Hy(w).

(c) Sketch Y (@) and Y, (w).

(d) Find the bandwidths of y;(z), y,(¢), and y(¢).

g ()

y ()=, (1)y,(1)

Figure P3.4-1

Consider a filter with the transfer function
Hw) = o~k +jor)

Show that this filter is physically unrealizable by using the time-domain criterion [noncausal
h(t)] and the frequency-domain (Paley-Wiener) criterion. Can this filter be made approximately
realizable by choosing a sufficiently large 7)? Use your own (reasonable) criterion of approximate
realizability to defermine #. Hinz: Use pair 22 in Table 3.1.

Show that a filter with transfer function
2(10%)
Hw) = ——=
@ @? + 1010 ¢
is unrealizable. Can this filter be made approximately realizable by choosing a sufficiently large
fo? Use your own (reasonable) criterion of approximate realizability to determine . Hint: Show
that the impulse response is noncausal.

—jwty

Determine the maximum bandwidth of a signal that can be transmitted through the low-pass RC
filter in Fig. 3.27a with R = 1000 and C = 10~? if, over this bandwidth, the amplitude response
(gain) variation is to be within 5% and the time delay variation is to be within 2%.
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3.5-4 A bandpass signal g(z) of bandwidth Aw = 2000 centered at @ = 10° is passed through the
RC filter in Example 3.16 (Fig. 3.27a) with RC = 1073, If over the passband, the variation of
less than 2% in amplitude response and less than 1% in time delay is considered distortionless
transmission, would g(¢) be transmitted without distortion? Find the approximate expression for
the output signal.

3.6-1 A certain channel has ideal amplitude, but nonideal phase response (Fig. P3.6-1), given by

[H(w)| =1
O(w) = —wty — k sin oT kgl

(a) Show that y(z), the channel response to an input pulse g(¢) band-limited to B Hz, is
‘ k
YO =gl —t)+5lgC —to— T) =gt —t+ D]
Hint: Use e~ 7% s2¢T 1 — jk sinwT.

(b) Discuss how this channel will affect TDM and FDM systems from the viewpoint of interfer-
ence among the multiplexed signals.

Figure P3.6-1

3.6-2 The distortion caused by multipath transmission can be partly corrected by a tapped delay -
equalizer. Show that if @ <« 1, the distortion in the multipath system in Fig. 3.35a can be
approximately corrected if the received signal in Fig. 3.35a is passed through the tapped delay - :
equalizer shown in Fig. P3.6-2. Hint: From Eq. (3.63a), it is clear that the equalizer filter transfer |
function should be Heq (@) = 1/(1+a e~/4"). Use the fact that 1/(1—x) = 1+x R S S R |

ifx < 1.
Input
Output
Figure P3.6-2
3.7-1 Show that the energy of the gaussian pulse
1 _2
®= e »°
8 o2
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3.7-4

3.7-5

3.7-6
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is 1/20 /7. Verify this result by deriving the energy E, from G(w) using Parseval’s theorem.
Hint: See pair 22 in Table 3.1. Use the fact that
o
f e dx = /7
—00

Show that

/ sinc? (kx) dx = %

0

Hint: Recognize that the integral is the energy of g(¢) = sinc (k?). Find this energy by using
Parseval’s theorem.

Generalize Parseval’s theorem to show that for real, Fourier transformable signals g;(z) and
[210)

© 1 0 1 )
]:mng(f)gz(t) dr = o /m G1(-0)Gy(w) do = o [m G1(0)Gy(—0) do

Show that

(=)

o0 B m=n

N

/ sinc (27 Bt — mz) sinc (27 Bt — nw) dt = { 1 m#n
Hint: Recognize that
. . k 1 w .
sinc 2n Bt — km) =sinc (27B |t — — — —— ) gmIwki2B
( ) [ ( 23)}@23 rect (4er)6
Use this fact-and the result in Prob. 3.7-3 to show that

o 1 2B
f sinc 27 Bt — mw) sinc Qr Bt —nn) dt = —— / Jle—m)/2BJe
- 87 B? | _y,p

00

The desired result follows from this integral.

For the signal
2a
t)=
s = s
determine the essential bandwidth B Hz of g(¢) such that the energy contained in the spectral
components of g(#) of frequencies below B Hz is 99% of the signal energy E,. Hint: Determine
G(w) by applying the symmetry property [Eq. (3.24)] to pair 3 of Table 3.1.

A low-pass signal g(7) is applied to a squaring device. The squarer output g2(t) is applied to a
unity gain ideal low-pass filter of bandwidth A f Hz (Fig. P3.7-6). Show that if Af is very small
(Af — 0), the filter output is a dc signal of amplitude 2E,Af, where E, is the energy of g(z).
Hint: The output y(z) is a dc signal because its spectrum Y (w) is concentrated at w = 0 from
—Aw to Aw with Aw — 0 (impulse at the origin). If g%(t) <= A(w), and y(f) < Y (o),
then Y (w) ~ [47r A(0)Af18(®).

8 y(@®)=2E Af

Figure P3.7-6
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3.8-1 Show that the autocorrelation function of g(t) = C cos (wot + 6) is given by Re(r) =
(C%/2) cos wot, and the corresponding PSD is Sg(w) = (C?7)2)[8(@ — wp) + 8(w + wp)].
Hence, show that for a signal y() given by

©
y(t) = Co+ Z C, cos (nwot +6,)

n=1

the autocorrelation function and the PSD are given by

1 o0
2 2
Ry (t) = Co® + 3 ,?:1 C,* cos nwyt

]
4
Sy(w) = 2w Co*8(w) + 5 ; C,2[8(w — nwo) + 8(w + nwp)l
Hint: Show that if g(¢) = g1(t) +g2(2), then Ry (1) = Ry, (7) F R, (1) + R (1) + Ry, (),
where Ry, (v) = limy—oa(1/T) [777, 81()g2(t + 1) d1. If g1 (1) and ga(¢) represent any two
of the infinite terms in y(¢), then show that Ry, g, (T) = Ry, (z) = 0. To show this use the fact
that the area under any sinusoid over a very large time interval is at most equal to the aIea.of the

half-cycle of the sinusoid.

3.8-2 The random binary signal x(¢) shown in Fig. P3.8-2 transmits one digit every 7}, sec:(?nds. A
binary 1 is transmitted by a pulse p(¢) of width 7;,/2 and amplitude A; a binary 0is transmltted. by
no pulse. The digits 1 and 0 are equally likely and occur randomly. Determine the autocorrelation
function R, (1) and the PSD S, ().

1

Lr,,-’ —»' L—Tb/z : t—

Figure P3.8-2

3.8-3 Find the mean square value (or power) of the output voltage y(¢) of the RC network shown in F
Fig. 3.27a with RC = 1 if the input voltage PSD S, (w) is given by: (a) K; (b? rect (fo/2 ); (e) °
[8(w+1)+8(w—1)]. In each case calculate the power (mean square value) of the input signal x (¢). ¢

3.8-4 Find the mean square value (or power) of the output voltage y() of the system shown in
Fig. P3.8-4 if the input voltage PSD S, (w) = rect (w/2). Calculate the power (mean square
value) of the input signal x ().

- ————o
+ 10 i +
x(1) ~IF ar ¥(®)
- . _
Figure P3.8-4
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AMPLITUDE (LINEAR)
MODULATION

It is used to gain certain advantages mentioned in Chapter 1. Before discussing

modulation, it is important to distinguish between communication that does not use
modulation (baseband communication) and communication that uses modulation (carrier
communication).

M odulation is a process that causes a shift in the range of frequencies in a signal.

0 0 1 0 1 1 1 0 1 0 i
0 ﬂ H H H H H | 4.1 BASEBAND AND CARRIER COMMUNICATION

The term baseband is used to designate the band of frequencies of the signal delivered by the
source or the input transducer (see Fig. 1.2). In telephony, the baseband is the audio band (band
of voice signals) of 0 to 3.5 kHz. In television, the baseband is the video band occupying 0 to
4.3 MHz. For digital data or PCM using bipolar signaling at a rate of R, pulses per second,
the baseband is O to R, Hz.

In baseband communication, baseband signals are transmitted without modulation, that
is, without any shift in the range of frequencies of the signal. Because the baseband signals
have sizable power at low frequencies, they cannot be transmitted over a radio link but are
suitable for transmission over a pair of wires, coaxial cables, or optical fibers. Local telephone
communication, short-haul pulse-code modulation (PCM) (between two exchanges), and long-
distance PCM over optical fibers use baseband communication. Modulation can be helpful in
utilizing the vast spectrum of frequencies available because of technological advances. By
modulating several baseband signals and shifting their spectra to nonoverlapping bands, one
can use all the available bandwidth through frequency division multiplexing (FDM). Long-
haul communication over a radio link also requires modulation to shift the signal spectrum to
higher frequencies in order to enable efficient power radiation using antennas of reasonable
dimensions. Yet another use of modulation is to exchange transmission bandwidth for the SNR.

Communication that uses modulation to shift the frequency spectrum of a signal is known
as carrier communication. In this mode, one of the basic parameters (amplitude, frequency,

151
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m(t) m(t) cos B

or phase) of a sinusoidal carrier of high frequency @, is varied in proportion to the bas\éband
signal m(¢). This results in amplitude modulation (AM), frequency modulation (FM), or phase
modulation (PM), respectively. The latter two types of modulation are similar, and belong to
the class of modulation known as angle modulation: Modulation is used to transmit analog
as well as digital baseband signals.

A comment about pulse-modulated signals [pulse amplitude modulation (PAM), pulse . ’ . €08 0F

(Modulaﬁpg signal) (Modulated signal)

(a) Modulator

width modulation (PWM), pulse position modulation (PPM), pulse code modulation (PCM), (Carrier)
and delta modulation (DM)] is in order here. Despite the term modulation, these signals :
are baseband signals. The term modulation is used here in another sense. Pulse-modulation
schemes are really baseband coding schemes, and they yield baseband signals. These signals
must still modulate a carrier in order to shift their spectra.

) m(z)/—

5 -

4.2 AMPLITUDE MODULATION: DOUBLE SIDEBAND (DSB)

N o

m(t) cos Ot

Amplitude modulation is characterized by the fact that the amplitude A of the carrier
A cos (w,t +0,) is varied in proportion to the baseband (message) signal m (¢), the modulating
signal. The frequency w, and the phase 6, are constant. We can assume 6, = 0 without a loss
of generality. If the carrier amplitude A is made directly proportional to the modulating signal
m(t), the modulated signal is m (¢) cos .t (Fig. 4.1). As was seen earlier [Eq. (3.35)], this
type of modulation simply shifts the spectrum of m(t) to the carrier frequency (Fig. 4.1a).
Thus, if

m(t) <— M(w)

then |
m(t) cos et = L M(@ + ;) + M(® — )] @1 e

Recall that M{w — w,) is M(w) shifted to the right by . and M(w + w.) is M (w) shifted to
the left by w,. Thus, the process of modulation shifts the spectrum of the modulating signal to
the left and the right by @,. Note also that if the bandwidth of m(¢) is B Hz, then, as seen from
Fig. 4.1c, the bandwidth of the modulated signal is 2B Hz. We also observe that the modulated |
signal spectrum centered at e, is composed of two parts: a portion that lies above w,, known E
as the upper sideband (USB), and a portion that lies below w,, known as the lower sideband
(LSB). Similarly, the spectrum centered at —w, has upper and lower sidebands. Hence, this
is .2 modulation scheme with double sidebands. We shall see a little later that the modulated
signal in this scheme does not contain a discrete component of the carrier frequency .. For <
this reason it is called double-sideband suppressed carrier (DSB-SC) modulation.

The relationship of B to . is of interest. Figure 4.1c shows that w, > 277 B in order to. .
avoid the overlap of the spectra centered at . and —a. If @, < 27 B, these spectra overlap
and the information of m(¢) is lost in the process of modulation, which makes it impossible to-
get back m(¢) from the modulated signal m(t) cos w,t.” :

m(t) cos @t e(d)

I (e) Demodulator

€oS (¢

. . i - . . - (Carrier)
* Practical factors may impose additional restrictions on w,. For instance, in the case of broadcast applications, 2
radiating antenna can radiate only a narrow band without distortion. This means that to avoid distortion caused by the .
radiating antenna, w, /27 B > 1. The broadcast band AM radio, for instance, with B = 5 kHz and the band of 550
to 1600 kHz for the carrier frequency give a ratio of @,/2m B roughly in the range of 100 to 300.

Figure 4.1 DSB-SC modulation and demodulation.
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Demodulation '
The DSB-SC modulation translates or shifts the frequency spectrum to the left and the right by
o, (that is, at +, and —w,), as seen from Eq. (4.1). To recover the s)rigir%al' signal r.n‘(t) from
the modulated signal, it is necessary to retranslate the spectrum to 1is original position. The
process of recovering the signal from the modulated signal (retranslating theT spectrum to its
original position) is referred to as demodulation, or detection.. Observe that if the mlod.ulated
signal spectrum in Fig. 4.1c is shifted to the left and to the right b.y . (and .mult1phed by
one-half), we obtain the spectrum shown in Fig. 4.1d, which contains the desired baseband
spectrum plus an unwanted spectrum at £2w;. The latter can be suppressed by gl(?w pass filter.
Thus, demodulation, which is almost identical to modulation, consists of multiplication of the
incoming modulated signal m(¢) cos w.f by a carrier cos w.f followpd by a 1qw pass ﬁlter,. as
shown in Fig. 4.1e. We can verify this conclusion directly in the time domain by observing
that the signal e(7) in Fig. 4.1e is .

e(t) =m(t) cos? wt p
= %[m(t) + m(t) cos 2w,t] (4.2a)

Therefore, the Fourier transform of the signal e(?) is

E(w) = %M(w) + %[M(w + 2w,y + M(w — 2w.)] (4.2b)
This shows that the signal e(#) consists of two components (1/2)ym(¢) and (1/2)m(z) cos ?coct,
with their spectra as shown in Fig. 4.1d. The spectrum of the second component, being a
modulated signal with carrier frequency 2, is centered at +2w,. Hence, this component is
suppressed by the low pass filter in Fig. 4.1e. The desired component (1/2)M '(a)): being a low
pass spectrum (centered at w = 0), passes through the filter upha.rmed, resulting in the outgut
(1/2)m(t). We can get rid of the inconvenient fraction 1/2 in the. output by using a carrier
2 cos w,t instead of cos w?. In fact, in future, we shall often use this strategy, which does not
affect general conclusions. S .
A possible form of low pass filter characteristics is shown (dotted) in Fig. 4.1d. This
method of recovering the baseband signal is called synchronous detection, or ct?herent
detection, where we use a carrier of exactly the same frequency (and phase) as the carrier use.:d
for modulation. Thus, for demodulation, we need to generate a local carrier at the receiver in
frequency and phase coherence (synchronism) with the carrier used at the modulator.

EXAMPLE 4.1

For a baseband signal m(f) = cos wyt?, find the DSB-SC signal, and sketch its spectrum.
Identify the USB and LSB. Verify that the DSB-SC modulated signal can be demodulated by

the demodulator in Fig. 4.1e.

as well as the time domain in order to clarify the basic concepts of DSB-SC modulation.

baseband signal m(¢) = cos wp? is given by

M(@) = 7[8(@ — 0n) + 8@ + om)]

The case in this example is referred to as tone modulation because the modulating sigllfil ‘
is a pure sinusoid, or tone, cos w,?. We shall work this problem in the frequency domain

In the frequency domain approach, we work with the signal spectra. The spectrum of the :
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The spectrum consists of two impulses located at +w,,, as shown in Fig. 4.2a. The DSB-
SC (modulated) spectrum, as seen from Eq. (4.1), is the baseband spectrum in Fig. 4.2a
shifted to the right and the left by w. (times one-half), as shown in Fig. 4.2b. This spectrum
consists of impulses at+ (o, — wn) and £(w, + ;). The spectrum beyond w, is the USB,
and the one below w, is the LSB. Observe that the DSB-SC spectrum does not have the
component of the carrier frequency w.. This is why it is called suppressed carrier.

In the time-domain approach, we work directly with signals in the time domain. For
the baseband signal m (¢) = cos w,t, the DSB-SC signal ¢, . (?) is

¢psBsc(t) = m(t) cos wt

= COS Wiyt COS Wet
1
= E[cos (we + o)t + cos (we — wp)t]

This shows that when the baseband (message) signal is a single sinusoid of frequency w,y,,
the modulated signal consists of two sinusoids: the component of frequency w. + @, (the
USB) and the component of frequency w, — w,, (the LSB). Figure 4.2b shows precisely
the spectrum of ¢, . (f). Thus, each component of frequency w,, in the modulating
signal results into two components of frequencies w, + ,, and w, — w,, in the modulated
signal. Note the curious fact that there is no component of the carrier frequency w, on the
right-hand side of the preceding equation. As mentioned, this is why it is called double
sideband-suppressed carrier (DSB-SC) modulation.™

We now verify that the modulated signal ¢,g; ¢ (f) = cos @t cos w.z, when applied
to the input of the demodulator in Fig. 4.1e, yields the output proportional to the desired
baseband signal cos wy,f. The signal e(r) in Fig. 4.1e is given by

e(t) = cos wpt cos? .t
1
=3 cos wpt (1 4 cos 2w.t)

The spectrum of the term cos w,,¢ cos 2wt is centered at 2w,, and will be suppressed by
the low-pass filter, yielding ]5 cos wy,! as the output. We can also derive this result in the
frequency domain. Demodulation causes the spectrum in Fig. 4.2b to shift left and right
by w. (and multiplies by one-half). This results in the spectrum shown in Fig. 4.2¢. The
low-pass filter suppresses the spectrum centered at +-2w,, yielding the spectrum %M (w).

Modulators

Modulation can be achieved in several ways. We shall discuss here some important categories
of modulators.

Multiplier Modulators: Here modulation is achieved directly by multiplying m(¢) by
cos w.t using an analog multiplier whose output is proportional to the product of two input

* The term suppressed carrier does not necessarily mean absence of the spectrum at the carrier frequency. It means
that there is no discrete component of the carrier frequency. This implies that the spectrum of the DSB-SC does not
have impuses at £w,, which also implies that the modulated signal m(¢) cos w.¢ does not contain a term of the form
kcosw,t [assuming that m(z) has a zero mean value].
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E Suppressed by low-pas
Suppressed by Jow-pass filter f ; B
2 1 -0 0w, ® —- 20,
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Figure 4.2 Example of DSB-SC modulation.
e a1 . tend to
signals.” It is rather difficult to maintain linearity in this kind o‘f. am?hﬁizr, aniattlilzz oe% o
i:)e rather expensive. It is best to avoid them if possible. For practical implemen .

modulators, see Sheingold.!

Modulation can also be achieved by using nonlinear dEVlC.eS,
sistor. Figure 4.3 shows one possible scheme, which
xes marked NL. .
£ the nonlinear elements be approximated -

Nonlinear Modulators:
such as a semiconductor diode or a tran
uses two identical nonlinear elements shown py bo:

Let the input-output characteristics of either o

by a power series:
y(t) = ax(t) + bx*(®) @3

where x(¢) and y(¢) are the input and the output, respectively, of the nonlinear elemegt. The

summer output z(z) in Fig. 4.3 is given by ]
28) = n1 (@) — 2(8) = [axs () + bxi> (O] — [axa (1) + bx2”(1)]

Substituting the two inputs x (t) = c0s @? +m(2) and x2(t) = €OS Wt — m(t) in this equation

yields
7(t) = 2am(t) + 4bm(t) cos w.t

ifier i i i such as the B of
ain amplifier in which the gain parameter (such 0
g(t). WEen the signal cos ot is applied at the input of this

* Such a multiplier may- be obtained fron? a variable-
a transistor) is controlled by one of the s1(g;1als, sai', m ’
i i ortional to m(t) cos wcl. o ) . s a5
amphﬁe;gl:l;ug;t ltsop;r(m)llx)lﬁply two signals is tim)ugh loganthmlc'amphﬁers. Here, ﬂ;e bﬁ:)c c:gy;‘&;?rempms,
a logarithmic and zu antilogarithmic amplifier with outputs piic:ip%mfnal }&)ﬁeo;ﬁeﬂ ! :i[:g Il1 a1§ e e
i ithmi ifi te and add the logarithms S

spectively. Using two logarithmic amplifiers, we general . : .
rT?tigZilr;l] isy then a%)plied to an antilogarithmic amplifier to obtain the desired product

http://jntu.blog.com

4.2 Amplitude Modulation: Double Sideband (DSB) 157

me) (1) @)

BPF
+ o,

—
4bm(t) cos ot

€oSs @t x(8) Yo®)

Figure 4.3  Nonlinear DSB-SC modulator.

The spectrum of m(¢) is centered at the origin, whereas the spectrum of m(t) cos w,t is centered
at +w. Consequently, when z(#) is passed through a bandpass filter tuned to w,, the signal
am(t) is suppressed and the desired modulated signal 4bm () cos w.f passes through unharmed.

In this circuit there are two inputs: m(z) and cos .. The summer output z(¢) does not
contain one of the inputs, the carrier signal cos w,t. Consequently, the carrier signal does not
appear at the input of the final bandpass filter. The circuit acts as a balanced bridge for one of
the inputs (the éarn'er). Circuits which have this characteristic are called balanced circuits.
The nonlinear modulator in Fig. 4.3 is an example of a class of modulators known as balanced
modulators. This circuit is balanced with respect to only one input (the carrier); the other
input m(t) still appears at the final bandpass filter, which must reject it. For this reason, it is
called a single balanced modulator. A circuit balanced with respect to both inputs is called
a double balanced modulator, of which the ring modulator (see Fig. 4.6) is an example.

Switching Modulators: The multiplication operation required for modulation can
be replaced by a simpler switching operation if we realize that a modulated signal can be
obtained by multiplying m(t) not only by a pure sinusoid but by any periodic signal ¢ (¢) of the
fundamental radian frequency w,. Such a periodic signal can be expressed by a trigonometric
Fourier series as ’

¢@) =Y Cycos (nwet +6,) (4.4a)
n=0
Hence,
m()(t) = Z C, m(t) cos (nw.t + 6,) (4.4b)
n=0

This shows that the spectrum of the product m ()¢ (¢) is the spectrum M (w) shifted to
*wc, +20, ..., *nw, ... If this signal is passed through a bandpass filter of bandwidth
2B Hz and tuned to w,, then we get the desired modulated signal c1m(t) cos{w.t + 6;).*

The square pulse train w(z) in Fig. 4.4b is a periodic signal whose Fourier series was

found earlier [Eq. (2.75)] as

1 2 1 1
w(t) = - + — | cosw.t — = cos 3wet + = cos Swpt — - - - 4.5)
. 2 n 3 5
The signal m (f)w(z) is given by

mw(t) = %m(t) + ; [m(t) cos Wt — %m(t) cos 3wt + %m(z) COS 5wt — - - ~:l(4.6)

* The phase 6; is not important.
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m(t)

m(t)w(t)
Bandpass
filter \iU U\L)V \\l\\L\L\Ly,\LM
(@ A %
Figure 4.4  Switching modulator for DSB-SC. . E

The signal m(t)w(t) consists not only of the component 7 (z) but also of an infinite number
of modulated signals with carrier frequencies o, 3w,, Sw.c, .. -. Therefore, the spectrum 1
of m(t)w(t) consists of the spectrum M (w) and M (w) shifted ‘to +w,, :i_:3wc, +5we, - -d
(with decreasing relative weights), as shown in Fig. 4.4c. We are interested in the modulate:
component m(¢) cos et only. To separate this component from the rest of the crowd, we pass-
the signal m (f)w(z) through a bandpass filter of bandwidth 2B Hz, centered a.t the freque'nclyi
+w,. This will suppress all the spectral components not centered.at = to yield the desired :
signal (2/7)m(t) cos w.t (Fig. 4.44d).
mOdul;;Z(i‘lmi see(th/e r)eal(p)ayoff of this method. Multiplication of a s%gnal by a square pulsfef |
train is in reality a switching operation. It involves switching the signal m(z) on anq o 1
periodically and can be accomplished by simple switching elements control%ed by w (t).. Flgqu :
4.5a shows one such electronic switch, the diode-bridge modulator, driven by a smus<')1
A cos ot to produce the switching action. Diodes Dj, Qz and D3. . Dy z}re matched ];;nr;
When the signal cos w.? is of a polarity that will make terminal ¢ p'osmve with respect to d, a ;
the diodes conduct. Because diodes Dy and D, are matched, terminals fz and b have.t.he salptz\
potential and are effectively shorted. During the next half-cycle, terminal d is ‘pos1t1v.e wil ;
respect to ¢, and all four diodes open, thus, opening the terminals @ and b The diode bridge 13~ ‘
Fig. 4.5a, therefore, serves as a desired electronic switch, v.zhere .the terminals a and b open égls
close periodically with the carrier frequency fe when a s1nus0{d A cos a).ct is gpphed ac.ra] ;
the terminals cd. To obtain the signal m (#)w(z), we may place tllns e'lectromc switch (termin:
ab) in series (Fig. 4.5b) or across (in parallel) m(t), as shown in Fig. 4.5c. These modulatol

m(t)
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are known as the series-bridge diode modulator and the shunt-bridge diode modulator,
respectively. This switching on and off of m (¢) repeats for each cycle of the carrier, resulting
in the switched signal m(z)w(¢), which when bandpass filtered, yields the desired modulated
signal (2/m)m(¢) cos w.t.

Another switching modulator, known as the ring modulator, is shown in Fig. 4.6a.
During the positive half-cycles of the:carrier, diodes D; and D3 conduct, and D, and Dy
are open. Hence, terminal a is connected to c, and terminal b is connected to d. During the
negative half-cycles of the carrier, diodes D; and D are open, and D, and D, are conducting,
thus connecting terminal a to 4 and terminal b to'c. Hence, the output is proportidnal to m(t)
during the positive half-cycle and to —m(¢) during the negative half-cycle. In effect, m(¢) is
multiplied by a square pulse train wo(z), shown in Fig. 4.6b. The Fourier series for wo(z) as
found in Eq. (2.76) is

4 1 1
wo(t) = p= (cos Wt — 3 cos 3wt + 3 cosSw.t — -+ ) (4.7a)

and ’

vi (1) = m(t)wo(t) = ; l:m(t) COS Wt — %m(t) cos 3.t + %m(t) COS Swet — - ](4.7b)

The signal m (¢)wo(¢) is shown in Fig. 4.6d. When this waveform is passed through a bandpass
filter tuned to w, (Fig. 4.6a), the filter output will be the desired signal (4/7)m(t) cos w,t.

In this circuit there are two inputs: m(z) and cos w,z. The input to the final bandpass filter
does not contain either of these inputs. Consequently, this circuit is an example of a double

balanced modulator.
c
a b
o—] ——o+ ———o+
Bandpass a Bandpass
filier | km() cos .t m(®) filter | km(®) cos ot
b
F———o0- o
(b) ©)

(2) Diode-bridge electronic switch. (b) Series-bridge diode modulator. (c) Shunt-bridge diode modulator.
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D, Bandpass

m(t) filter

wo(?)

(b)

v; = m(Hwo(?)

© ' )

Figure 4.6  Ring modulator.

Fll d i H
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In either case, a bandpass filter at the output, tuned to w;, will pass the term m(z) cos w;t
and suppress the other term, yielding the output m(¢) cos w;¢.* Thus, the carrier frequency
has been translated to w; from w,.

The operation of frequency mixing, or frequency conversion (also known as hetero-
dyning), is identical to the operation of modulation with a modulating carrier frequency
(the mixer oscillator frequency wpiy) that differs from the incoming carrier frequency
by ;. Any one of the modulators discussed earlier can be used for frequency mixing.
When we select the local carrier frequency wamix = w. + @y, the operation is called
up-conversion, and when we select wgy, = w, — wy, the operation is down-conversion.

m(t) cos w.t x(z) | Bandpass m(z) cos wyt
filter
tuned to w;
2 cos (w, + wp)t
~ (a)
/ \\ /N

| Y . [\ e~

0 2w, — wy 2w, 2w, tw;

Figure 4.7  Frequency mixer or converter.

ExamPLE 4.2  Frequency Mixer or Converter

@, — wy, and then bandpass-filtering the product, as shown in Fig. 4.7a.
The product x(¢) is

x(t) = 2m(t) cos w,t COS Wmixt
= m(t)[cos (w; — Wix)t + €08 (W + Omix)?]
If we select wmix = W, — @y,
x(t) = m(t)[cos wrt + cos Qw, — wr)t]
If we select wpx = 0. + @y,

x(t) = m(t)[cos wit + cos Qo + wr)t]

We shall analyze a frequency mixer, or frequency converter, used to change the carrier..
frequency of a modulated signal m(¢) cos @t from w, to some other frequency w;.

This can be done by multiplying m(¢) cos w.t by 2 c0S wmixt, Where wmix = @c + Wy O/
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Demodulation of DSB-SC Signals
As discussed earlier, demodulation of a DSB-SC signal is identical to modulation (see Fig. 4.1).
At the receiver, we multiply the incoming signal by a local carrier of frequency and phase in
synchronism with the carrier used at the modulator. The product is then passed through a low-
pass filter. The only difference between the modulator and the demodulator is the output filter.
In the modulator, the multiplier output is passed through a bandpass filter tuned to w,, whereas
in the demodulator, the multiplier output is passed through a low-pass filter. Therefore, all the
modulators discussed earlier can also be used as demodulators, provided the bandpass filters
at the output are replaced by low-pass filters of bandwidth B.

For demodulation, the receiver must generate a carrier in phase and frequency synchro-
nism with the incoming carrier. These demodulators are called synchronous or coherent (also
homodyne) demodulators.*

ExampLE 4.3

Analyze the switching demodulator that uses the electronic switch (diode bridge) in Fig. 4.5
as a switch (either in series or in parallel).

* Assuming that w, — w; = 27 B and w; > 27 B so that various spectra in Fig. 4.7b do not overlap.

 The terms synchronous, coherent, and homodyne mean the same thing. The term homodyne is used in contrast to
heterodyne where a different carrier frequency is used for the purpose of translating the spectrum (see Example 4.2).
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:?etlllél Iiﬁ;sig:;ln:l r{ll"(ttlirce(:;eJ.tthhzui;tlrtleirs c;?i;igzzzeioiitiwgfizgﬂ:: i&g:ilt?ff ] large enough so that.A + m(#) > 0 (is nonnegative) for all values of . In the second A
of e 0,5[0;)5(;5 o + e D1 e obtuin ' . ty . is not large enough to satisfy this condition. In the first case, the envelc;pe has the szm:a:}z;
as m(t) (although riding on a dc of magnitude A). In the second case, the envelope shapeI;:

1 2 1 e . .
m(£) cos wet X w(t) = m(t) cos o, [_ + = (cos et = 5 cos 3wt + - )] not m(z) because some parts get rectified. This means we can detect the desired signal m ()

5 . .
by detecting the envelope in the first case. Such a detection is not possible in the second case.
_ zm(t) 2+ s of the orm () cosnant We. shall see that the envelope detection is an extremely simple and inexpensive operation
= . : . t\:;h.lch does not require generation of a local carrier for the demodulation. But as seen abovt;
X . e envelope of AM has the information about m (z) only if the AM sign: ‘

) | . Ny al [A S
= —m(@) -+ —m(®) cos 2at + terms of the form m(r)cosnwt | satisfies the condition A + m(:) > 0 for all 1. ' il
Spectra of the terms of the form m(z) cos nw,t are centered at Tnw and are filtered out 1 t.F Thilz err?:ilnalso th];it syt s Sigﬂf}l ol o e EO) 2 0o
by the low-pass filter yielding the output (1/7)m(t). Itis left as an exercise for the reader il t. Thi . [Se'e q (4&?)] that'A o Fie 4 80 e i g A (D) = Ofer
all ¢. This conclusion is readily verified from Fig. 4.8d and e. In Fig. 4.8d, where A +m(f) > 0,

to show that the output of the ring demodulator in Fig. 4.6a (with the low-pass filter at the - §

output) is (2/7)m(t) (twice that of the switching demodulator in this example). A +m(r) is indeed the envelope, and m(r) can be recovered from this envelope. In Fig. 4.8¢

where A + m(t) is not always positive, the envelope is not A + m(¢), but rectified A + m(¢)
and m(r) cannet be recovered from the envelope. Consequently, demodulation of ¢, ,, (1) ir:
AM

4.3 AMPLITUDE MODULATION (AM) ‘ 1. m(t)
. mp
For the suppressed carrier scheme discussed in the last section, a receiver must generate a . /\
carrier in frequency and phase synchronism with the carrier at the transmitter that may be
located hundreds or thousands of miles away. This calls for a sophisticated receiver and could - | & =

be quite costly. The other alternative is for the transmitter to transmit a carrier A cos w.f [along -
with the modulated signal m(¢) cos o] so that there is no need to generate a carrier at the
receiver. In this case the transmitter needs to transmit much larger power, which makes it .
rather expensivé. In point-to-point communications, where there is one transmitter for each
receiver, substantial complexity in the receiver system can be justified, provided it results ina
large enough saving in expensive high-power transmitting equipment. On the other hand, for
a broadcast system with a multitude of receivers for each transmitter, it is more economical to E
have one expensive high-power transmitter and simpler, less expensive receivers. The second
option (transmitting a carrier along with the modulated signal) is the obvious choice for this
case. This is the so-called AM (amplitude modulation), in which the transmitted signal @, (£).

is given by

A+ m()>0 for all ¢
A+m()p0 foralls

Envelope

oam(t) = Acos ot + m(t) cos ot (4.82)
A+ m(r)

Envelope
1A + m(0)|

= [A 4+ m(t)]cosw;t (4.8b).

The spectrum of @am(t) is the same as that of m(z) cos .t plus two additional impulses at
*wc,

1 ;

oam(t) = E[M(w + wo) + M@ — w)] + T A[S(0 + ) + 8(0 — )] (4.8¢)

Recall that the DSB-SC signal is m(¢) cos w,t. From Eq. (4.8b) it follows that the AM signal:
is identical to the DSB-SC signal with A + m(z) as the modulating signal [instead of m())
Therefore, to sketch ¢, (), we sketch A + m(t) and —[A +m(¢)] and fill in between with th
sinusoid of the carrier frequency: Two cases are considered in Fig. 4.8. In the first case, A

(e

Figure 4.8 AM signal and its envelope.

* E(t) must also be a slowly varying signal as compared to cos w,t.

http://jntu.blog.com



164  AMPLITUDE (LINEAR) MODULATION

http://jntu.blog.com

Fig. 4.8d amounts to simple envelope detection. Thus, the condition for envelope detection of
an AM signal is

A+m() =0 forall 7 (4.9a)

Ifm(s) > Oforallz, then A =0 also satisfies the condition (4.9a). In this case there is no need
to add any carrier because the envelope of the DSB-SC signal m(¢) cos wf is m(t) and such a
DSB-SC signal can be detected by envelope detection. In the following discussion we assume
that m(z) # O for all 7, that is, m(#) does take on negative values over some range of t.

Let m,, be the peak amplitude (positive or negative) of m(1) (see Fig. 4.8). This means
that m(t) > —mp. Hence, the condition (4.9a) is equivalent to*

A=my (4.9b)
Thus, the minimum carrier amplitude required for the viability of envelope detection is m,,.’ i

This is quite clear from Fig. 4.8.
We define the modulation index u as
mp

where A is the carrier amplitude. Note thatm,, is a constant of the signal m (¢). Because A > m,, -
and because there is no upper bound on A, it follows that

o<p<l (4.10b)

as the required condition for the viability of demodulation of AM by an envelope detector.

When A < m,, Eq. (4.102) shows that & > 1 (overmodulation). In this case, the option-
of envelope detection is no longer viable. We then need to use synchronous demodulation. Note
that synchronous demodulation can be used for any value of u (see Prob. 4.3-1). The envelope -1
detector, which is considerably simpler and less expensive than the synchronous detector, can.
be used only for 1 <'1.

EXAMPLE 4.4

Sketch @, (¢) for modulation indices of u = 0.5 and u = 1, when m(t) = B cos wpt. This - |
case is referred to as tone medulation because the modulating signal is a pure sinusoid (or
tone). .

w=05

1+ 0.5 cos wpyt

Figure 4.9 Tone-modulated AM. () it = 05 bu=1

* In case the negative and the positive peak amplitudes are not identical, m, in condition (4.9b) is the absolute”
negative peak amplitude.
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In this case, m, = B and the modulation index according to Eq. (4.10a) is

M:Z

Hence, B = ;1A and

m(t) = B COS Wt = [LA COS Wt

Therefore,

vam(@) = [A +m(t)]cos w.t = A[l + [ cOS Wy t] cos w,t 4.11)

Figure 4.9 shows the modulated signals corresponding to 4 = 0.5and o = 1 respectively.

Sideband and Carrier Power

The advagtage of tanvelope detection in AM has its price. In AM, the carrier term does not
carry any information, and hence, the carrier power is wasted,

@am(t) = Acosw.r  +  m(t) coswet
N—— e ——

carrier sidebands

The cam'e'r power P, is the mean square value of A cos w,t, which is A?/2. The sideband
power P; is the power of m(r) cos w.f, which is 0.5 m2 (t) [see Eq. (3.70)]. Hence.
AZ

1 ~mspnn
P, = > and P, = EmZ(t)

The sideband power is the useful power and the carrier power is the power wasted for

convenience. The total power is the sum of the carrier ( i
wasted) power and th
power. Hence, 7, the power efficiency, is ’ eeideband (usehad

_ usefulpower P, m=(t)

n= = =
total power P+ P A24 770 100%

For the special case of tone modulation,

m(t) = LA COS Wyt and m(t) = LA)Z
2
Hence

u?

:2+#2

with th n that 0 < 1. It ¢ e seen Icreases monotonic with
wit e condition th. w=< an be s tha n a y
o u all: th u, and

7 100%

Nmax = 33%

Thus, f.or tone modulati.on, under best conditions (i = 1), only one-third of the transmitted
g)werd is used for carrying message. For practical signals, the efficiency is even worse—on
e order of 25% or lower—compared to that of the DSB-SC case. The best condition implies
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— 1. Smaller values of u degrade efficiency further. For this reason volume con'lpres§10n. and
ge;( ﬁnﬁdng are commonly used in AM to ensure that full modulation (u = 1) is maintained
most of the time.

ExAMPLE 4.5  Determine 7 and the percentage of the total power cairied by the sidebands of the AM wave
for tone modulation when () 1 = 0.5 and ) p =03.

For u = 0.5, )
= 100% = — % 100% = 11.11%
T=2 e 2105
Hence, only about 11% of the total power is in the sidebands. For = 0.3,
——;(0'3)2 =4.3%
n= 7100% = 4.3%
2+03)

Hence, only 4.3% of the total power is the useful power (power in sidebands).

Generation of AM Signals ) ' o
AM signals can be generated by any DSB-SC modulators discussed in Sec. 4.2 if
signal is A +m(t just 7
in the output, the modulating circuits do
simpler modulators for AM. Figure 4.}0
ion is provided by a single diode (ins ¢ . i -
:c;[é:t;)lt I—)i- m(t) with ¢ 3> m(t), so that the switching action ‘of the diode is c.ontrgllle'd by
ccos wct The diode opens and shorts periodically with cos @.t, in elffect multiplying the input
ch- N .
signal [c cos w .t + m(t)] by w(z). The voltage across terrpmals bb' is

vp (1) = [c cos wet + m()]w(t)

1,2 —lcm3wt+lcosSwrt——~-->]
= [ccos w.t +m(t)] §+; COS Wt 5 cos 3 5 -

2
=< €08 Wt + —m(t) cos w,t + other terms
2 k15 —

suppressed by
AM bandpass filter

The bandpass filter tuned to w, suppresses all the other terms, yielding the desired AM signal

at the output.
Figure 410 AM generator. .

b ¢
S
+
m(t) Bandpass
< filter vold)
b @c
¢ cos w,t
__3'
b ¢
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themodulating .
i the carrier -

i £ just 7(z). But because there is no need to suppress the |
e oo not have to be balanced. This results in cons@eraply :
‘shows a switching modulator, where the SV\fltChln'g
tead of a diode bridge as in Fig. 4.5). The input is
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Demodulation of AM Signals

The AM signal can be demodulated coherently by a locally generated carrier (see Prob. 4.3-1).
However, coherent, or synchronous, demodulation of AM* will defeat the very purpose of AM
and, hence, is rarely used in practice. We shall consider here two noncoherent methods of AM
demodulation: (1) rectifier detection, and (2) envelope detection.

Rectifier Detector: If an AM signal is applied to a diode and a resistor circuit
(Fig. 4.11), the negative part of the AM wave will be suppressed. The output across the resistor
is a half-wave rectified version of the AM signal. In essence, the AM signal is multiplied by
w(t). Hence, the rectified output vy is

vg = {[A + m(t)] cos w.t} w(r)

1 2 1 1 .
=[A+m@®)]coswt | = + = [ cosw.t — = cos 3wt + — cos Swet — -+
2 3 5

1
= ;[A + m(z)] + other terms of higher frequencies

When vy is applied to a low-pass filter of cutoff B Hz, the output is [A + m(r)]/7, and all
the other terms in vg of frequencies higher than B Hz are suppressed. The dc term A /7 may
be blocked by a capacitor (Fig. 4.11) to give the desired output (¢) /7. The output can be
doubled by using a full-wave rectifier.

Itis interesting to note that rectifier detection is in effect synchronous detection performed
without using a local carrier. The high carrier content in AM ensures that its ZETO Crossings
are periodic and the information about frequency and phase of the carrier at the transmitter is
built in to the AM signal itself.

[a + m(t)] cos w,t vr(2) /‘[A + m(t)]
\

.

LLA+ m()]
Lia+man

Low-pass
filter

[4 + m(2)] cos w2

AAA
VYV

Figure 4.11  Rectifier detector for AM.

* By AM, we mean the case u < 1.
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Envelope Detector: In an envelope detector, fjhe output of t}%e depector follc;ws tl;eten_
velope of the modulated signal. The circuit shown in Fig. 4.12a functions as an envce oli)e : ec-
tor. On the positive cycle of the input signal, the diO(%e conducts and t'he _capa:lito;-1 [¢ ﬂz;zgdis EE {!
to the peak voltage of the input signal. As the input signal falls below this peak v: ' ‘ue, o i t; 3
is cut off, because the capacitor voltage (which is very nearly the Peak Voltage) t:s gresathmuaﬁ |
the input signal voltage, thus causing the diode to open. Th.e capacitor now ('115c ar{ge e g
the resistor R at a slow rate (with a time constant RC). During the next p‘osmve cyc e,th dizm;e
drama repeats. when the input signal becomes greater than the f:apac1tor vollta%c;, e (_) e :
conducts again. The capacitor again charges to the peaklvalue of this (.new) cycle. The cz;-Ii)a}cllltor
during the cutoff period, thus changing the capacitor voltage verfy t; g tly.

During each positive cycle, the capacitor charges up to the pbe:ak-VoltagzeboTh e Hipm
signal and then decays slowly until the next positive cycle. as shown m'Flg. Af'lh . ;;u put
voltage v¢ (7). thus, closely follows the en\(elopé* of 'the input. Capa(fltoF dllsc aIgbee e d::g
positive peaks causes a ripple signal of frequency.«c m. the O}Itput. This 1~1pp1 fa tc‘:arli3 N
by increasing the time constant RC so that the capacitor discharges very ;]t( e e * .ble
positive peaks (RC > 1/ w,). Making RC too large,.however, would m: ehlt ian‘p;eslm e
for the capacitor voltage to follow the envelope (see Fig. 4.12b). Thus, RC shou ’ arge 1

discharges slowly

r - ‘ -0
J_ .
177
€ ———0
@)

Envelope detector output

Envelope \ I NN AN

Ny

AM signal

RC too large

. (®) T

Figure 4.12  Envelope detector for AM.
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compared to 1/w, but should be small compared to 1/27 B, where B is the highest frequency
in m(t) (see Example 4.6). This, incidentally, also requires that w, >> 277 B, a condition that
is necessary for a well-defined envelope.

The envelope-detector output is v¢ (f) = A + m(t) with a ripple of frequency w,. The
dc term A can be blocked out by a capacitor or a simple RC high-pass filter. The ripple may
be reduced further by another (low-pass) RC filter.

Both the rectifier detector and the envelope detector. consist of a half-wave rectifier
followed by a low-pass filter. Superficially, these detectors may appear equivalent, but they are
distinctand operate on very different principles. The rectifier detector is basically a synchronous
demodulator. The envelope detection, on the other-hand, is a nonlinear operation. Observe that
the Jow-pass filter in the rectifier detector is designed to separate m(z) from terms such as
m(t) cosnw.t; it does not depend on the value of . On the other hand, we show in Example
4.6 that the time constant RC of the low-pass filter for the envelope detector does depend on
the value of p.

EXAMPLE 4.6

http://jntu.blog.com

For tone modulation (Example 4.4), determine the upper limit of RC to ensure that the capacitor
voltage follows the envelope.

Figure 4.13 shows the envelope and the voltage across the capacitor. The capacitor
discharges from the peak value E starting at some arbitrary instant f = 0. The voltage v¢
across the capacitor is given by

ve = Ee k¢

Because the time constant is much larger than the interval between the two successive
cyclesof the carrier (RC > 1/w,), the capacitor voltage vc discharges exponentially for
a short time compared to its time constant. Hence, the exponential can be approximated
by a straight line obtained from the first two terms in Taylor’s series for Ee~%/RC,

t
~E(l—-—

The slope of the discharge is —E/RC. In order for the capacitor to follow the envelope
E(z), the magnitude of the slope of the RC discharge must be greater than the magnitude
of the slope of the envelope E(¢). Hence,

d E dE
felo = > | = 4.12)
dt RC dt
Capacitor voltage
- (RC discharge)
T E(l — {/RC)
I Envelope
—>

Figure 4,13  Capacitor discharge in an envelope detector.
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But the envelope E(t) of a tone-modulated carrier is [Eq. (4.11)]
E(t) = A[l + pcos wyt]

d—E— = — AWy, Sin ©,t
dt
Hence, Eq. (4.12) becomes )
w_m_t) > AWy, SN w,t for all ¢
RC
or
RC < L HCOSONE T g

T U@p SID 0yt

(as usual, by taking the derivative and setting it to zero) to be when cos w,t = —u. For
this case, the right-hand side is /(1 — %)/ pwy,. Hence,

i (ﬂ)

(2 133

RC <

s 1
The worst possible case occurs when the right-hand side is the minimum. This is found - |

4.4 QUADRATURE AMPLITUDE MODULATION (QAM)

The DSB signals occupy twice the bandwidth required for the baseband. This disadvantage -

can be overcome by transmitting two DSB signals using carriers of the same frequency but
in phase quadrature, as shown in Fig. 4.14. In this figure, the boxes labeled —7 /2 are Phase
shifters, which delay the phase of an input sinusoid by — /2 rad. If the two baseband signals
to be transmitted are m(¢) and m,(r), the corresponding QAM signal ¢, (), the sum of the
two DSB-modulated signals, is

Pan (1) = m1(£) cos @t + ma(t) sin w.t

LO\-V-paSS
filter my (1)

e Cos w,!

O~

Poam(t)

Low-pass
filter my(1)

my(t)

Figure 4.14 Quadratﬁre amplitude multiplexing.
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Both modulated signals occupy the same band. Yet two baseband signals can be separated at
the receiver by synchronous detection using two local carriers in phase quadrature, as shown
in Fig. 4.14. This can be shown by considering the multiplier output x; (¢) of the upper arm of
the receiver (Fig. 4.14):

X1(8) = 204, (1) cOs .1 = 2[m; (£) cOs gt + ma (1) sin w.t]cos w.t
=iy (2) + my(t) cos 2w t + my () sin 2w,t

The last two terms are suppressed by the low-pass filter, yielding the desired output m (7).
Similarly, the output of the lower receiver branch can be shown to be ma(t). This scheme is
known as quadrature amplitude modulation (QAM) or quadrature multiplexing. Thus,
two baseband signals, each of bandwidth B Hz, can be transmitted simultaneously over a
bandwidth 2B by using DSB transmission and quadrature multiplexing. The upper channel is
also known as the in-phase (I) channel and the lower channel is the quadrature (Q) channel.

QAM is somewhat of an exacting scheme. A slight error in the phase or the frequency
of the carrier at the demodulator in QAM will not only result in loss and distortion of signals,
but will also lead to interference between the two channels. To show this let the carrier at the
demodulator be 2 cos (w,t + 6). In this case,

x1(8) = 2[m1(t) cos wct + my () sin w,t] cos(w,t + 6)
=my(t) cos 0 + my(r) coswct + 0) — mo(z) sin§ + ma(t) sinRw.t + 6)

The low-pass filter suppresses the two signals with frequency 2e,, resulting in the output
mi(t) cos 0 — my(t) sin 0. Thus, in addition to the desired signal m (t), we also receive signal
m(¢) in the upper branch. Similar argument shows that in addition to the desired signal m (1),
we receive signal m;(¢) in the lower branch. This cochannel® interference is undesirable.
Similar difficulties arise when the local frequency is in error (see Prob. 4.4-1). In addition,
unequal attenuation of the USB and the LSB during transmission also leads to crosstalk or
cochannel interference.

Quadrature multiplexing is used in color television to multiplex the so-called chromi-
nance signals, which carry the information about colors. There the synchronization is achieved
by periodic insertion of a short burst of carrier signal (called color burst in the transmitted
signal, as explained in Sec. 4.9). )

4.5 AMPLITUDE MODULATION: SINGLE SIDEBAND (SSB)

The DSB spectrum has two sidebands: the upper sideband (USB) and the lower sideband
(LSB), both containing the complete information of the baseband signal (Fig. 4.15). A scheme
in which only one sideband is transmitted is known as single-sideband (SSB) transmission,
which requires only one-half the bandwidth of the DSB signal.

An SSB signal can be coherently (synchronously) demodulated. For example, multi-
plication of a USB signal (Fig. 4.15¢) by cos w,t shifts its spectrum to the left and right by
@, yielding the spectrum in Fig. 4.15e. Low-pass filtering of this signal yields the desired
baseband signal. The case is similar with LSB signals. Hence, demodulation of SSB signals

* Cochannel refers to channels having the same carrier frequency.
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(a) Baseband

“37B 0 2nB T
Upper . Lower
sideband Lower sideband Upper
sideband sideband
(b) DSB
0 Do g
(¢) USB
0
(d) LSB
0

Figure 4.15  SSB spectra.

is identical to that of DSB-SC signals. Note that we are talking of SSB signals without an |
additional carrier, and, hence, they are suppressed carrier signals (SSB-SC). C

Time-Domain Representation of SSB Signals
Because the building blocks of an SSB signal are the sidebands, we shall first obtain a time-
domain expression for each sideband. Figure 4.16a shows the spectrum M (). Figure 4.16b
shows the USB M..(w) and Fig. 4.16¢ shows the LSB M_ (w). From Fig. 4.16b and ¢, we
observe that M (w) = M(w)u(w) and M_() = M (w)u(—w). Let m..(t) and m_(¢) be the =
inverse Fourier transforms of M..(w) and M _(w), respectively.” Because the amplitude spectra
|M(w)| and |M_(w)| are not even functions of w, the signals m . (¢) and m_ () cannot be
real; they are complex. Moreover, M (w) and M_(w) are the two halves of M (w). Hence;’
from Egs. (3.10), it follows that M, (—®) and M_(w) are conjugates. Consequently, my(t)
and m_(¢) are conjugates (see Prob. 3.1-3). Also, because my(t) + m_(t) = m(t), we can
express

1
m(t) = 5 m(@ + jmi ()] (4.132).
and ‘

m_(t) = %[m(t) — jmy ()] (4.130)

# In the literature, 2m. (¢) is also known as the preenvelope of m(z).
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(a)

(b)

0

Figure 4.16  Expressing SSB spectra in terms of M (w) and M_(w).

where m; (¢) is unknown. To determine m;, (¢), we note that
My (o) = M(w)u(w)
= IM@)[1 + sgn (@)]
= 1M (@) + IM(w) sgn (@) (4.14a)
From Eqs. (4.132).and (4.14a), it follows that jm;(t) < M(®) sgn (w). Hence,
My (0) = —jM(w) sgn (w) (4.14b)

Applic.ation'of the duality property to pair 12 of Table 3.1 yields 1/7¢ <=> —Jjsgn (w).
Applying this'result and the time convolution property to Eq. (4.14b) yields m, (1) = m(t) *

1/mt, that is,
1 m
my(t) = ; [m mda 4.15)

The right-hand side of Eq. (4.15) defines the Hilbert transform of m (¢). Thus, the signal m, (1)
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Figure 4.17  Transfer function of an idea] "

Onl) 7 /2 phase shifter (Hilbert transformer).
| H(w)! N

s
2

@ (b)

is the Hilbert transform of m(t). From Eq. (4.14b), it follows that if rf’L(l‘) is passed thr(?ugh a -
lt:a,nsfer function H (w) = —J sgn (w), then the output is my, (¢), the Hilbert transform of m(z).

Because 4 |
H(w) = —j sgn (@) (4.16a)
—j=1le /"2 w>0 @.16b)
=1 j=1e7? <0

it follows that | H (w)| = 1 and that 6, (@) = —7/2 for @ > 0 and 7 /2 for <£, a: zlﬁ:;w;rlln
Fig. 4.17. Thus, if we delay the phase of every component of m(t) by (n)/ 2T§1w1 fou han ﬁ, " rgt ;

mplit ’ ing si i Hilbert transform of m(z). Theretore, :
i litude), the resulting signal is m, (1), the i :
1‘rﬁu.nalsl:fl(I))rmer is an ideal phase shifter that shifts the phase of every spectral co.mporieélat \.)ty. Zrl (/: :I. ’
We can now express the SSB signal in terms of m(r) and my,(r). From Fig. 4, it is J
that the USB spectrum $ysp (w) can be expressed as

Duss(@) = Mi(@ — @) + M_(0 + o)

The inverse transform of this equation yields

Wy () = M (D)1 +m_(1)e !
Substituting Egs. (4.13) in the preceding equation yields

Q&) =M (#) cos wet — mp(t) sinwct (4.17a) ‘Ci:
Using a similar argument, we can show that

@ (1) = m(t) cos ot + mpy(¢) sin .t ) (4.171»)‘)’
Hence, a general SSB signal ¢y (¢) can be expressed as

Pysp (1) = m() cOs @t F my (1) sim ot - @179

where the minus sign applies to USB and the plus sign applies to LSB.
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Recall that the Hilbert transform delays the phase of each spectral component by /2.

In the present case, there is only one spectral component of frequency w;,. Delaying the
phase of m(t) by /2 yields

mh (t) = cos (a),,,z - g) = sin wpyt
Hence, from Eq. (4.17c¢),

@ssB(t) = COS Wyt COS W t F SiN Wyt Sin w,t
= cos (@, % wy,)t
Thus, )
Pusp (0) = cos (We +0m)t @y (2) = 08 (0 — W)t

To verify these results, consider the spectrum of m(¢) (Fig. 4.18a) and its DSB-SC
(Fig. 4.18b), USB (Fig. 4.18c), and LSB (Fig. 4.18d) spectra. It is evident that the spectra
in Fig. 4.18c and d do indeed correspond to the Py () and @, s (t) derived earlier.

M(w)

[
~w, 0 w,
| DSB spectrum
(b) T | T
!

(o, + w,) —a, —(w, ~ w,) 0 (, — ) @, (@, T @)
w—

———

USB spectrum
© T T
. 0 (w, + w,)
W—>
LSB spectrum
(d) T
o~ @) 0 @ =) H o

Figure 418  SSB spectra for\tone modulation.

dulation: SSB ) . S
BaunEd.7 - fone Igigd @y (1) for a simple case of a tone modulation, that is, when the modulating signal
SSB R

is a sinusoid m(#) = cOS Wnt.
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Generation of SSB Signals? ,

Two methods are commonly used to generate SSB signals. The first method uses sharp cutoff
filters to eliminate the undesired sideband, and the second method uses phase-shifting networks
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to achieve the same goal. Yet another method, known as Weaver’s method,? can also be used to
generate SSB signals, provided the baseband signal spectrum has little power near the origin,

Selective-Filtering Method: This is the most commonly used method of generating
SSB signals. In this method, a DSB-SC signal is passed through a sharp cutoff filter to eliminate
the undesired sideband.

To obtain the USB, the filter should pass all components above . unattenuated and
completely suppress all components below .. Such an operation requires an ideal filter,
which is unrealizable. It can, however, be realized closely if there is some separation between
the passband and the stopband. Fortunately, the voice signal provides this condition, because
its spectrum shows little power content at the origin (Fig. 4.19a). In addition, articulation tests
have shown that for speech signals, frequency components below 300 Hz are not important,
In other words, we may suppress all speech components below 300 Hz without affecting the
intelligibility appreciably.” Thus, filtering of the unwanted sideband becomes relatively easy
for speech signals because we have a 600-Hz transition region around the cutoff frequency
w,. To minimize adjacent channel interference, the undesired sideband should be-attenuated .

at least 40 dB.T

Phase-Shift Method: Equation (4.17) is the basis for this method. Figure 4.20 shows
the implementation of Eq. (4.17). The box marked “—s/2” is a 7w /2 phase shifter, which delays
the phase of every spectral component by /2. Hence, it is a Hilbert transformer. Note that

Figure 4.19  Relative power spectrum of speech signal
and the corresponding USB spectrum. ;L

0 .
o ;
.-
(a) =
[
[~
T | — i
0 1000 2000 3000 4000
Frequency f, Hz :
(b)

[l

* Similarly, suppression of speech-signal components above 3500 Hz causes no appreciable change in intelligibility.

+ For very high carrier frequencies, the ratio of the gap band (600 Hz) to the carrier frequency may be too sma!l, and,
thus, a transition of 40 dB in amplitude over 600 Hz may pose a problem. In such a case, the modulation is carried out -
using a smaller carrier frequency (o, ) first. The resulting SSB signal effectively widens the gap to 2w, (seeFig. 4.19).
Now, treating this signal as the new baseband signal, it is possible to SSB-modulate the high-frequency carrier.
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an ideal phase shifter is also unrealizable. We can, at most, approximate it over a finite band.
However, it is possible to realize a filter with two outputs such that both outputs have the same
(constant) amplitude spectrum, but their phase spectra differ by /2 rad over a given band of
frequencies.”

In terms of bandwidth requirement, SSB is similar to QAM but less exacting in terms of
the carrier frequency and phase or the requirement of a distortionless transmission medium.
However, SSB is difficult to generate if the baseband signal has no dc null in its spectrum. It
is easy to build a circuit to shift the phase of a'single frequency component by /2 rad. But a
device to achieve a 7/2 phase shift of all the spectral components over a band of frequencies
is unrealizable. We can, at best, approximate it over a finite band.

Demodulation of SSB-SC Signals
It was shown earlier that SSB-SC signals can be coherently demodulated. We can readily verify
this in another way: .

B Gssp (t) = m(¢) o8 .t F my(¢) sin w,t

Hence,
ssp (1) cos et = 3m(H)[1 + cos 2w,¢] F Lmy(t) sin 2wt
= Im(@®) + Lim(r) cos 2wst F my(t) sin 2w,£]

Thus, the product g, (¢) cos w.t yields the baseband signal and another SSB signal with a
carrier 2w. The spectrum in Fig. 4.15¢ shows precisely this result. A low-pass filter will
suppress the unwanted SSB terms, giving the desired baseband signal m(z)/2. Hence, the
demodulator is identical to the synchronous demodulator used for DSB-SC. Thus, any one of
the synchronous DSB-SC demodulators discussed in Sec. 4.2 can be used to demodulate an
SSB-SC signal.

DSB-SC | m(1) cos wt
modulator

cos W, O—>——@

m(z) i + SSB signal
o—>——¢ - s >—_>__
+
sin w,t
_r DSB-SC | ma4(?) sin wt
2 modulator
my(1)

Figure 4.20  SSB generation by phase-shift method.

* In this case, the phase spectrum of one output may be ¢(w) while that of the other is ¢ (w) — 7/2. The term ¢ (w)
is an unwanted phase distortion. However, as seen earlier, human ear is not sensitive to this kind of distortion.
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Envelope Detection of SSB Signals with a Carrier (SSB+C): We now consider SSg 'ff‘

signals with an additional carrier (SSB+C). Such a signal can be expressed as

ssprc = Acos gt + [m(t) cos wt + my () sin w.t]

Although m(¢) can be recovered by synchronous detection [multiplying ¢y, . by cosw,t]if

A, the carrier amplitude, is large enough, m(#) can also be recovered from ¢, by envelope
or rectifier detection. This can be shown by rewriting ¢, . . as

@ssB+c = [A + m(2)] cos wt + mp(2) sinw.t
= E(t) cos (w.t + 0)
where E(t), the envelope of ¢, ., is given by [see Eq. (3.39)]
E@®) = {[A +m@F +myO}?

2m(2) mz(t)+m§(t) 12
A Az AZ

— a1+

If A > |m(t)], then in general* A 3> |my,(¢)|, and the terms m?(t)/A? and m% (¢)/A? canbe

ignored. Thus,

F o~ Al 2m(r)]“2
(@) ~ [+T

Using binomial expansion and discarding higher order terms [because m(t)/A < 1], we get |

N m(t)
E(t)~A [1 + T}

=A+m(@)

It is evident that for a large carrier, the SSB + C can be demodulated by an envelope detector.
In AM, envelope detection requires the condition A > |m(t)|, whereas for SSB-C, the .
condition is A >> |[m(¢#)|. Hence, in SSB case, the required carrier amplitude is much larger

than that in AM, and, consequently, the efficiency of SSB+C is pathetically low.

Telephone-Channel Multiplexing

Until recently, almost all long-haul telephone channels were multiplexed by FDM using
SSB signals. This multiplexing technique, standardized by the CCITT, provides cons\gderable
flexibility in branching, dropping off, or inserting blocks of channels at points en route.* A basic
group consists of 12 frequency-division multiplexed SSB voice channels, each of bandwidth -
4 kHz (first-level multiplexing). A basic group uses LSB spectra and occupies a band of 6010 -~
108 kHz. An alternate group configuration of 12 USB voice signals, occupying a band of 148

to 196 kHz, is also used.

A basic supergroup of 60 channels is formed by multiplexing five basic groups, and it -
occupies a band of 312 to 552 kHz. An alternate supergroup configuration using USB spectra .

occupies a band of 60 to 300 kHz.

* This may not be true for all £, but it is true for most ¢.
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A basic mastergrouﬁ of 600 channels is formed by multiplexing 10 supergroups.* There
are two standard mastergroup configurations: the L600 and the U600.

Modern broad-band transmission systems can transmit even larger groupings than mas-
tergroups. For the L3 carrier and TH microwave, three mastergroups and one supergroup
comprising 1860 message channels are combined. The L4 system utilizes six U600 master-
groups multiplexed to form 3600 channels. The multiplexed signal is fed into the baseband
input of a microwave radio channel or directly into a coaxial transmission system.

4.6 AMPLITUDE MODULATION: VESTIGIAL SIDEBAND (VSB)

As seen earlier, the generation of SSB signals is rather difficult. The selective-filtering method
demands dc null in the modulating signal spectrum. A phase shifter required in the phase-
shift method is unrealizable, or realizable only approximately. The generation of DSB signals
is much simpler, but requires twice the signal bandwidth. A vestigial-sideband (VSB), also
called asymmetric sideband system is a compromise between DSB and SSB. It inherits the
advantages of DSB and SSB but avoids their disadvantages at a small cost. VSB signals are
relatively easy to generate, and, at the same time, their bandwidth, is only (typically 25%)
greater than that of SSB signals.

In VSB, instead of rejecting one sideband completely (as in SSB), a gradual cutoff of one
sideband, as shown in Fig. 4.21d, is accepted. The baseband signal can be recovered exactly by
asynchronous detector in conjunction with an appropriate equalizer filter H, () at the receiver
output (Fig. 4.22). If a large carrier is transmitted along with the VSB signal, the baseband
signal can be recovered by an envelope (or a rectifier) detector.

Figure 4.21  Spectra of the modulating sig-
nal and corresponding DSB, SSB, and VSB
signals.

Ppsp(w) (b)DSB
Bsgp(w) () SSB
Dysp(w) () VSB

* This is true for the North American hierarchy. In the CCITT hierarchy, a basic mastergroup is formed by multiplexing
five supergroups (300 voice channels). ’
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m(r) @vss(t) vsp(?) e(t) Low-pass m(t)
- - — pLE 4.8
Hi(w) : ) filter H,(®) ExaM
2 cos w.t 2 cos w,t
Transmitter Receiver

Figure 4.22 -VSB modulator and demodulator.

If the vestigial shaping filter that produces VSB from DSB is H; (w) (Fig. 4.22), thgn the ~§
resulting VSB signal spectrum is

Dysp(@) = [M(w + @) + Mo — o) Hi (@) (4.18)

This VSB shaping filter H;(w) allows the transmission of one sidebandz but suppresses the
other sideband, not completely, but gradually. This makes it easy to realize such a filter, but
the transmission bandwidth is now somewhat higher than that of the SSB (.Where the other
sideband is suppressed completely). The bandwidth of the VSB signal is typically 25 to 33%

higher than that of the SSB signals. ) i
We require that m(z) be recoverable from ¢y, (¢) using synchronous demodulation at

the receiver. This is done by multiplying the incoming VSB signal ¢y () by 2 cos et The
product e(z) is given by .
et) = 20y () COS 0,1 =5 [Pysp(@ + @) + Pyss(@ — @)l

The signal e(¢) is further passed through the low-pass equalizer filter of transfe_r function H, (a).]‘ :
The output of the equalizer filter is required to be m(z). Hence, the output signal spectrum is
given by

M(w) = [®Pvsp(@ + @) + Pysp(@ — 0} H, (@)
Substituting Eq. (4.18) into this equation and eliminating the spectra at 2w, [suppressed by -
a low-pass filter H,(w)], we obtain ;

M(w) = M(@)[H; (@ + @) + H(@ — )1 Ho(@) “.19-

Hence*
1

Hy(w) = ol < 27B @20

H; (0 + o) + Hi(w — o)

The carrier frequency of a certain VSB signal is w, = 20 kHz, and the baseband signal
bandwidth is 6 kHz. The VSB shaping filter H;(w) at the input, which cuts off the lower
sideband gradually over 2 kHz, is shown in Fig. 4.23a. Find the output filter H,(w) required
for distortionless reception.

f kHz —

Figure 4.23  VSB out filter.

Figure 4.23b shows the low-pass segments of H; (@ + w.) + H; (0 — w,). We are interested
in this spectrum only over the baseband (the remaining undesired portion is suppressed
by the output filter). This spectrum is 0.5 over the band of 0 to 2 kHz, and is 1 over 2 to
6 kHz, as shown in Fig. 4.23b. Figure 4.23c shows the desired output filter H,(w), which
is the reciprocal of the spectrum in Fig. 4.23b [see Eq. (4.20)].

# If we choose H;(w) such that ) .

e Hi(o+ o)+ Hw—w)=1 lw| <27 B (4.214) c
The output filter is just a simple low-pass filter with transfer function H,(w) = 1 over the baseband |o| = 27 B,
because for a real filter, H; (—w) = H; (), Eq. (4.21a) can be expressed as

Hi(w, + ) + Hf (w, —w) =1 lo| <27 B

or
H(o+x)+ H . —x)=1 |x|=27B (@2
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Envelope Detection of VSB+C Signals
That VSB+C signals can be envelope detected may be proved by using exactly the same
argument used in proving the case for SSB+C signals. Both the SSB and the VSB modulated
signals have the same form, with m;(r) in SSB replaced by some other signal m(¢) in VSB.
This is because the VSB signal is a bandpass signal, which can be expressed in terms of the
quadrature components in Eq. (3.38).

We have shown that SSB+C requires a much larger carrier than DSB+C (AM) for
envelope detection. Because VSB+C is an in-between case, the added carrier required in
VSB is larger than that in AM, but smaller than that in SSB+C.
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Use of VSB in Broadcast Television . _ .
VSB is a clever compromise between SSB and DSB, which makes it very attractive for

television broadcast systems. The baseband video signal of television occupies an €nOIMous

bandwidth of 4.5 MHz, and a DSB signal needs a bandwidth of 9 MHz. It would seem .

desirable to use SSB in order to conserve the bandwidth. Unfortunately, this creates several

P

i ) i educe
receiver, an envelope detector is preferred over a synchronous one in order to the

receiver cost. We
use of SSB will increase the receiver cost.

The DSB spectrum of a television signal is shown in Fig.. 4.24a. The vestigial S;Iaping
filter H; () cuts off the lower sideband spectrum gradually starting at 0.75 MHZ to 1.2 MHz 1
; as shown in Fig. 4.24b. The receiver output filter H, (o) is
designed according to Eq. (4.20). The resulting VSB spectrum bandwidth is 6 MHz. Compare |

below the carrier frequency fe,

this with the DSB bandwidth of 9 MHz and the SSB bandwidth of 4.5 MHz.

Linearity of An;plitude Modulation

ion di g i luding the carrier

dulation discussed thus far, the modulated signal (exc! v :

D e rinciples For example, if modulating signals ml(t). and
ms(t) produce modulated signals® ¢ () and @, (), respectively, then the mod(nillatlr'lg 51g1r1a1
kimy(t) + kymy(¢) produces the modulated signal k11 (¢) + ko2 (2). The reader can Venfy ]
linearity for all types of amplitude modulation (DSB, SSB, AM, and.VSB). Tl}xs pro;.)eny is
valuable in analysis. Because any signal can be expressed as a sum (discrete or in continuum) 1

term) satisfies the principles of superposition.

DSB spectrum ‘>‘ 0.25 MHz

(a)

(b)

Figure 4.24  Television signal spectra. (a) DSB signal. (b) Signal transmitted.

" . essed
* Note that we are excluding the carrier term from ¢y (r) and > (¢). In short, superposition applies to the suppr

carrier portion only. For more discussion, see Van Trees.
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roblems. First, the baseband video signal has sizable power in the low-frequency region,
and consequently it is difficult to suppress one sideband completely. Second, for a broadcas; -

have seen earlier that SSB+C has a very low power efficiency. Moreover, . |
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of sinusoids, the complete description of the modulation system can be expressed in terms of
tone modulation. For example, if m(t) = cos w,,¢ (tone modulation), the DSB-SC signal is

COS Wiyt COSw, T = %[cos (we — Wyt + cos (we + wn)t]

This shows:that DSB-SC translates a frequency w,, to two frequencies, w. — w,, (LSB) and
@, + @, (USB). We can generalize this result to any nonsinusoidal modulating signal m (¢).
This is precisely the result obtained earlier by using a more general analysis.

4.7 CARRIER ACQUISITION

In the suppressed-carrier amplitude-modulated system (DSB-SC, SSB-SC, and VSB-SC), one
must generate a local carrier at the receiver for the purpose of synchronous demodulation.
Ideally, the local carrier must be in frequency and phase synchronism with the incoming
carrier. Any discrepancy in the frequency or phase of the local carrier gives rise to distortion
in the detector output.

Consider a DSB-SC case where a received signal is m(t) cos w.¢ and the local carrier is
2cos [(w. + Aw)t + 81. The local-carrier frequency and phase errors in this case are Aw and
8, respectively. The product of the received signal and the local carrier is e(¢), given by

e(t) = 2m(t) cos w.t cos [(w, + Aw)t + §]
= m(t){cos [(Aw)t + 8] + cos [(Lw, + Aw)t + 81} 4.22)
The second term on the right-hand side is filtered out by the low-pass filter, leaving the output
e,(t) as
e,(t) = m(t) cos [(Aw)t + 8] (4.23)

If Aw and § are both zero (no frequency or phase error), then
e, (t) = m(1)

as expected. Let us consider two special cases. If Aw = 0, Eq. (4.23) reduces to

e,(t) = m(t) coss (4.24a)

This output is proportional to m(¢) when & is a constant. The output is maximum when
8 = 0 and minimum (zero) when § = =4/2. Thus, the phase error in the local carrier causes
the attenuation of the output signal without cansing any distortion, as long as 8 is constant.
Unfortunately, the phase error § may vary randomly with time. This may occur, for example,
because of variations in the propagation path. This causes the gain factor cos § at the receiver
to vary randomly and is undesirable.

Next we consider the case where § = 0 and Aw # 0. In this case, Eq. (4.23) becomes

e,(t) = m(z) cos (Aw)t (4.24b)

The output here is not merely an attenuated replica of the original signal but is also distorted.
Because Aw is usually small, the output is the signal m(¢) multiplied by a low-frequency
sinusoid. This causes the amplitude of the desired signal m(¢) to vary from maximum to zero
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periodically at twice the period of the beat frequency Aw. This “beating” effect is catastrophic .
even for a small frequency difference. The effect of this distortion even for a small frequency -
mismatch, say Af = 1 Hz, is similar to the output when some restless kid is fiddling with jtg
volume control knob up and down continuously twice a second.

To ensure identical carrier frequencies at the transmitter and the receiver, we can uge -
quartz crystal oscillators, which generally are very stable. Identical crystals are cut to yield the |
same frequency at the transmitter and the receiver. At very high carrier frequencies, where the {}i
crystal dimensions become too small to match exactly, quartz-crystal performance may not
be adequate. In such a case, a carrier, or pilot, is transmitted at a reduced level (usually about ;
-20 dB) along with the sidebands. The pilot is separated at the receiver by a very narrow-band .
filter tuned to the pilot frequency. It is amplified and used to synchronize the local oscillator, |
The phase-locked loop (PLL), which plays an important role in carrier acquisition, will now
be discussed. i .

The nature of the distortion caused by asynchronous carrier in SSB-SC is somewhat
different than that in DSB-SC. In SSB-SC, when the carrier at the receiver is 2 cos[(w. + Aw)t],
the output is m(#) with all its spectral components shifted (offset) by Aw (see Prob. 4.5-5), - |
Such a shift of every frequency component by a fixed amount Aw destroys the harmonic
relationship between frequency components. Forinstance, if Af = 10 Hz, then the components

of frequencies 1000 and 2000 Hz will be shifted to frequencies 1010 and 2010. This destroys '

their harmonic relationship. But unless Af is very large, such a change does not destroy
intelligibility of the output (as the beating effect does in the case of DSB-SC). For audio
signals Af < 30 Hz does not significantly affect the signal quality. Af > 30 Hz results ina ' |
sound quality similar to that of Donald Duck. But the intelligibility is not completely lost. .

When the carrier is cos (w.t + 6), the output is the signal m(¢) with the phases of all
its spectral components shifted by 6 (see Prob. 4.5-5). The phase distortion in SSB-SC also - §
gives rise to the Donald Duck sound effect. This discussion shows that the problem of carrier .
synchronization is more critical in DSB-SC than in SSB-SC.

Phase-Locked Loop (PLL)
The phase-locked loop (PLL) can be used to track the phase and the frequency of the carrier -
component of an incoming signal. It is, therefore, a useful device for synchronous demodulation
of AM signals with suppressed carrier or with a little carrier (the pilot). It can also be used for -
the demodulation of angle-modulated signals, especially under low SNR conditions. For this *
reason, the PLL is used in such applications as space-vehicle-to-earth data links, where there
is a premium on transmitter weight, or where the loss along the transmission path is very large;
and, more recently, in commercial FM receivers. "
A PLL has three basic components:

1. A voltage-controlled oscillator (VCO)
2. A multiplier, serving as a phase detector (PD) or a phase comparator
3. Aloop filter H(s)

The operation of the PLL is similar to that of a feedback system (Fig. 4.25a). In a typica
feedback system, the signal fed back tends to follow the input signal. If the signal fed back
is not equal to the input signal, the difference (known as the error) will change the signal fed
back until it is close to the input signal. A PLL operates on a similar principle, except that th
quantity fed back and compared is not the amplitude, but the phase. The VCO adjusts its own
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Loop filter Figure 4.25  Phase-locked loop operation.
Asin (0 +8) eo(0)
H(s)
B cos (0t +65) -
"VCO
()
ea
e | f a
-6, 0, —>

®)

frequency until it is equal to that of the input sinusoid. At this point, the frequency and phase
of the two signals are in synchronism (except for a possible difference of a constant phase).

Voltage-Controlled Oscillator (VCO):  An oscillator whose frequency can be con-
trolled by an external voltage is a voltage-controlled oscillator (VCO). In a VCO, the
oscillation frequency varies linearly with the input voltage. If a VCO input voltage is e,(#), its
output is a sinusoid of frequency  given by

o(t) = wc + ceo(t) 4.25)

where c is a constant of the VCO and w is the free-running frequency of the VCO [the VCO
frequency when e,(#) = 0]. The multiplier output is further low-pass-filtered by the loop filter
and then applied to the input of the VCO. This voltage changes the frequency of the oscillator
and keeps the loop locked.

How the PLL Works: Let the input to the PLL be A sin (w.t + 6;), and let the VCO
output be a sinusoid B cos (w,t + 6,).* The multiplier output x () is given by

. AB _,
x(t) = ABsin (w.t + ;) cos (wct +6,) = 7[sm 6; — 6,) + sin Qw,t + 6; + 6,)]

The last term on the right-hand side, being a high-frequency signal, is suppressed by the loop
filter, which is a low-pass narrow-band filter. Hence, ¢, (t), the input to the VCO, is given by

AB
€ = T sin Ge ge - ei - 90 (426)

* It is not necessary for the VCO input and output frequencies to be equal. All that is needed is to set the VCO
free-running frequency as close as possnble to the incoming frequency. Ifthe VCO output is B cos (&, + 6,), we can
express it as B cos (w.t + 60) where 8 = [(@: —we)t + 6,].
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where 6, is the phase error (6; — 6,). Figure Afl.lljb shows the plot of e, vs. .. Using ﬂus plot,
i ing mechanism as follows. _
" Caféi;gii‘l: tttl:;t ttrha: 1;:)1(1)% is locked, meaning that tpe frequencies of both gle 19nput gtz)d the
output sinusoids are identical. This means things are in the steady state, a(.';ljd i,al;,e:r(l)fe . ;Ig
constant. Figure 4.25b shows a typical operating Romt a z}nd th.e COITESPOI! ngd \c/l 1 incr;a :
6, on the ¢, vs. 6, plot. Suppose further that the 1_nput sinusoid frequency iuA en }E o g-es
from o, to we+k. This means the incoming signal is A cos [(we + k)t +6;] = cos :)Cg; A ;c),
where§; = kt + 6;. Thus, theincrease in the incomn}g frequency causes 6; to mcerea;e th,eﬁ t~t’
thereby increasing 6. The operating point a now shifts upward along the e, \;; i]cc (z;rout ui e ’
in Fig. 4.25b. This increases e, which, in turn, increases tk}e frequency oif eV e P FO
match the increase in the input frequency. A similar reasoning shows that if the.: 1n1pu ;tlliuszlld @
frequency decreases, the PLL output-frequency Will a!so decrease corresponding }27 ts, he
PLL tracks the input sinusoid. The two signals are said to be mutuall_y pha§e col e:nAﬁ'L?
phase lock. The VCO thus tracks the frequency and the phase of the incoming 9}1?1:11 . A
can track the incoming frequency only over a finite range (_)f frequency shift. This rangeis |
called the hold-in or lock range. Moreover, if initially the input and output fr;g\:lert;ne.skaxe
not close enough, the loop may not acquire lock. The frequency range over W ct . e 1:put i
will cause the loop to lock is called the pull-in or capture range. Also if the input frequency 1
i loop may not lock. o L
Changzslttﬁgurgglsg ’atshsflmeg 6; a};ld 6, to be constants, the preceding analysis 151 alsc::h vaihd if
these angles are varying slowly with time. Tt is clear that the fillgle 6, tends to foll gw ‘ :itll?prut
angle 6; closely when the PLL tracks the input signal; the difference 6, = 0; — 6, is either a |
ber — 0. o
COHSta;‘ftt‘}’:eaingnS;UJEOid is noisy, the PLL not only tracks the sinusoid, bu't als; cleans 1§
up. The PLL can also be used as an FM demodulator and frequepcy synth:cs%er: requency |
multipliers and dividers can also be built using PLL. The PLL, being a r.elat.lve y meixt}S)enswe
integrated circuit, has become one of the most freun:ntly»used corgmumcatl.(;n %;Im;r ‘ .uenc
In space vehicles, because of the Doppler shift and the 0§0111at0r dri t, ue‘t ];lcoué ;
of the received signal has a lot of uncertainty. The Dopp!er shift of the carrier t1 ig oo
be as high as £75 kHz, whereas the desired modulated mgnal band may be ]g;th o k.HZ
receive such a signal by conventional receivers would require a filter of bandwi > able,
when the desired signal has a bandwidth of only 10 Hz. This Wou_ld cause an un eigona[
increase in the noise received (by a factor of 15,000), because. the noise power is g;fo oust
to the bandwidsh. The PLL proves convenient here ;ae(l:z(i)u;e it tracks the receivi equency
i bandwidth required is only z. :
cOmmlgzlilrzy;.arlllc?nt]lifeitz;stem, the det;liled analysis of PLL i§ rather involved and beyond:
our scope. Complete analysis of two special cases is carred out in Chapter 5.

We shall now discuss two methods of carrier regeneration at the receiver in DSB-SC: s1gf1a1:
squaring and Costas loop.

i i : i is scheme is given in Fig. 4.26. The
Signal-Squaring Method:  An outline of this sc! !
incomininsignal is squared and then passed through a narrow (high .Q) bandpass ﬁlﬁer t:??;;(;
2, The output of this filter is the sinusoid k cos 2ect, with some residual u.nwanted signal. et
sig;al is applied to a PLL to obtain a cleaner sinusoid of twice the carrier frequency, Whic%
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m(®) cos Ot L | X BPF c cos 20,2 | 2:1 Frequency | k cos o
: y ¢
S +20, PLL divider [
Natrow-band
filter

Figure 4.26  Generation of coherent demodulation carrier using signal squaring.

is passed through a 2:1 frequency divider to obtain a local carrier in phasé and frequency

synchronism with the incoming carrier. The analysis is straightforward. The squarer output
x(t)is

x(®) =[m@) cos et = Lm>(1) + 1m2(t) cos 2m,t

Now m?(¢) is a nonnegative signal, and therefore has a nonzero average value [in contrast
to m(z), which generally has a zero average value]. Let the average value, which is the dc
component of m*(z) /2, be k. We can now express m2(¢)/2 as

-

1
Fm () =k+4@)
where ¢ (¢) is a zero mean baseband signal [m?(¢) /2 minus its dc component]. Thus,

1 1
x(2) = Emz(t) + imz(t) €08 2wt

1
= 5mz(z) +k cos 2wt + ¢ (1) cos 2w,z

The bandpass filter is a narrow-band (high Q) filter tuned to frequency 2w.. It completely
suppresses the signal m?(¢), whose spectrum is centered at @ = 0. Tt also suppresses most of
the signal ¢ () cos 2w,z. This is because although this signal spectrum is centered at 2e,, it
has zero (infinitesimal) power at 2w, since ¢ (¢) has a zero dc value. Moreover this component
is distributed over the band of 4B Hz centered at 2w,. Hence, very little of this signal passes
through the narrow-band filter.” In contrast, the spectrum of k cos 2w,¢ consists of impulses
located at +2w,. Hence, all its power is concentrated at 2e,, and will pass through. Thus; the
filter output is k cos 2wt plus a small undesired residue from ¢ (¢) cos 2w,. This residue can
be suppressed by using a PLL, which tracks k cos 2a.t. The PLL output, after passing through
a 2:1 frequency divider, yields the desired carrier. One qualification is in order. Because the
incoming signal sign is lost in the squarer, we have a sign ambiguity (or phas¢ ambiguity of )
in the carrier generated. This is immaterial for analog signals. For a digital baseband signal,
however, the carrier sign is essential, and this method, therefore, cannot be used directly.

Costas Loop:  Yet another scheme, proposed by Costas,® for generating a local carrier,
is shown in Fig. 4.27. The incoming signal is m(¢) cos (w.f + ;). At the receiver, a VCO
generates the carrier cos (w:t+86,). The phase error is 6, = 6; —6,,. Various signals are indicated
in Fig. 4.27. The two low-pass filters suppress high-frequency terms to yield m(z) cos 6, and
m(t) sin 6,, respectively. These outputs are further multiplied to give m2(¢) sin 26,. When this

* This will also explain why we cannot extract the carrier directly from m(#) cos w, by passing it through a narrow-

band filter centered at w,. The reason is that the power of m (¢) cos w,t at w, is zero because m.(r) has no dc component
[the average value of m(¢) is zero].
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i g - he output is k sin 26,, where k is the dc
is passed through a narrow-band low-pass filter, t. » . 2

coriponent of m2(t)/2. The signal k sin 26, is applied to the input of. a VFZO with quiescent
frequency w,. The input k sin 26, increases the output frequency,_ which, in tarn, reduces 6,
This mechanism was fully discussed earlier [see Eq. (4.26) and Fig. 4.25].

Carrier Acquisition in SSB-SC . .
For the purpose of synchronization at the SSB receiver, one may use highly stable crysta]

oscillators, with crystals cut for the same frequency at the transmitter and the receiver. At very

high frequencies, where even quartz crystals may have inadequate performance, a pilot carrier

may be transmitted. These are the same methods used for DSB-SC. However, the received-

signal squaring technique as well as the Costas loop used in DSB-SC cannot be useq for

SSB-SC. This can be seen by expressing the SSB signal as
@ssp(t) = m(t) cos wet F my(t) sinwct

= E(t) cos [w;t + 6()]

where
Et) = Jm@) +m2()
[ Ema ()
o0 = [ 5755 ]
Squaring this signal yields
P&sp(t) = EX(t) cos’[wct +0(1)]
E*(1)

= _2_{1 + cos [2w:t + 20(D]} ’

i is elimi 1y, the remaining sigrfal isnota
The signal E%(¢) is eliminated by a bandpass filter. Unfortunate Y, ‘
pure signrlllsoid of frequency 2w, (as was the case for DSB). There is nothing we can do to remove

m(t) cos 6, Output

Low-pass
filter

Low-pass
filter —1—-<——
(narrow band) 5 m?(t) sin 26,

m(t) cos (w1 + 6;) |
¢

Ksin260,

Low-pass
filter m(t) sin 6,

Figure 4.27  Costas phase-locked loop for the generation of a coherent demodulation carrier.
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the time-varying phase 26 (£) from this sinusoid. Hence, for SSB, the squaring technique does
not work. The same argument can be used to show that the Costas loop will not work either.
These conclusions also apply to VSB signals.

Frequency-Division Multiplexing (FDM)

Signal multiplexing allows the transmission of several signals on the same channel. In Chapter
6, we shall discuss time-division multiplexing (TDM), where several signals time-share the
same channel. In FDM, several signals share the band of a channel. Each si gnal is modulated
by a different carrier frequency. The various carriers are adequately separated to avoid overlap
(or interference) between the spectra of various modulated signals. These carriers are referred
to as subcarriers. Each signal fay use a different kind of modulation (for example, DSB-SC,
AM, SSB-SC, VSB-SC, or even FM or PM). The modulated-signal spectra may be separated
by a small guard band to avoid interference and facilitate signal separation at the receiver.

When all of the modulated spectra are added, we have a composite signal that may be
considered as a baseband signal to further modulate a high-frequency [radio frequency (RF)]
carrier for the pﬁrpose of transmission.

At the receiver, the incoming signal is first demodulated by the RF carrier to retrieve the
composite baseband, which is then bandpass filtered to separate each modulated signal. Then
each modulated signal is demodulated individually by an appropriate subcarrier to obtain all
the basic baseband signals.

4.8 SUPERHETERODYNE AM RECEIVER

The radio receiver used in an AM system is called the superheterodyne AM receiver and is
illustrated in Fig. 4.28. It consists of an RF (radio-frequency) section, a frequency converter
(see Example 4.2), an ihtermediate—frequency (IF) amplifier, an envelope detector, and an audio
amplifier,

The RF section is basically a tunable filter and an amplifier that picks up the desired
station by tuning the filter to the right frequency band. The next section, the frequency mixer
(converter), translates the carrier from w, to a fixed IF frequency of 455 kHz (see Example
4.2 for frequency conversion). For this purpose, it uses a local oscillator whose frequency fio
is exactly 455 kHz above the incoming carrier frequency f;; thatis, fio = f. + fir (fir =
455 kHz). Note that this is up-conversion. The tuning of the local oscillator and the RF tunable
filter is done by one knob. Tuning capacitors in both circuits are ganged together and are
designed so that the tuning frequency of the local oscillator is always 455 kHz above the
tuning frequency of the RF filter. This means every station that is tuned in is translated to a
fixed carrier frequency of 455 kHz by the frequency converter.

The reason for translating all stations to a fixed carrier frequency of 455 kHz is to obtain
adequate selectivity. It is difficult to design sharp bandpass filters of bandwidth 10 kHz (the
modulated audio spectrum) if the center frequency f, is very high. This is particularly true if
this filter is tunable. Hence, the RF filter cannot provide adequate selectivity against adjacent
channels. But when this signal is translated to an IF frequency by a converter, it is further
amplified by an IF amplifier (usually a three-stage amplifier), which does have good selectivity.
This is because the IF frequency is reasonably low, and, second, its center frequency is fixed
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Figure 4.28  Superheterodyne receiver.
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and factory-tuned. Hence, the IF section can effectively suppress adjacent-channel interference
because of its high selectivity. It also amplifies the signal for envelope detection. ;

In reality, practically all of the selectivity is realized in the IF section; the RF section
plays a negligible role. The main function of the RF section is image frequency suppression.
As observed in Example 4.2, the mixer, or converter, output consists of components of the .
difference between the incoming (f.) and the local-oscillator (fio) frequencies (that is,
fr = |fio — f). Now, if the incoming carrier frequency f. = 1000 kHz, then fio =
fo+ frr = 1000 + 455 = 1455 kHz. But another carrier, with f = 1455 4455 = 1910kHz, .
will also be picked up because the difference f — fi o is also 455 kHz. The station at-1910kHz -
is said to be the image of the station of 1000 kHz. Stations that are 2 fir = 910 kHz apart are -
called image stations and would both appear simultaneously at the IF output if it were not
for the RF filter at receiver input. The RF filter may provide poor selectivity against adjacent
stations separated by 10kHz, but it can provide reasonable selectivity against a station separated -
by 910 kHz. Thus, when we wish to tune in a station at 1000 kHz, the RF filter, tuned to 1000
kHz, provides adequate suppression of the image station at 1910 kHz. :

The receiver (Fig. 4.28) converts the incoming carrier frequency to the IF frequency
by using a local oscillator of frequency fio higher than the incoming carrier frequency (up-
conversion) and, hence, is called a superheterodyne receiver. The principle of superhetero-
dyning, first introduce by E. H. Armstrong, is used in AM and FM as well as in television*
receivers. The reason for up-conversion rather than down-conversion is that the former leads -
to a smaller tuning range (smaller ratio of the maximum to minimum tuning frequency) for .
the local oscillator than does the latter. The broadcast-band frequencies range from 550 to -
1600 kHz. The up-conversion fio ranges from 1005 to 2055 kHz (ratio of 2.045) , whereas
the down-conversion range of fi.0 would be 95 to 1145 kHz (ratio of 12.05). It is much easie
to design an oscillator that is tunable over a smaller frequency ratio.

The importance of the superheterodyne principle cannot be overstressed in radio an
television broadcasting. In the early days (before 1919), the entire selectivity against adjacen
stations was realized in the RF filter. Because this filter has poor selectivity, it was necessary
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use several stages (several resonant circuits) in cascade for adequate selectivity. In the earlier
receivers each filter was tuned.individually. It was very time-consuming and cumbersome to
tune in a station by bringing all resonant circuits into synchronism. This was improved upon
as variable capacitors were ganged together by mounting them on the same shaft rotated by
one knob. But variable capacitors are bulky, and there is a limit to the number that can be
ganged together. This limited the selectivity available from receivers. Consequently, adjacent
carrier frequencies had to be separated widely, resulting in fewer frequency bands. It was the
supetheterodyne receiver that made it possible to accommodate many more radio stations.

4.9 TELEVISION

In television, the central problem is the transmission of visual images by electrical signals.
The image, or picture, can be thought of as a frame subdivided into several small squares,
known as picture elements. A large number of picture elements in a given image means clearer
reproduction (better resolution) at the receiver (see Fig. 4.29). The information of the entire
picture is transmitted by transmitting an electrical signal proportional to the brightness level of
the picture elements taken in a certain sequence. We start from the upper left-hand corner with
element number 1 and scan the first row of elements (Fig. 4.30). Then we come back to the
start of the second row, scan the second row, and continue this way until we finish the last row.
The electrical signal thus generated during the entire scanning interval has the information of
the picture.

Figure 4.29  Effect of the number of picture

o T N
L elements on resolution.

(a) (b)

Figure 4.30 ~ Scanning pattern (raster).
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The image is furnished by the television camera tube. There exist a variety of camera
tubes. The image orthicon is one example. In this tube, the op.tical system ge{lerates a focuseq
image on a photo cathode, which eventually produces an electrically cht.lrged image on anoth:cr
surface, known as the target mosaic. What this means is that every point on the tgrget—mosa;c
surface acquires a positive electric charge proportional to the brightness of the image. Thu§,
instead of a light image, we have a charge image. An electron gun now scans tl%e target-mosaic
surface with an electron beam in the manner shown in Fig. 4.30. The.bee'am is controll.ed by
a set of voltages across horizontal and vertical deflection plafes. Peqodlc sawtoodl signals
(Fig. 4.31) are applied to these plates. The beam scans the h9nzonta1 line 1-2 in 53.5 s and
quickly flies back, in 10 us, to the left to point 3 and scans line 34, a.nd. so on. On the target
mosaic, where thére is a high positive charge (corresponding to a higher brightness level),,'mf)re
electrons from the beam will be absorbed, and the return beam will have fewer electr(_ms, giving
a smaller current. Areas corresponding to darker elements (less positive charge) will return a
large current. The scanning lines are not perfectly horizontal l?ut have a small downward slope,
because during the horizontal deflection the beam is also contlnuousl}.' deﬂect;d downward due
to a slower vertical deflection signal (Fig. 4.31b). When all the horizontal lines are sca.nnefi,
the vertical deflection signal goes to zero, which means the beam goes back to point 1 again

and is ready to start the next frame. . ‘
Scanning is continuous at a rate of 60 picture frames per second. The electrical signal

thus generated is a video signal corresponding to the visual image._ This signal with some
modifications (to be discussed later) VSB-modulates the video carrier of frequenc.y fe (s.ee P
Fig. 4.24). This carrier is transmitted along with the frequencyl—modulated audio cartier
of frequency fe, ‘which is 4.5 MHz higher than the video carrier frequency fe, that is,

fu= f; +4.5 MHz.

The receiver is similar to an oscilloscope. An electron gun with hori.zontal and vertical - |
deflection plates generates an electron beam that scans the screen exactly in the same pattern

and in synchronism with the scanning at the transmitter. When the electron beam flies back
horizontally after completing each horizontal line, it will leave an unwanted flyback trace on

the screen. To avoid this, a blanking pulse, known as the horizontal blanking pulsf.:, i§ added !
during the flyback interval, which occurs at the end of each horizonta} sweep. Similarly, a ;-
vertical blanking pulse is added at the end of each vertical sweep to eliminate the unwanted -
vertical retrace. These blanking pulses are added at the transmitter itself. We also need to add

NANANAAN, A

Figure 4.31 (a) Horizontal deflection -

signal. (b) Vertical deflection signa\;l‘

_——\

—>
53.5 ns»—L—» 10 ps

(a)

11—
15.71 ms
— 0.95 ms

(b)
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scan-synchronization information at the transmitter. This is done by adding a large pulse to each
blanking pulse. A typical video signal is shown in Fig. 4.32. It is evident that over the entire
flyback interval, the blanking pulse (at the black level) will eliminate the trace. Similarly,
vertical blanking and synchronizing pulses, which are much wider than the corresponding
horizontal pulses, are added to fhe video signal at the end of each vertical sweep. The video
signal now VSB-modulates the carrier. We also add a carrier at this point (see Fig. 4.24). This
VSB+C signal is transmitted along with the frequency-modulated audio signal. The transmitter
block diagram is shown in Fig. 4.33a, the receiver block diagram in Fig. 4.33b. This is a
superheterodyne receiver. The reasons for using a superheterodyne receiver were discussed
earlier. The converter (a mixer) shifts the entire spectrum (video as well as frequency-modulated
audio) to the IF frequency. This signal is now amplified and envelope detected. The audio
signal is still of the frequency-modulated form with a carrier of 4.5 MHz. It is separated and
demodulated. The video signal is amplified. Synchronizing pulses are separated and applied
to the vertical and horizontal sweep generators. The video signal is clamped to the blanking
pulses (dc restoration) and then applied to the picture tube.

Bandwidth Considerations

The number of horizontal lines used in the United States is 495 per frame. The time required
for vertical retrace at the end of the scan is equivalent to that required for 30 horizontal lines.
Hence, each frame is considered to have a total of 525 lines,” out of which only 495 are active.
Images must be transmitted in a rapid succession of frames in order to create the illusion of
continuity and avoid the flicker and jerky motion seen in old Charlie Chaplin movies. Because
of the retinal property of retaining an image for a brief period even after the object is removed,
it is necessary to transmit about 40 images, or frames, per second. In television we transmit
only 30 frames per second in order to conserve bandwidth. To eliminate the flicker effect
caused by the low frame rate, scanning the 495 lines is done in two successive patterns. In the
first scanning pattern, called the first field, the entire image is scanned using only 247.5 lines
(solid lines shown in Fig. 4.30). In the second scanning pattern, or second field, the image is

Horizontal sweep Figure 4.32  Television video signal.

(a) t—

s s

Horizontal
synchronizing
pulse

Horizontal
blanking pulse

535 us———>] 10 ps —>

(b)

* In Europe, a total of 625 horizontal lines is used.
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Figure 4.33  (b) Television receiver.

scanned again by using 247.5 lines interlaced between lines of the first field (shown dotted in
Fig. 4.30). The two fields together constitute a complete image, or frame. Thus, in reality there
are only 30 complete frames per second, and a total equivalent of 525 x 525 x 30 = 8.27 x 10°
picture elements per second.” We can estimate the transmission bandwidth of a video signal
by observing that transmitting a video signal amounts to transmitting 8.27 x 10° pieces of
information (or pulses) per second. Hence, the theoretical bandwidth required is half this,
namely, 4.135 MHz (see Sec. 6.1.3).

# Actually, the ratio of the image width to the image height (aspect ratio) is 4/3. Hence the number of picture elements
will increase by a factor of 4/3. But this factor is almost canceled out because the scanning pattern does not aligh
perfectly with the checkerboard pattern in Fig. 4.29, thus reducing the resolution by a factor of 0.70 (the Kell factor)
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Video Spectrum

To begin with, consider a simiple case of transmission of a still image. The scanning procedure
discussed earlier is equivalent to scanning an array of the same image repeating itself in both
dimensions, as shown in Fig. 4.34a. The brightness level b for this figure is a function of x
(horizontal) and y (vertical) afid can be expressed as b(x, y). Because the picture repeats in
the x as well as the y dimension, b(x, y) is a periodic function of both x and y, with periods of
o and B, respectively. Hence, b(x, y) can be represented by a two-dimensional Fourier series
with fundamental frequencies 2/ and 27/ B, respectively, »

br, )= D0 ) Bumnexp [j o (% * %y)} 4.272)

M=-—00 n=—00

(a)

Ol_hl :I”(lll_)”(—wv Il”{“ll .ll!ll

@p 2wy, 3wy,

(b)

—

Figure 4.34 (a) Model for scanning process using doubly periodic image fields. (b) Spectrum of the
monochrome video signal.
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If the scanning beam moves with a velocity v, and v, in the x and y directions, respectively,
then x = vyt and y = v, and the video signal e(t) is

e(t) = Z Z B, €xXp ]:j2n (m%t + n%yt)} © (4.27b)

m=—00n=—00

But o/ is the time required to scan one horizontal line, and /vy is the time required to scan
the complete image,

o 1 B 1
— == and —_—=
v, 30(525) v, 30
and
o (o)
e(t) = Z Z By exp [j27(15,750m + 30n)¢] (4.27¢)

m=—00n=-00

The video signal is périodic with fundamentals f;, = 15.75 kHz (horizontal-sweep frequency)

and f, = 30 Hz. The harmonics are spaced at 15.75-kHz intervals, and around each harmonic
is clustered a satellite of harmonics 30 Hz apart, as shown in Fig. 4.34b.

This spectrum was derived for still-picture transmission. When motion or c.hange oceurs .
from frame to frame, b(x, y) will not be periodic, and the spectrum will not be a lme,spec.u'um, 2
but will have spreading or smearing. But empty spaces still exist between. harmon.lcs of
f» (15.75 kHz). We take advantage of these gaps to transmit the additional information of ..

a color television signal over the same bandwidth.

The FCC allows a 6-MHz bandwidth for television broadcasting, with the ﬁequency

allocations as shown in Table 4.1.

Table 4.1
TV Channel Frequency Assignments

Channel Number Frequency Band, MHz
VHF 2,3,4 54-72

VHF 5, 6 76-88

VHF 7-13 174216

UHF 14-83 470-890

Compatible Color Television (CCTV) .
All colors can be synthesized by mixing the three primary colors—blue, yellow, and red—in
the right amounts. In television, blue, green (the combination of blue and yellow), and red

are used instead for the practical reason of the availability of phosphors that glow with these

colors when excited by an electron beam. ‘ )

In color television cameras, the optical system resolves the image into three primary
color (red, green, and blue) images. A set of three camera tubes produces @ee Vid.eo signals
my(t), mg(t), and my(¢) from these images. We could transmit the .three video signals and
synthesize the color image at the receiver from the three signals. This, however, causes t'WO
difficulties. It requires three times as much bandwidth as that of monochrome (black-and- white)
television, and, second, it is not compatible with the existing monochrome system because 4
monochrome television will receive only one of the primary colors.
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These problems are solved by using signal matrixing. The information about m, (),
mg(t), and my(t) can be transmitted by three signals, each being a linear combination of
my(t), mg(t), and my(z), provided the three combinations are linearly independent. Thus, we
can transmit the signals my (¢), m;(¢), and mg(t) given by

m () = 0.30m,(t) + 0.59m,(¢) +0.11m, (7)
my(t) = 0.60m, (¢) + 0.28m, () — 0.32my (1)
mg(t) = 0.21m7 (1) — 0.52m,(¢) + 0.31my (1)

Signals m, (t), m,(t), and my(t) are normalized to a maximum value of 1 so that the amplitudes
of each of these signals lie in the range of 0 to 1. Hence, my (¢) is always positive, whereas
my(t) and m o (t) are bipolar. The signal m (f) is known as the luminance signal because it has
been found that this particular combination of the three primary-color signals closely matches
the luminance of the conventional monochrome video signal. Hence, a black-and-white set
need use only this signal for its operation.

The signals m;(¢) and m o (t) are known as the chrominance signals.* We could have
chosen some other combinations instead of m; (¢) and m o(t). But these particular combinations
are chosen because they use certain features of human color vision efficiently,” as explained
next.

Multiplexing Luminance and Chrominance Signals: The luminance signal my ()
is transmitted as a monochrome video signal occupying a bandwidth of 4.2 MHz. The
chrominance signals m;(¢) and m o(#) also have the same bandwidth (namely, 4.2 MHz
éach). Subjective tests have shown, however, that the human eye is not perceptive to changes
in chrominance (hue and saturation) over smaller arcas. This means we can cut out high-
frequency components without affecting the quality of the picture, because the eye would not
have perceived them anyway. This enables us to limit the bandwidths of the m () and mg(z)
to 1.6 and 0.6 MHz, respectively. The signal m; (¢) is further split into two components, m 5 (t)
and my(t) — myz(t). The high frequency component ;g (f) consists of the components of
m (1) inthe range of 0.6 to 1.6 MHz. The remaining low-frequency component m; (t) —m;z(¢)
consists of all the spectral components of r1;(¢) in the range of 0 to 0.6 MHz. Signals m o (#)
and m(t) — my (¢) are sent by QAM, whereas m;z (¢) is sent by LSB (Figs. 4.35 and 4.36).
The subcarrier has frequency® f,; = 3.583125 MHz. These spectra are generated as shown
in Figs. 4.35. We generate the DSB-SC spectrum of ;(z). This spectrum is the sum of the
DSB-SC spectra of both its components #2;z (¢) and m; (t) —m 5 (¢). This spectrum occupies a
band of 2 to 5.2 MHz. However, the bandpass filter (2 to 4.2 MHz) suppresses the USB portion

* These signals have an interesting interpretation in terms of the hue and the saturation of colors. Hue refers to the
color, such as red, yellow, green, blue, or any color in between. Saturation, or color intensity, refers to the purity of the
color. For example, a deep red has 100% saturation, but pink—which is a dilution of red with white—will have a lesser

amount of saturation. Saturation is given by . /m2(t) + sz (#); and hue is given by an angle tan ! [m o (£)/m(£)]. Each
color has 4 certain hue, or angle. For example, red, blue, and green are at angles of 19°, 136°, and 242°, respectively.
T fee = 227.5fy = 227.5 x 15.75 kHz = 3.583125 MHz. Thus, f,. lies midway between 227 fi and 228 f;. This
causes the chrominance signals’ spectra to be shifted to gaps midway between harmonics of fin (Fig.4.36d). In practice,
Jec is made slightly smaller than 227.5 f;, (f.. = 3.579545 MHz) to avoid an objectionable beat frequency with the

audio carrier,” which lies 4.5 MHz above the picture carrier. Because f, = f../227.5, f, = 15.7326 kHz, and the
field repetition frequency is actually 59.94 rather than 60.
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of myy (), leaving only the LSB spectrum of m ;g (¢) (Fig. 4.36). We still have the DSB-SC
spectrum for m () — my(¢). Thus, x;(¢) consists of an LSB for m ;4 (¢) and a DSB-SC for
my(t) —myy(t), and can be expressed as -

xp () = [mp(£) — myg (£)]cos weet + My (£) COS ot + My, (F) $in weet

LSB for myp ()

DSB(QAM) for 77 (1) —m 15 ()
= my(t) COS Wcct + myp, (t) Sin Wt

Moreover, the signal xg(t) = mg(f) sin w..(¢). Hence, the composite multiplexed signal
me(t) is

me(t) = mp(t) + mgo(t) sin weet + my(t) 08 wect + myp, (t) sin wect

In addition, a sample of the subcarrier (color burst) is added to this multiplexed signal for
frequency and phase synchronization of the locally generated subcarrier at the receiver. The
color burst is added on the trailing edge of the horizontal blanking pulse. This composite video
signal is now sent by VSB+C, as discussed in Sec. 4.6.

The Receiver: Because the CCTV system is required to be compatible with mono-
chrome receivers, let us see what happens if we apply the signal m,(f) to a monochrome

Low-pass
filter
0-4.2 MHz
my (1) my(t) :
Low-pass Bandpass xy(t) m(t) i
t 13 .
Camera 70 Matrixer my(t) filter —>—®—>— filter 3 ) ma
0-1.6 MHz 2-4.2 MHz
m, (1) mQ(l) xqft)
—m/2
Low-pass Bandpass
filter filter
0-0.6 MHz 3-4.2 MHz
Gate —
[ —
Horizontal
A cos wet (~ synchronization
Figure 4.35 Multiplexing luminance and chrominance signals.
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Figure 4.36  (a) Band occupied by mp (t). (b) Band occupied by 7.9 (#) sin w.t. (c) Bands occupied by
LSB of myp(¢) and DSB of m(t) — myy(2). (d) Interleaving of the chrominance and luminance signal
spectra.

receiver. It may seem necessary to remove the chrominance signals from m,, (¢) before applying
the signal to the picture tube. Fortunately, this is not necessary, because the interference of the

‘chrominance signals with the luminance signal, although present on the screen, is practically

invisible to the human eye. This happens because of the way chrominance signals are interlaced
in the frequency domain and because of the persistence of human vision that tends to average
out brightness over time as well as space.

The chrominance signal is superimposed on the luminance signal. Figure 4.37 shows
the nature of the chrominance signals. Recall that w,, = 227.5w;. During one horizontal
line, there will be 227.5 chrominance signal cycles. Hence, the chrominance signal changes
continuously from positive to negative and vice versa in the horizontal direction. In addition,
because there are 227.5 cycles in one line, if a chrominance signal begins with a positive cycle
in the beginning of a line, it will end with a positive cycle at the end of the line. The next
horizontal line will begin with a negative cycle of the chrominance signal (Fig. 4.37). Hence,
inany given frame, the chrominance signal not only reverses its phase along the horizontal (x)
direction but also reverses its phase along the vertical (y) direction (on the next horizontal line).
But this is not all. During one field, the chrominance signal completes 227.5 x 525 cycles, and
it returns to a given spot during the next field with opposite polarity. Hence, the chrominance
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signals reverse phase spatially (in the vertical and horizontal d.ire(.:tions) as Well as ten‘}porally
at any given spot. Because the human eye is not sensitive to rapid time variations o 1'ap1d.space
variations, it can notice only space and time averages. This makes the chrf)rmnance 51gna13
practically invisible to the human eye. Thus the color signal is compatible with an unmodified
monochrome receiver.

Demultiplexing: In a color receiver the received signal is demodulated exactly as in
{he monochrome case. This yields ., (¢). This signal must now be demuitiplexed to separate
my(t), my(t), and mo(t). The demultiplexing is shown in Fig. 4.38. The output of the 4.2-
MHz filter contains m (¢), as well as modulated m;(¢) and mq(t) (Fig. 4.36?. B'e.cause of the
frequency interlacing discussed earlier, however, these signals are practically invisible. Hen'(;e’
the output of the 4.2-MHZz filter serves the function of my (¢). Next we demodulate m,(#) using
carriers in phase quadrature. To determine the various signals in Fig. 4.38, we observe th.at
the signal z(¢) in Fig. 4.38 consists of modulated m;(¢) and mo(f), plus the part of myp(t) in

Then,
2(t) = myp(t) + mo(e) sin et + my(t) cos weet + myp, (1) sin Occt

Hence,

x1(7) = 2mp g () cOS Wt + Mo (t) sin 2wect +my (1 4 cos 2w.t) + myg, () s10 2wt

The double-frequency terms will be suppressed by the bandpass filter. In addition, the signal

2m g (t) cos w.t will be invisible because of the frequency-interlacing effect. This is because

the spectrum of this signal is the spectram of m (¢) shifted to we. = 227.5wy, and it will become
invisible because of the frequency interlacing discussed earlier. Hence, the filter outplit o.f the
0- to 1.6-MHz filter yields m;(¢). Similarly, the output of the 0- to 0.6-MHz filter” yields

X

Intensity

e

X
\
\
X
\
\
X
\
\
~J

First field

{\
\
\
\
\
(N
\
\
\
\
X
\
\
\

————Second field

Figure 437 Temporal and spatial phase reversals of chrominance signals.

* This filter will suppress m (t), whose components lie in the range of 0.6 to 1.6 MHz.

the band of 2 to 4.2 MHz. Let us denote this high-frequency component of mr (¢) by mru(r). . !
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Figure 4.38 - Color television receiver.
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mg(t). The three signals my (¢), m;(t), and mg(z) are then matrixed to obtain m,(¢), m,(2),
and m(2).

A color carrier is generated using PLL. For this purpose we separate the color burst
(Fig. 4.38) and apply it to a PLL whose output is the locally generated carrier that tracks the
color burst. The phase of the locally generated carrier is adjustable. This is called tint control.
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4.2-1 For each of the following baseband signals: (i) m(f) = cos 1000z; (ii) m(t) = 2cos 1000z +
c0s 2000¢; (iii) m(¢) = cos 1000z cos 3000z:

(a) Sketch the spectrum of m(z).
(b) Sketch the spectrum of the DSB-SC signal m(¢) cos 10,000z.
(c) Identify the upper sideband. (USB) and the lower sideband (LSB) spectra.

(d) Identify the frequencies in the baseband, and the corresponding frequencies in the DSB-SC,
USB, and LSB spectra. Explain the nature of frequency shifting in each case.

4.2-2 Repeat Prob. 4.2-1 [parts (a), (b), and (c) only] if: (i) m(¢) = sinc (100z); (ii) m (@) = e VI; (i)
m(t) = e~"~1. Observe that e~ js ¢~ delayed by 1 second. For the last case you need to
consider both the amplitude and the phase spectra.

4.2-3 RepeatProb. 4.2-1 [parts (), (b), and (c) only] for m(r) = e~"! if the carrier is cos (10,000¢ — /4).
Hinr: Use Eq. (3.36).

4.2-4 You are asked to design a DSB-SC modulator to generate a modulated signal km(#) cos w,f,
where m(t) is a signal band-limited to B Hz. Figure P4.2-4 shows a DSB-SC modulator available
in the stock room. The carrier generator available generates not cos w,z, but cos® w.z. Explain
whether you would be able to generate the desired signal using only this equipment. You may use
any kind of filter you like.

(a) What kind of filter is required in Fig. P4.2-4?

(b) Determine the signal spectra at points b and ¢, and indicate the frequency bands occupied by
these spectra. i

(c) What is the minimum usable value of w,?
(d) Would this scheme work if the carrier generator output were cos? w,? Explain.

(e) Would this scheme work if the carrier generator output were cos” w,t for any integer n > 27

M(w)

m(z) km(t) cos w_t
Filter

@ ® ©

cos® ot

(@
Figure P4.2-4

4.2-5 You are asked to design a DSB-SC modulator to generate a modulated signal km (¢) cos w,t with
the carrier frequency f. = 300 kHz (&, = 27 x 300, 000). The following equipment is available
in the stock room: (i) a signal generator of frequency 100 kHz; (ii) a ring modulator; (iii) a bandpass
filter tuned to 300 kHz.

(a) Show how you can generate the desired signal.

(b) If the output of the modulator is km(¢) cos w,t, find k.
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o~ L o-
2 »i 2 _
O & 1
R COs ¢ f~~— Slope L
o e,(f) r
_ —,
@ (W]
Figure P4.2-6

4.2-6 InFig. P4.2-6, the input ¢ (£) = m(z), and the amplitude A > |¢(z)|. The two diodes are identical
with a resistance » ohms in the conducting mode and infinite resistance in the cutoff mode. Show
that the output e, (¢) is given by

2R
et) = o g w(t) m(z)
J

where w(t) is the switching periodic signal shown in Fig. 2.22a with period 27/ W, seconds.
(a) Hence, show that this circuit can be used as a DSB-SC modulator.
(b) How would you use this circuit as a synchronous demodulator for DSB-SC signals.

4.2-7 In Fig. P4.2-6, if ¢(z) = sin (w.t + 6), and the output ey(?) is passed through a low-pass filter,
then show that this circuit can be used as a phase detector, that is, a circuit that measures the phase
difference between two sinusoids of the same frequency (w,). Hins: show that the filter output is
a dc signal proportional to sin 6.

4.2-8 Two signals m, (¢) and m,(z), both band-limited to 5000 rad/s, are to be transmitted simultaneously
over a channel by the multiplexing scheme shown in Fig. P4.2-8. The signal at point b is the
multiplexed signal, which now modulates a carrier of frequency 20,000 rad/s. The modulated

- signal at point ¢ is transmitted over a channel.

(a) Sketch signal spectra at points a, b, and c.
(l}) ‘What must be the bandwidth of the channel?
(c) Design a receiver to recover signals 71, (t) and m;(¢) from the modulated signal at point c.

my(8)

5000 w-> 3

mylt) ®
a
2 cos 20,000¢

2 cos 10,0007

Figure P4.2-8

429 System shown in Fig. P4.2-9 is used for scrambling audio signals. The output y(¢) is the scrambled
version of the input m ().
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(a) Find the spectrum of the scrambled signal y(?).
(b) Suggest a method of descrambling y(t) to obtain m(?).

A slightly modified version of this scrambler was first used commercially on the 25-mile radio-
telephone circuit connecting Los Angeles and Santa Catalina island.

M) Low-pass (1)
2R ol [
# T _ 7

2 cos 30,0007

(Scrambled output)

Figure P4.2-9

) cos (2ﬂ)106t. The carrier frequeﬁcy of this signal, 1 MHz, is

-SC si is given by m(z
4.2-10 A DSB-SC signal is given by m(; s i

: i ilable is one ring modul
to be changed to 400 kHz. The only equipment availal !
centered at the frequency of 400 kHz, and one sine wave generator whose frequency can be varied

from 150 to 210 kHz. Show how you can obtain the desired signal cm(f) cos (2 x 400 x 10%)
from m(t) cos (2m) 106¢. Determine the value of c.

4.3-1 Figure P4.3-1 shows a scheme for coherent (synchronous) demodulation. Show that this scheme
can demodulate the AM signal [A + m(£)] cos wct regardless of the value of A.

de Output

A+ m(tj] cos .t

Low-pass
filter blocker

Cos w.t

Figure P4.3-1

¢ for the periodic triangle signal m () showninFig.P4.3-2

. e s . :
4.3-2 Sketch the AM signal [A+m(¢)] cos o, e Ve o ;

corresponding to the modulation index: (@ p=0.5; () p
you interpret the case u = 00?

7 \/ ~
t—>

Figure P4.3-2

-10

4.3-3 For the AM signal in Prob. 4.3-2 with ;1 = 0.8:
(a) Find the amplitude and power of the carrier.
(b) Find the sideband power and the power efficiency 7.

4.3-4 (a) Sketch the DSB-SC signal corresponding to m(t) = cos 27t
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(b) This DSB-SC signal m() cos w, is applied at the input of an envelope detector. Show that
the output of the envelope detector is not m(t), but |m(z)|. Show that, in general, if an AM
signal [A + m(t)] cos .t is envelope-detected, the output is |A + m(¢)|. Hence, show that the
condition for recovering m(r) from the envelope detector is A + m(¢) > 0 for all 7.

4.3-5 Show that any scheme that can be used to generate DSB-SC can also generate AM. Is the converse
-~ true? Explain.

4.3-6 Show that any scheme that can be used to demodulate DSB-SC can also demodulate AM. Ts the
converse true? Explain.

4.3-7 In the text, the power efficiency of AM for a sinusoidal m(z) was found. Carry out a similar
analysis when m(¢) is a random binary signal as shown in Fig. P4.3-7 and & = 1. Sketch the AM
signal with © = 1. Find the sideband’s power and the total power (power of the AM signal) as
well as their ratio (the power efficiency 7).

A L —
' T T t >
-A
Figure P4.3-7

4.3-8 In the early days of radio, AM signals were demodulated by a crystal detector followed by a
low-pass filter and a dc blocker, as shown in Fig. P4,3-8. Assume a crystal detector to be basically
a squaring device. Determine the signals at points &, b, ¢, and d. Point out the distortion term in
the output y(z). Show that if A 3> [m(z)|, the distortion is small.

dam(®) P70} 0

— ) Low-pass de block

@ i @ filter @ | @

Figure P4.3-8

4.4-1 Ina QAM system (Fig. 4.14), the locally generated carrier has a frequency error Aw and a phase
error §; that is, the receiver carrier is cos [(w. + Aw)r + 81 or sin [(w, + Aw)t + §]. Show that
the output of the upper receiver branchis

my(t) cos [(Aw)t + 81 — ma(¢) sin [(Aw)t + 8]
instead of m (), and the output of the lower receiver branch is
m(t) sin [(Aw)t + 8] + my(r) cos [(Aw)t + 8]
instead of m,(¢).
4.5-1 A modulating signal m(¢) is given by:
(a) m(t) = cos 100¢

(b) m(t) = cos 100t + 2 cos 300¢
(¢) m(t) = cos 100z cos 5007

In each case:
(i) Sketch the spectrum of m(z).
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(i) Find and sketch the spectrum of the DSB-SC signal 2m(t) cos 1000z.
(jii) From the spectrum obtained in (if), suppress the LSB spectrum to obtain the USB spectrum,
(iv) Knowing the USB spectrum in (ii), write the expression @y (1) for the USB signal.

(v) Repeat (iii) and (iv) to obtain the L.SB signal ¢, g (7).

4.5-2 Forthe signals ini Prob. 4.5-1, determine ¢, (£) and @y (£) using Eq. (4.17) if the carrier frequency
. = 1000. Hint: If m(¢) is a sinusoid, its Hilbert transform my (¢) is the sinusoid m(¢) phase-
delayed by .7 /2 rad.

4.5-3 Find ¢, (1) and @ (7) for the modulating signal m() = B sinc (27 Bt) with B = 1000 anq
carrier frequency @, = 10, 0007r. Follow these do-it-yourself steps:

(a) Sketch spectra of m(¢) and the corresponding DSB-SC signal 2m(t) cos w.t.
(b) To find the LSB spectrum, suppress the USB in the DSB-SC spectrum found in (a).

(c) Find the LSB signal ¢, ; (), which s the inverse Fourier transform of the LSB spectrum found 4
in part (b). Follow a similar procedure to find @yg, (1)-. - :

4.5-4 Tf m; (¢) is the Hilbert transform of m (z), then show that the Hilbert transform of my, () is —m(z).

" (This shows that the inverse Hilbert transform operation isidentical to the direct Hilbert transform

operation with a negative sign.) Show also that the energies of m(¢) and m;, (¢) are identical. Hint:

The Hilbert transform of m(¢) is obtained by passing m(z) through a transfer function H (),

whose amplitude and phase responses are shown in Fig. 4.17. The Hilbert transform of the Hilbert
transform of m(z) is obtained by passing m(t) through H () in cascade with H (w).

4.5-5 An LSB signal is'demodulated synchronously, as shown in Fig. P4.5-5. Unfortunately, the local

carrier is not 2 cos w,f as required, but is 2 cos [(w, + A@)r + 8): Show that: f

(2) When 8 = 0, the output y(z) is the signal m (¢) with all its spectral components shifted (offset)
by Aw. Hint: Observe that the output y(?) is identical to the right-hand side of Eq. (4.17a)
with , replaced with Aw. A

(b) When Aw = 0, the output is the signal m () with phases of all its spectral components shifted
by 8. Hint: Show that the output spectrum ¥ (w) = M (w)e?® for > 0, and equal to M (w)e ™
when w < 0.

In each of these cases, explain the nature of distortion. Hint: For (a), demodulation consists of
shifting an LSB spectrum to the left and right by o, + Aw, and low-pass filtering the result. For
part (b), use the expression (4.17b) for ¢, i (¢) and multiply it by the local carrier 2 cos (w.f +6),
and low-pass filter the result. b

PrsB() Low-pass o
- filter

2 cos [(w, + Aw)t + 8]
Figure P4.5-5 ’
. )
4.5-6 AnUSB signal is generated by using the phase-shift method (Fig. 4.20). If the input to-this systel’ll'/: i

is my, (7) instead of 7 (z), what will be the output? I' this signal still an SSB signal with bandwidth |
equal to that of m(#)? Can this signal be demodulated [to get back m(t)]? If so, how? i
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4.6-1 A vestigial filter H;(w) shown in the transmitter of Fi g. 4.22 has a transfer function as shown in

F%g. P4.6-1. The caqier frequency is f, = 10 kHz and the baseband signal bandwidth is 4 kHz.
Find the corresponding transfer function of the equalizer filter H,(w) shown in the receiver of

Fig. 4.22.
Hiy(w)
2 4

1_.

f kHz —

Figure P4.6-1"

4.8-1 A transmitter transmits an AM signal with a carrier frequency of 1500 kHz. When an inexpensive

4.8-2

radiq recci.ver (which has a poor selectivity in its RF-stage bandpass filter) is tuned to 1500 kHz,
the signal is heard loud and clear. This same signal is also heard (not as strong) at another dial

setting. State, with reasons, at what frequency you will hear this stati i
455 kHz. e s station. The IF frequency is

Consider a superheterodyne receiver designed to.receive the frequency band of 1 to 30 MHz with
IF fljequency 8 MHz. What is the range of frequencies generated by the local oscillator for this
ref:ewer? An incoming signal with carrier frequency 10-MHz is received at the 10 MHz setting. At
this setting of the receiver we also get interference from a signal with some other carrier frequency

if the receiver RF stage bandpass filter has poor selectivity. What is the carrier frequency of the
interfering signal?
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the information content of m(¢) is in the amplitude variations of the carrier. Because

a sinusoidal signal is described by amplitude and angle (which includes frequency and

In AM signals, the amplitude of a carrier is thodulated by a signal m(¢), and, hence,
varying the angle of the

phase), there exists a possibility of carrying t.he same information by
carrier. This chapter explores such a possibility.

A Historical Note

In the twenties, broadcasting was in its infancy. However, t.here was ?. constant. se:lr(;h g)r
techniques that will reduce noise (static). Now, since the noise power 18 proportional to the

modulated signal bandwidth (sidebands), the attempt was focused on finding a mf)dulatloré .
that will reduce the bandwidth. It was rumored that a new method had been dlscove're :
h!). The idea of frequency modulation ..
d in proportion to the message m(t),

scheme ¢ r
for eliminating sidebands (no sidebands, no bandwm.lt
FM), where the carrier frequency would be varie: : - mes
;ppeared quite intriguing. The carrier frequency w(t) would be v?ned with tlrpe S0 tthhat
w(t) = .+ km(t), where k is an arbitrary constant. If the peak amplitude of m(¢) is m,, then
the maximum and minimum values of the carrier frequency would be o, +km, and @,
respectively. Hence, the spectral components w 1
2k51 » centered at w,. The bandwidth is controlled by the arbitrary constant k, whose value
can be selected as we please. By us e coule.
bandwidth arbitrarily small. This was a passport to communication heav

cases, its bandwidth was several times that of AM. Where is.the fallacy in this reasonin
shall soon find out.

5.1 CONCEPT OF INSTANTANEOUS FREQUENCY

sation of
By definition, a sinusoidal signal has a constant frequency,_and, henc.e', the va:r_xa'ﬂonidill .
frequency with time appears to be contradictory to the conventional definition of a sinusoidal -

208

http://jntu.blog.com

—kmy,
ould remain within this band with a bandwidth -

ing an arbitrarily small £, we could make the information - |
en. Unfortunately, :
the experimental results showed that something was seriously wrong somewhere. The FM .}

2 idth. In some -
bandwidth was found to be always greater than (at best equal to) the AM bandwil W
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signal frequency. We must extend the concept of a sinusoid to a generalized function whose
frequency may vary with time.

In FM we wish to vary the carrier frequency in proportion to the modulating signal m(z).
This means the carrier frequency is changing continuously every instant. Prima facie, this
does not make much sense because to define a frequency, we must have a sinusoidal signal at
least over one cycle (or a half-cycle or a quarter-cycle) with the same frequency. This problem
reminds us of our first encounter with the concept of instantaneous velocity in our beginning
mechanics course. Until that time, we were used to thinking of velocity as being constant over
an interval, and we were incapable of even imagining that velocity could vary at each instant.
But with some mental struggle, the idea gradually sinks in. We never forget, however, the
wonder and amazement that was caused by the idea when it was first introduced. A similar
experience awaits the reader with the concept of instantaneous frequency.

Let us consider a generalized sinusoidal signal ¢(z) given by

o(t) = Acos 6(r) 5.1

where 0(¢) is thie generalized angle and is a function of ¢. Figure 5.1 shows a hypothetical
case of 0(¢). The generalized angle for a conventional sinusoid A cos(w.z + 6y) is w.t + 6.
This is a straight line with' a slope w. and intercept 6, as shown in Fig. 5.1. The plot of 6(z)
for the hypothetical case happens to be tangential to the angle (w.f -+ 6;) at some instant .
The crucial point is that over a small interval At — 0, the signal ¢(¢) = A cos 6(¢) and the
sinusoid A cos (w .t + 6y) are identical; that is,

o) =Acos (wt+6) h<t<p

We are certainly justified in saying that over this small interval At, the frequency of ¢(¢) is
@.. Because (w.t + ) is tangential to 0(z), the frequency of ¢(¢) is the slope of its angle
6(z) over this small interval. We can generalize this concept at every instant and say that the
instantaneous frequency ; at any instant 7 is the slope of 6(¢) at ¢. Thus, for ¢(z) in Eq. (5.1),

o
w () = (5.2a)

o0(t) = ft w;(a) do (5.2b)

o0

Now we can see the possibility of transmitting the information of m (#) by varying the angle 8 of
acarrier. Such techniques of modulation, where the angle of the carrier is varied in some manner
with a modulating signal m(¢), are known as angle modulation or exponential modulation.
Two simple possibilities are: phase modulation (PM) and frequency modulation (FM). In
PM, the angle 6(¢) is varied linearly with m(z):

0() = wet + 6o + kpm(z)

where k), is a constant and ®, is the carrier frequency. Assunﬁng 6y = 0, without loss of
generality,

0(t) = wct + kym(t) (5.32)
The resulting PM wave is
opm(t) = Acos [t + k,m(2)] (5.3b)
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Figure 5.1  Concept of instantaneous freunnw

o}

The instantaneous frequency w; (¢) in this case is given by
do .
wi(t) = - =0+ kprn(t) (5.3¢)

Hence, in PM, the instantaneous frequency w; varies linearly with the derivative of the

modulating signal. If the instantaneous frequency w is varied linearly with the modulating :

signal, we have FM. Thus, in FM the instantaneous frequency o; is

w; () = o, + kem () : (5.40)
where ky is a constant. The angle 6(¢) is now
‘ t
6(t) = f [w + ksm ()] da -
—oo \
:
= wct + kf / m(a) do . (54b)
—00

Here we have assumed the constant term in 6(¢) to be zero without loss of genera]it}f. The FM

wave is ‘ ;
t £y
opm(t) = A cos |:th + kf] m(a) d(x] (B4

—00

Generalized Concept of Angle Modulation o
From Egs. (5.3b) and (5.4c), it is apparent that PM and FM are not gnly very similar bl{t are
inseparable. Replacing m(z) in Eq. (5.3b) with J m(t) changes PM into FM. Thus, a signal

that is an FM wave corresponding to m(¢) is also the PM wave corresponding to f m(fx) da :
(Fig. 5.2a). Similarly, a PM wave corresponding to m(r) is the FM wave corr_e:qundlng to .
m(t) (Fig. 5.2b). Therefore, by looking at an angle-modulated carrier, there is no way of
telling whether it is FM or PM. In fact, it is meaningless to ask an angle-modulated wave. |
whether it is FM or PM. An analogous practical situation would be to ask a person (who 4
married, with children) whether he is a father or a son. The person would be puzzled because

he is both, a father (of his child) and a son (of his father).

m(t)
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m(t) Jm(e)da Phase erm(?)
- modulator
Frequency modulator
(C))
m(e) - d m(?) Frequency wpm(t)
dt modulator
—J
Phase modulator
(b)

Figure 5.2 Phase and frequency modulation are inseparable.

Equations (5.3b) and (5.4c) show that in both PM and FM the angle of a carrier is varied
in proportion to some measure of m(z). In PM, it is directly proportional to m(z), whereas in
FM, it is proportional to the integral of m(¢). But why should we limit ourselves only to these
cases? We have an infinite number of possible ways of generating a measure of m(t). If we
restrict the choice to a linear operator, then a measure of m(#) can be obtained as the output
of a suitable linear (time-invariant) system with m(¢) as its input, as shown in Fig. 5.3. The
system transfer function is H (s) and its impulse response is 4 (¢). The output of this system,
¥ (), is a measure of m(¢). This is a reversible operation; that is, () can be recovered from
¥ () by passing it through a system of the transfer function 1/ H (s).

The generalized angle-modulated carrier ¢gwm (7) can be expressed as

vem(t) = A cos[wct + ¥ ()] (5.5a)
B = A cos [wct +/ m(a)h(t — @) dail (5.5b)

If h(t) = k,4(z), this equation reduces to Eq. (5.3b), and we have the conventional PM.
Similarly, if h(¢) = kru(z), the equation reduces to Eq. (5.4¢), resulting in conventional FM.
Now, FM and PM are just two possibilities (out of an infinite number.) We shall see later that
the optimum performance system is neither FM nor PM, but something else, depending on the
modulating signal spectrum and the channel characteristics.

The generalized angle modulation concept is useful because it shows the convertibility
of one type of angle modulation (such as PM) to another (such as FM). This is quite clear from
Fig. 5.2. For instance, we show later that the bandwidth of FM is approximately 2k;m,,, where
m,, is the peak amplitude of m(z). We can derive the equivalent result for PM by referring to
Fig. 5.2b, which shows that PM is actually the FM when the modulating signal is 7(¢). Clearly,
the bandwidth of PM is approximately 2k,m,,, where m,, is the peak amplitude of 7(t). This

H(s)

yn)= _f m(e)h(t — o) do 1 m(e) Eigure 5.3  Generalized exponential modula-
on.
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shows that if we analyze one type of angle modulation (such. as FM), we can rea.dﬂ)lz:f/}(tend
those results to any other kind. Historically, the angle moc.lulatlop congept began glt o ,d and
in this chapter we shall primarily analyze FM, with occasional d}scussmn of PM. But ! is does
not mean that EM is superior to other kinds of angle m‘odulatmn. On the c_ontr:llty, dor I.Il()st
practical signals, PM is superior to FM. Actually, the optimum performance is re 1z§ neither
by something in between. :

> PMTr}ll(i)sr 213;511\545,1::11 tzﬂss; shows thit we need not discuss methods of generation and demod- -
ulation of each type of modulation. From Fig. 5.2, it is clear that PM can be genf;rated by.an :
FM generator, and FM can be generated by a PM generator. On(? of the methods o dgenera.tmg
FM in practice (the Armstrong indirect-FM system) actually integrates m() and uses it to
phase-modulate a carrier (see Fig. 5.6).

Sketch FM and PM waves for the modulatiri};I signal m(z) shown in Fig. 5.%a. The constants
ky and k;, are 27 X 10° and 107, respectively, and the carrier frequency f. is 100 MHz.

ExAMPLE 5.1

210)

O / \/ @ \/ 20,000 ‘ © )
~ N |
- %

Figure 5.4 FM and PM waveforms.

For FM:
w; = o + kem(t)

in hertz). The instantaneous frequency fiis
ks
fi=f+ E;m(t)

=10% + 10°m(2)

Dividing throughout by 27, we have the equation in terms of the variable f (frequency ‘

(F)min = 108 +10° [m ()] = 99-9 MHz
(f)max = 108 4 10° [m(8)Imax = 100.1 MHz

5.1 Concept of Instantaneous Frequency 213

Because m(¢) increases and decreases lincarly with time, the instantaneous frequency
increases linearly from 99.9 to 100.1 MHz over a half-cycle and decreases linearly from
100.1 to 99.9 MHz over the remaining half-cycle of the modulating signal (Fig. 5.4b).

For PM: PM for m(t) is FM for . (¢). This also follows from Eq. (5.3c).
kp

=10°+5m(r)
(Fdmin = 108 4+ 5 [ (6) ]y = 108 — 10° = 99.9 MHz
(F)max = 10® + 5 [17(£) Jjpax = 100.1 MHz

Because m(¢) switches back and forth from a value of —20,000 to 20,000, the carrier

frequency switches back and forth from 99.9 to 100.1 MHz every half-cycle of 71(z), as
shown in Fig. 5.4d.

This indirect method of sketching PM [using 7z(¢) to frequency-modulate a carrier]
works as long as m(t) is a continuous signal. If m(¢) is discontinuous, #2(z) contains impulses,

and this. method fails. In such a case, a direct approach should be used. This is demonstrated
in the next example.

EXAMPLE 5.2 Sketch FM and PM waves for the digital modulating signal m(¢) shown in Fig. 5.5a. The

constants ky and k, are 27 x 10° and 7/2, respectively, and f, = 100 MHz.

20 /’ | 0 T T i
1 @ L l O l

© 100 MHz

Figure 5.5 FM and PM waveforms.

For FM:

fi=fo+ k—fm(t) =108 + 10°m()
2

http://jntu.blog.com
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Because m(t) switches from 1 to —1 and vice versa, the FM wave-frequency switcheg
back and forth between 99.9 MHz and 100.1 MHz, as shown in Fig. 5.5b. This scheme

of carrier frequency modulation by a digital signal (Fig. 5.5b) is called frequency-shif; -

keying (FSK) because information digits are transmitted by shifting the carrier frequency
(see Sec. 7.8). .

For PM:
]. = fe+ : ”.Z(t) = 108 =+ 1)7’1(1)
' ¢ 2w 4

The derivative 7i(z) (Fig. 5.5¢) contains impulses of strength &2, and it is not immediately
apparent how an instantaneous frequency can be changed by an infinite amount and thep
changed back to the original frequency in zero time. Let us consider the direct approach;

opm(t) = A cos[wet + kpym(2)]

= A cos [a)ct + g-m(t)]

A sin w.t when m(z) = —1 \\\
—A sin w.t when m(t) =1

This PM wave is shown in Fig. 5.5d. This scheme of carrier PM by a digital signal is
called phase-shift keying (PSK) because information digits are transmitted by shifting
the carrier phase. Note that PSK may also be viewed as a DSB-SC modulation by m(t).

The PM wave @py;(£) in this case has phase discontinuities at instants where impulses

of m(¢t) are located. At these instants, the carrier phase shifts by 7 instantaneously. A -

finite phase shift in zero time implies infinite instantaneous frequency at these instants.
This agrees with our observation about m(f).

The amount of phase discontinuity in @py(¢) at the instant where m(z) is discon-
tinuous is k,my, where my is the amount of discontinuity in m(z) at that instant. In the
present example, the amplitude of m(¢) changes by 2 (from —1 to 1) at the discontinuity.
Hence, the phase discontinuity in gpm(2) is kymg = (7r/2) x 2 = 7 rad, which confirms
our earlier result. : )

‘When m(z) is a digital signal (as in Fig. 5.5a), gpn(#) shows a phase discontinuity

where m(t) has a jump discontinuity. We shall now show that in such a case the phase - :

deviation k,m(¢) must be restricted to a range (—m, ) in order to avoid ambiguity in
demodulation. For example, if k, were 37/2 in the present example, then

37
@pm(t) = A cos |:th + Tm(t):l

In this case %M(t) = Asinw.t when m(f) = 1 or —1/3. This will certainly cause |
ambiguity at the receiver when A sinw,t is received. Such ambiguity never arises if

k,m(t) is restricted to the range (—x, 7).

What causes this ambiguity? When m(#) has jump discontinuities, the phase of : |
epm(?) changes instantaneously. Because a phase ¢, + 2n7 is indistinguishable from the
phase ,, ambiguities will be inherent in the demodulator unless the phase variations are "5_"
limited to the range (—, #). This means &, should be small enough to restrict the phase

change k,m(t) to the range (—7, 7).
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No such restriction on k, is required if m(¢) is continuous. In this case the phase
change is not instantaneous, but gradual over a time, and a phase @, + 2n7 will exhibit n
additional carrier cycles over the case of phase of only ¢,. We can detect the PM wave by
using an FM demodulator followed by an integrator (see Prob. 5.4-1). The additional 7
cycles will be detected by the FM demodulator, and the subsequent integration will yield
aphase .2nrr. Hence, the phases ¢, and ¢, 4 2n7 can be detected without ambiguity. This
conclusion can also be verified from Example 5.1, where the maximum phase change
Ap = 107.

Because a band-limited signal cannot have jump discontinuities, we can say that
when m(t) is band-limited, &, has no restrictions.

Power of an Angle-Modulated Wave

A]though the %Jlstantaneous frequency and phase of an angle-modulated wave can vary with
time, the amplitude A always remains constant. Hence, the power of an angle-modulated wave
(PM or FM) is-always A2/2, regardless of the value of kp or ky.

5.2 BANDWIDTH OF ANGLE-MODULATED WAVES

In order to determine the bandwidth of an FM wave, let us define

a(t) = /r m(a) da (5.6)
and h
Pem(r) = A eleetHhra®) _ 4 ikse() it ‘ (5.72)
Now
¢rm(t) = Re Prvi(t) (5.7b)

Expanding the exponential ¢/%*®) in Eq. (5.7a) in power series yields

, o B B |

Pem(®) = A | 1+ jkra(t) — 314 ®+--+ j”;a"(t) +oen | @7t (5.82)
and

¢rm(?) = Re [@pm(1)]
kf K

= A | cosw.t — kpa(t) sin et — 5az(z) cos .t + 3~f’a3(t) sinw,t + - - } (5.8b)

The modulated wave consists of an unmodulated carrier plus various amplitude-modulated

terms, such as a(¢) sin wz, a%(t) cos w,z, a’(t)sinwt, .... The signal a(z) is an integral of
m(t). If M(w) is band-limited to B, A(w) is also band-limited* to B. The spectrum of a?(r)

* This i's becaust", integration is a linear operation equivalent to passing a signal through a transfer function 1 Jio.
Hence, if M(w) is band-limited to B, A(w) must also be band-limited to B.

http://jntu.blog.com
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. . . of @(f) ;
is simply A(w) * A(w)/27 and is band-limited to 2B. Similarly, the spectrum ®) is

band-limited to nB. Hence, the spectrum consists of an unmodulated carrier plus spectra of -+

a(t) a*@), ..., a*(), ..., centered at . Clearly, the modulated wave is not ‘!_Jand-lirpjted.
It he;s an ini,inite bandwidth and is not related to the modulating-signal spectrum in any simple

the case in AM. o
" a.ZI\):;(jugh the theoretical bandwidth of an FM wave is infinite, we shall see that most of

the modulated-signal power resides in a finite bandwidth. There are two distinct possibilities
in terms of bandwidths—narrow-band FM and wide-band FM.

row-Band Angle Modulation o N '
g;fke AM, angle mod%lation is nonlinear. The principle of superposition does not apply. This

may be verified from the fact that
A cos {w.t + kylai(t) +ax(®)]} # A cos [wt + krar ()] + A cos[wct + krax ()]

The principle of superposition does not hold. If, however, kf is very small (that is, if ‘kfa(t)‘
« 1), then all but the first two terms in Egq. (5.8) are negligible, and we have

oru(t) = Alcos ot — kra(t) sin wt] 59

This is a linear modulation. This expression is similar to that.’of the AM wav;.. Because tl;le
bandwidth of a(¢) is B, the bandwidth of g (¢) in Eq. (5.9) is only 2B. For this reason, the

case ([kpa(t)] < 1) is called narrow-band FM (NBFM). The narrow-band PM (NBPM)

case is similarly given by

epm(t) = Alcos wct — kpm(2) sin w,t] (5.10)

A comparison of NBFM [Eq. (5.9)] with AM [Eq. (4.8a)] brings out clea_rly the similar.l;;ic]:)s ax‘ljd ]
differences between the two types of modulation. Both cases have a carrier term and sidebands "

centered at £ w,. The modulated-signal bandwidths are identical (viz., 2B). The sideband

spectrum for FM has a phase shift of 77/ 2 with respect to the carrier, whereas that of AMisin

phase with the carrier. It must be remembered, however, that deispite apparent sinul?tnnes,fi
AM and FM signals have very different waveforms. In an AM signal, the frequefncy is Cf)IlS md
and the amplitude varies with time, whereas in an FM signal, the amplitude is constant anc¢
the frequency varies with time.

i i hod of generating narrow-band FMand .
uations (5.9) and (5.10) suggest a possible met . ‘ ; -
PM Si};r(llals by using DSB-SC modulators. The block-diagram representation of such systems. .

is shown in Fig. 5.6.

Wide-Band FM (WBFM): The Fallacy Exposed

If the deviation in the carrier frequency is large enough. [i.e., if the constgnt ks tx; chhio;eel;
large enough so that the condition |kfa(t)7[ « 1 is not satisfied], we cannot ignore the nighet .

order terms in Eq. (5.8b), and the preceding analysis becomes too complicated to lead to a

fruitful solution. We shall take here the route of the pioneers, who by th.eir intuitivelz]fﬂslmpillel
reasoning came to grief in estimating the FM bandwidth. If we Cf)l]ld discover t.he f: ag}l;M 1
their reasoning, we would have a chance of obtaining a better estimate of the wide-ban .

bandwidth.

Consider an m (¢) that is band-limited to B Hz. This signal isv approximated by a sta\irct-'ala;et
signal 7(f), as shown in Fig. 5.7a. The signal m(¢) is now approximated by pulses of cons

-
m(t)
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DSB-SC
modulator

/2

R —Aksa(t) sin wy
—Ak,m(t) sin w NBPM a(| psB-sC NBFM
m(t) . modulator
—A sin ot
A cos w,t
(2) (b)

Figure 5.6 Narrow-band PM and FM wave generation.
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amplitudes. For convenience, each of these pulses will be called a “cell.” It is relatively easy
to analyze FM corresponding to 77:(f) because it has constant amplitudes. To ensure that 77 (¢)
has all the information of m(¢), the cell width in #(¢) must be no greater than the Nyquist
interval of 1/2B seconds. Thus, m(z) is approximated by constant-amplitude pulses (cells) of
width T = 1/2B seconds. Consider a typical cell starting at ¢ = #. This cell has a constant
amplitude m(#;). Hence, the FM signal corresponding to this cell is a sinusoid of frequency
¢+ kgm () and duration T = 1/2B, as shown in Fig. 5.7b. The FM signal for 71(¢) consists
of a sequence of such sinusoidal pulses corresponding to various cells of 71(z).

The FM spectrum for #i(¢) consists of the sum of the Fourier transforms of these
sinusoidal pulses corresponding to all the cells. The Fourier transform of a sinusoidal pulse
in Fig. 5.7b (corresponding to the kth cell) is a sinc function shown shaded in Fig. 5.7c (see
Example 3.12, Fig. 3.22d with T = 1/2B). Note that the spectrum of this pulse is spread out
on either side of its frequency w, +kgm(#;) by 27/ T = 4x B. Figure 5.7c shows the spectra of
sinusoidal pulses corresponding to various cells. The minimum and the maximum amplitudes
of the cells are —m,, and m,, respectively. Hence, the minimum and maximum frequencies
of the sinusoidal pulses corresponding to the FM signal for all the cells are w; — kym, and
wc + krmp, respectively. Moreover, the spectrum for each sinusoid spreads out on either
side of its frequency by 4w B rad/s, as shown in Fig. 5.7c. Hence, the maximum' and the
minimum significant frequencies in this spectrum are w, +kymy+47 B and o, —kym, —4n B,
respectively. The spectrum bandwidth is the difference 2ksmy, 4 8w B.

We can now understand the fallacy in the reasoning of the pioneers. The maximum
and minimum carrier frequencies are w, + kgm, and w. — krm,,, respectively. Hence, it was
reasoned that the spectral components must also lie in this range, resulting the FM bandwidth
of 2kgm,,. The implicit assumption was that a sinusoid of frequency w has its entire spectrum
concentrated at . Unfortunately, this is true only of the everlasting sinusoid because the
Fourier transform of such a sinusoid is an impulse at w. For a sinusoid of finite duration T
seconds, the spectrum is spread out on either side of w by 27 /T, as shown in Example 3.12.
The pioneers had missed this spreading effect.

The deviation of the carrier frequency is +k,m p- We shall denote the carrier frequency
deviation by Aw. Thus,

Aw =kmp (5.11)
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Figure 5.7  Estimation of FM wave bandwidth.

The carrier frequency deviation in hertz will be denoted by Af. Thus,
kym

27
The estimated FM bandwidth (in hertz) can be expressed as

Af =

1
ot = — (2ksm, + 87 B)
Bpy 27r( fMp

=2(Af +2B) -

The bandwidth estimate thus obtained is somewhat higher than the actual value beca;lse p
is the bandwidth correspdnding to the staircase approximation of m(z), not the actual m

the actual bandwidth is somewhat smaller than this
rder to make this midcoursé

which is considerably smoother. Hence, ‘ andw
value. Therefore, we must readjust our bandwidth estimation. In o
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correction, we observe that for the narrow-band case, kg is very small. Hence, Af is very small
(compared to B). In this case we can ignore the Af term in Eq. (5.12) with the result
Bpy ~ 4B

But we have shown earlier that for narrow-band, the FM bandwidth is 2B Hz. This indicates
that a better bandwidth estimate is

Bev = 2(Af + B) (5.132)
:2(%“3) (5.13b)
2

This is precisely the result obtained by Carson,! who investigated this problem rigorously
for tone modulation [sinusoidal 7(z)]. This formula goes under the name Carson’s rule in
the literature. Observe that for a truly wide-band case, where Af > B, Eqgs. (5.13) can be
approximated as :

Bpy ® 2Af Af>» B (5.14)

Because Aw = kym,, this formula is precisely what the pioneers had used for FM bandwidth.
The only mistake was in thinking that this formula will hold for all cases, especially for the
narrow-band case, where Af < B.

‘We define a deviation ratio 8 as

_Af
B="5 (5.15)

Carson’s rule can be expressed in terms of the deviation ratio as
Bpv =2B(8+ 1) (5.16)

The deviation ratio controls the amount of modulation and, consequently, plays a role
similar to the modulation index in AM. Indeed, for the special case of tone-modulated M,
the deviation ratio 8 is called the modulation index.

Phase Modulation
All the results derived for FM can be directly applied to PM. Thus, for PM, the instantaneous
frequency is given by

w; = W + kpm(t)
Therefore, the frequency deviation Aw is given by ‘
Aw = kym, (5.17a)
where*

my, = (1) max (5.17b)

* We are assuming that |7 (#)min| = m;.
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Therefore,”
Bpw = 2(Af + B) (5.18a)

k,m \
:2( rr +B> - (5.18h)
2 .

One interesting aspect of FM is that Aw = kym, depends only on the peak value of m(r). It
is independent of the spectrum of m(¢). On the other hand, in PM, Aw = kpm;, depends on
the peak value of m(¢). But m(¢) depends strongly on the frequency spectrum of m(z). The
presence of higher frequency components in m(¢) implies rapid time variations; resulting in
a higher value of m' Similarly, predominance of lower frequency components will result in
a lower value of m . Hence, whereas the WBFM carrier bandwidth [Eq. (5.13)] is practically
independent’ of the spectrum of m(¢), the WBPM carrier bandwidth [Eq. (5.18)] strongly
depends on the spectrum of m(¢). For m(¢) with a spectrum concentrated at lower frequencies,
Bpy will be smaller than when the spectrum of m(¢) is concentrated at higher frequencies.

Verification of FM Bandwidth Relationship

We can verify the bandwidth relations for a specific case of tone modulation; that is, when
m(t) is a sinusoid. Let

m(t) = o COS Wyt
From Eq. (5.6),%

o .
a(t) = — sin wyt
w,

(7

Thus, from Eq. (5.7a), we have
i ct—’— / sin mmi
Prn(0) = Al )

Moreover
Aw = kgmp = aky L

and the bandwidth of m(¢) is B = f,, Hz. The deviation ratio (or the modulation index, in this
case) is ‘1

Af Aw akf
fm W Wy

B=

Hence,
@FM(I) = Aej(wct-i-ﬁ sin wy,1)
= Al (giPsinomty (5.19)
* Equation (5.17a) can be applied only if m(¢) is.a continuous function of time. If m(¢) has jump discontinuities, its

derivative does not exist. In such a case, we should use the direct approach (discussed in Example 5.2} to find @pm(f)
and then determine Aw from ¢pyv (7).

+ Except for its weak dependence on B [Egs. (5.13)].

} Here we are assuming that the constant a(—oc0) = 0.
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The exponential term in parentheses is a periodic signal with period 277 /w,, and can be expanded
by the exponential Fourier séries, as usual,

o
e]ﬂsmw,,,t — } : Cne/a)mt

=00
where
/o
C. = w_m ejﬂsinwmtefjnwmr dt
2 —7/Om
Letting w,,t = x, we get
1 T
- E ej(ﬁsmx—mc) dx

The integral on the right-hand side cannot be evaluated in a closed form but must be integrated
by expanding the integrand in infinite series. This integral has been extensively tabulated and
is denoted by J (B), the Bessel function of the first kind and nth order. These functions are
plotted in Fig. 5.8a as a function of n for various values of 8. Thus,

glBsinont _ Z J,,(ﬁ)ejnw”’t (5.20)

n=--00

Substituting Eq. (5.20) into Eq. (5.19), we get

[oe]
Pra() = A Y Jp(Bel @ttront

n=—00

and

o0
Pen(t) = A Y Jn(B) cos (e + nwn)t
n=—00
The modulated signal has a carrier component and an infinite number of sidebands of frequen-
cies We £ Wy W E£2Wp, ..., W;EnWy,, ..., as shown in Fig. 5.8b. The strength of the nth
sideband at w = w, + nwy, is* J,(B). From the plots of J,(8) in Fig. 5.8a it can be seen that

. foragiven B, J,(B) decreases with n. For a sufficiently large n, J,(B) is negligible, and there

are only a finite number of significant sidebands. It can be seen from Fig. 5.8a that J,(8) is
negligible for n > 8 4 1. Hence, the number of significant sidebands is g + 1. The bandwidth
of the FM carrier is given by

Bey = 2nfm =208+ 1) fuu
=2(Af +B)

which verifies our previous result [Eqgs. (5.13)]. When 8 <« 1 (NBFM), there is only one
significant sideband and the bandwidth Bpy = 2f,, = 2B. It is important to note that this
example is a verification, not a proof, of Carson’s formula.

* Also J_,(B) = (~1j” Jn(B). Hence, the magnitude of the LSB at w = w, — nw,, is the same as that of the USB
a0 = W + nw,.
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Figure 5.8  (2) Variations of J,(f) as a function of 7 for
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Amplitude modulation is a linear kind of modulation. Hence, most of the results derived

for tone modulation are generally valid for other signals. In the literature, tone modulationin
FM is often discussed in great details. Unfortunately, angle modulation being a nonlinear kind
of modulation, the results derived for tone modulation may have little connection to practical
situations. Indeed, these results are meaningless at best and misleading at worst when applied
to practical signals. For instance, based on tone modulation analysis, it is often stated that FM e
is superior to PM by a factor of 3 in terms of the output SNR. We show in Sec. 12.3 that

for most of the practical signals, it is PM that is superior to FM. This author feels that too

much stress on tone modulation can be misleading. For this reason we have omitted further

discussion of tone modulation here.

The method for finding the spectrum of a tone-modulated FM wave can be used for "

finding the spectrum of an FM wave when m(t) is a general periodic signal. In this case,
Fra() = Al e/re0)

Because a(?) is a periodic signal, e/%® is also a periodic signal, which can be expressed as an

exponential Fourier series in the preceding expression. After this, itis relatively straightforward

to write @y (?) in terms of the carrier and the sidebands.

EXAMPLE 5.3

(a) Estimate Brm aﬁd Bpy for the modulating signalm (¢) inFig.5.4aforks = 27 X 10°

and k, = 57.
(b) Repeat the problem if the amplitude of m(z) is doubled [if m(¢) is multiplied by 2].

http://jntu.blog.com
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(a) The .peak amplitude of m(¢) is unity. Hence, m, = 1. We now determine the
esser}ﬂal bgpdw1dth. B of m(¢). It is left as an exercise for the reader to show that the
Fourier seriés for this periodic signal is given by

2

_m(t) = ) C,cosnwgt =T _10*
; n wo 2% 107 10"
where £
8
Co=1 7202 n odd
0 neven

.It can be seen that the harmonic amplitudes decrease rapidly with #. The third harmonic
is (')nly 11% of the fundamental, and the fifth harmonic is only 4% of the fundamental
This means the third and fifth harmonic powers are 1.21 and 0.16%, respectivel of
the ful?damental component power. Hence, we are justiﬁed' in assum}ng the esse?l’tial
bandwidth of m(¢) as the frequency of the third harmonic, that is, 3(10%/2) Hz. Thus

B =15kHz

For FM:

1 1
Af = Zkfmp = %(2:1 x 10%)(1) = 100kHz

and
Brv = 2(Af + B) = 230kHz
Alternately, the deviation ratio B is given by

_AF 10

A 10

and 15
Bmy =2B(B+1) =30 (11—050 + 1) = 230kHz

For PM: The peak amplitude of r2(¢), is 20,000, and
1 ’
Af = ﬁkPmP =50kHz
Hence,
Bpy = 2(Af + B) = 130kHz
Alternately, the deviation ratio 8 is given by

Af 50
T
and

5
Bev =2B(B+1) =30 (% + 1) = 130kHz
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(b) Doubling m(t) doubles its peak value. Hence, m, = 2. But its bandw1dth is
unchanged so that B = 15 kHz.

\

For FM:

1 1 5
_ = — (27 x 10°)(2) =200kHz
Gy kfmp 23_[( )(

Af =
and
Brm = 2(Af + B) = 430kHz
Alternately, the deviation ratio B is given by

Af 200
=%~
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For FM:
1
Af = Ekfmp = 100kHz

By = 2(Af + B) = 2(100 +7.5) = 215kHz

For PM:

i 1

5 Af—— pm =25kHz
27
Bey =2(Af + B) = 65kHz

Note that time expansion of m (¢) has very little effect on the FM bandwidth, but it halves the
PM bandwidth. This verifies our observation that the PM spectrum is strongly dependent
on the spectrum of m(z).

and

»

200
Bey = 2B(B+1) =30 (F + 1) — 430kHz

For PM: Doubling m(f) doubles its derivative so that now m;, = 40, 000, and

1 /
Af = Ekpmp = 100kHz

and )
Bpm = 2(Af + B) =230kHz 1

Alternately, the deviation ratio f is gii/en by
f= Af _ 100 i

B 15 -

and

100
Bpm =2B(B+1) =30 (TS_ + l) = 230kHz

Observe that doubling the signal amplitude [doubling n (r)] roughly doubles the bandwidth '\:,; ]
of both FM and PM waveforms. {

EXAMPLE 5.4

Repeat Example 5.3 if m(¢) is time-expanded by a factor of 2; that is, if the period of m(?) 8
4% 107

Recall that time expansion of a signal by a factor of 2 reduces the signal spectral width
(bandwidth) by a factor of 2. We can verify this by observing that the fundamental
frequency is now 2.5 kHz, and its third harmonic is 7.5 kHz. Hence, B = 7.5 kHaZlé

which is half the previous bandwidth. Moreover time expansxon does not affect the peax .
amplitude so that m, = 1. However, m is halved, that is, m = 10, 000.
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EXAMPLE 5.5

An angle-modulated signal with carrier frequency w. = 27 x 10 is described by the equation
@em(t) = 10cos (wst + 5 sin 3000z + 10 sin 20007¢)

(a) Find the power of the modulated signal.
(b) Find the frequency deviation Af.

(¢) Find the deviation ratio B.

(d) Find the phase deviation A¢.

(e) Estimate the bandwidth of gy (2).

The signal bandwidth is the highest frequency in m(z) (or its derivative). In this case
B = 20007 /27 = 1000 Hz.
(@) The carrier amplitude is 10, and the power is

P =10>/2 =50
(b)  To find the frequency deviation Af, we find the instantaneous frequency w;,
given by
' o = %e(z) = . + 15,000 cos 3000z + 20, 0007 cos 2000t
The carrier deviation is 15, 000 cos 3000z -+ 20, 0007 cos 20007 ¢. The two sinusoids

will add in phase at some point, and the maximum value of this expression is 15, 000 4
20, 0007r. This is the maximum carrier deviation Aw. Hence,

Af—‘—IZ 387.32 Hz

©
Af  12,387.32

P=% = "qo00 2%

(d) Theangle §(t) = wt + (5 sin 3000¢ 4 10 sin 20007 ¢). The phase deviation
is the maximum value of the angle inside the parentheses, and is given by A¢ = 15 rad.
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(e
Bry = 2(Af + B) = 26,774.65 Hz

Observe the generality of this method of estimating the bandwidth of an angle-modulateq
waveform. We need not know whether it is FM, PM, or some other kind of angle
modulation. It is applicable to any angle-modulated signal.

A Historical Note: Edwin H. Armstrong (1890-1954)

Today, nobody doubts that FM has a place in broadcasting and communication. As recently
as the late sixties, the future of FM broadcasting seemed doomed because of uneconomical
operations. )

The history of FM is full of strange ironies. The impetus behind the development of FM
was the necessity to reduce the transmission bandwidth. Superficial reasoning showed that it
was feasible to reduce the transmission bandwidth by using FM. But the experimental results
showed otherwise. The transmission bandwidth of FM was actually larger than that of AM.
Careful mathematical analysis by Carson showed that FM indeed required a larger bandwidth
than AM. Unfortunately, Carson did not recognize the compensating advantage of FM in
its ability to suppress noise. Without much basis, he concluded that FM introduced inherent
distortion and had no compensating advantages whatsoever.! In a later paper he says “In fact,
as more and more schemes are analyzed and tested, and as the essential nature of the problem
is more clearly perceivable, we are unavoidably forced to the conclusion that static (noise),
like the poor, will'always be with us.”? The opinion of one of the ablest mathematicians of the
day in the communication field, thus, set back the development of FM by more than a decade.
The noise-suppressing advantage of FM was later proved by Major Edwin H. Armstrong,’ a
brilliant engineer whose contributions to the field of radio systems are comparable with those
of Hertz and Marconi. It was largely the work of Armstrong that was responsible for rekindling
the interest in FM.

Although Armstrong did not invent the concept of FM, he must be considered the father
of modern FM. To quote from the early British text Frequency Modulation Engineering by
Christopher E. Tibbs: “The subject of frequency modulation as we understand it today may
be considered to date from Armstrong’s paper of 1936. It is true that a good deal of the
knowledge of the subject existed prior to that date, but Armstrong was the first to point out
in a truly remarkable paper those peculiar characteristics to which modern technique owes its
value.”* ’

Armstrong was one of the leading architects who laid the groundwork for the mass-
communication system. His work on FM came toward the close of his career. Before that, he -

was well known for several breakthrough contributions to the radio field. Forfune magazine

says®: “Wideband frequency modulation is the fourth, and perhaps the greatest, in a line of ;

Armstrong inventions that have made most of modern broadcasting what it is. Major Armstrong
is the acknowledged inventor of the regenerative ‘feedback’ circuit, which brought radio art out

of the crystal-detector headphone stage and made the amplification of broadcasting possible;

the superheterodyne circuit, which is the basis of practically all modern radio; and the supet-
regenerative circuit now in wide use in . . . shortwave systems.”

Armstrong was the last of the breed of the lone attic inventors. For the sake of establishing
FM broadcasting, he fought a long and costly battle with the radio broadcast establishment,
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which, abetted by the Federal Communications Commission (FCC), fought tooth and nail
to resist FM. In 1944, the FCC, on the basis of erroneous testimony of a technical expert,
abruptly shifted the allocated bandwidth of EM from the 42-50-MHz range to 88-108 MHz.
This dealt a crippling blow to FM by making obsolete all the equipment (transmitters, receivers,
antennas, etc.) that had been built and sold for the old FM bands. Armstrong continued to fight
the decision, and in 1947 he succeeded in getting the technical expert to admit his error. In
spite of all this, the FCC allocatifdns remained unchanged. Armstrong spent a sizable fortune
that he made from previous inventions in legal struggles. The broadcast industry, which so
strongly resisted FM, turned around and used his inventions without paying him royalties.
Armstrong spent nearly half of his life in the law courts in some of the longest, most notable,
and acrimonious patent suits of the era.* In the end, with his funds depleted, his energy drained,
and his family life shattered, a despondent Armstrong committed suicide (in 1954) by walking
out of a window 13 stories above the street.

Features of Angle Modulation

FM (and angle modulation in general) has a number of unique features that recommend it for
various radio systems. The transmission bandwidth of AM systems cannot be changed. Because
of this AM systems do not have the feature of exchanging signal power for transmission
bandwidth. PCM systems have such a feature, and so do angle-modulated systems. In angle
modulation, the transmission bandwidth can be adjusted by adjusting Af. It is shown in
Chapter 12 that for angle-modulated systems, the SNR is roughly proportional to the square
of the transmission bandwidth Br. Recall that in PCM, the SNR varies exponentially with By
and is, therefore, superior to angle modulation.

Immunity of Angle Modulation to Nonlinearities: Another interesting feature of
angle modulation is its constant amplitude, which makes it less susceptible to nonlinearities.
Consider, for instance, a second-order nonlinear device whose input x(¢) and output y(¢) are
related by

y() = a1x (@) + apx*(t)
It

x(t) = cos [w.t + ¥ ()]
then

¥(£) = ay cos [wct + ¥ ()] + az cos*[wet + ¥ (1)]

ay az
=5 + aj cos [wcr + ¥ ()] + > c08 [2wct + 29 (1)]

For the FM wave (1) = k¢ [ m(e) de, and
y(r) = % +a; cos [wct +kf / m(e) d«x] + % cos [2@ + 2k; / m(a) doz]
The dc term is filtered out to give the output that contains the original signal plus an additional

FM signal, whose carrier frequency as well as frequency deviation are multiplied by 2. Note,
however, that the information m(¢) is intact in both terms. Thus, the nonlinearity has not



228

ANGLE (EXPONENTIAL) MODULATION

http://jntu.blog.com

p
distorted the information in any way. Because of the property of multiplying the carriey
frequency, such nonlinear devices are also called frequency multipliers. o e

In the preceding case, because the device was of second order, it multlphed the frequ.ency
by 2. We can generalize this result for an nth-order multiplier (nonlinear device). A.Ily"n0nllneax
device, such as a diode or a transistor, can be used for this purpose. The characteristic of thege

devices can be expressed as

y(@) =ap+arx(®) + apx? () + - -+ apx™(2) (5.21

If x(#) = A cos [a)ct + ks [ m(a) doz], then using trigonometric identities, we can readily -

show that y(¢) is of the form

y(t) = ¢, + ¢1 cos [a)ct + ks / m(a) da} + ¢y cos |:2th + 2ks / m(a) d(x]

+ ...+ ¢, cOS [na)ct +nkffm(a) da] (522
Hence, the output will have spectra at @, 2@c,-... R, with frequency deviations
Af, 2Af, ..., nAf , respectively. Hence, the nonlinearity generates components at unwanted -

frequencies. But the desired term cos [w.t + ¥ (2)] is undistorted, and by using a bandpass

filter centered at w,, we can suppress all unwanted terms in y(2) and obtain the desired signal

component without distortion. Note that even the unwanted terms have the desired information

intact, and any one of the unwanted terms can be used to extract information. The term |

cos [2w.t + 2ks [ m(r) de], for instance, has twice the original carrier frequency and twice
the original frequency deviation. Hence, such nonlinear devices can be used to increase the

carrier frequency as well as the frequency deviation.

A similar nonlinearity in AM not only causes unwanted modulation with catrier fre- [

quencies nw, but also causes distortion of the desired signal. For instance, if a D'SB‘-SC signal
m(z) cos w.t passes through a nonlinearity y@) =ax(@)+b x3(¢), the output is

y(t) = am(t) cos w.t + bm?(t) cos® w,t

b
= [am(t) + %m%ﬁ):l oS wt + ZmS(t) cos 3wt

Passing this signal through a bandpass filter yields [am (¢) + (3b/4)m3(t)] cos w.t. Observe

the distortion component (35 /4)m3(t) present along with the desired signal am(t).

Immunity from nonlinearity is the primary reason why angle modulation is used in.

microwave radio relay systems, where power levels are high. This requires highly efficient

nonlinear class C amplifiers. In addition, the constant amplitude of FM gives it a kind of

immunity against rapid fading. The effect of amplitude variations caused by rapiq fading can
be eliminated by using automatic gain control and bandpass limiting (discussed in Sec. 5.4).

These features make FM attractive for microwave radio relay systems. Angle modl}laﬁon is‘,
also less vulnerable than AM to small signal interference from adjacent channels. Finally, as

stated earlier, FM is capable of exchanging SNR for the transmission band\.vidth. ‘
In telephone systems, several channels are multiplexed using SSB signals. The multi-

plexed signal is frequency modulated and transmitted over a microwave radio relay system:
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with many links in tandem. In this application, however, FM is used not to realize the noise
reduction but to realize other advantages of constant amplitude, and, hence, NBFM rather than
WBEM is used.

WBEM is used widely in space and satellite communication systems. The large band-
width expansion reduces the required SNR and thus reduces the transmitter power requirement
—which is very important because of weight considerations in space. WBFM is also used for
high-fidelity radio transmission over rather limited areas.

5.3 GENERATION OF FM WAVES

Basically, there are two ways of generating FM waves: indirect generation and direct
generation.

Indirect Method of Armstrong

In this method, NBFM is generated by integrating m(¢) and using it to phase modulate a carrier,
as shown in Fig. 5.6b [or Eq. (5.9)]. The NBFM is then converted to WBFM by using frequency
multipliers (discussed earlier), as shown in Fig. 5.9. Thus, if we want a 12-fold increase in the
frequency deviation, we can use a 12th-order nonlinear device or two second-order and one
third-order devices in cascade. The output has a bandpass filter centered at 12w, so that it
selects only the appropriate term, whose carrier frequency as well as the frequency deviation
Af are 12 times the original values. Generally, we require to increase Af by a very large factor
n. This increases the carrier frequency also by . Such a large increase in the carrier frequency
may not be needed. In this case we can use frequency mixing (see Example 4.2, Fig. 4.7) to
shift down the carrier frequency to the desired value (recall that a frequency mixer shifts the
carrier frequency).

The NBFM generated by Armstrong’s method (Fig. 5.6b) has some distortion because
of the approximation of Egs. (5.8) by Eq. (5.9) (see Example 5.6). The output of the Armstrong
NBFM modulator, as a result, also has some amplitude modulation. Amplitude limiting in the
frequency multipliers removes most of this distortion.

A simplified diagram of a commercial FM transmitter using Armstrong’s method is
shown in Fig. 5.10. The final output is required to have a carrier frequency of 91.2 MHz and
Af = 75 kHz. We begin with NBFM with a carrier frequency f., = 200 kHz generated
by a crystal oscillator. This frequency is chosen because it is easy to construct stable crystal
oscillators as well as balanced modulators at this frequency. The deviation Af is chosen to be
25 Hz in order to maintain 8 < 1, as required in NBPM. For tone modulation 8 = Af/f,.
The baseband spectrum (required for high-fidelity purposes) ranges from 50 Hz to 15 kHz.
The choice of Af = 25 Hz is reasonable because it gives 8 = 0.5 for the worst possible case
(fm = 50).

In order to achieve Af = 75 kHz, we need a multiplication of 75,000/25 = 3000.
This can be done by two multiplier stages, of 64 and 48, as shown in Fig. 5.10, giving a

- Figure 5.9  Simplified block diagram of
m1) NBFM Frequency WBFM Armstrong indirect FM wave generator.

(see Fig. 5.6) multiplier
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f. =200 kHz f., =128 MHz [L.)—‘— 1.9 MHz _f[4=91.2 MHz
Ac’f =25Hz Af, = 1.6 kHz Af,=16kHz  Afy =768 kHz
1

a() Frequency P B
DSB-SC Frequency Frequency l i ower ’

m‘)_._)_(z) 3, multiplier multiplier amplifier
modulator X 64 converter X 48

—A sin w,t

A cos w!
Crystal
tal :
o(s:c?lflsafor oscillator
200 kHz 10.9 MHz

Figure 5.10  Armstrong indirect FM transmitter.

total multiplication of 64 x 48 = 3072, and Af =76.8 kHz.* The mulﬁplliligti;{n itsi :ife?gi .
i iplers in cascade, as needed. Thus, a multiplical o
by using frequency doublers and trip eeded. ! ot oy
i i i Itiplication of 48 can be obtained by
be obtained by six doublers in cascade, and a mu O
(f:s:]lr doublers and a tripler in cascade. Multiplication of f. = 20(? kHz by .3072,fh0wever, |
would yield a final carrier of about 600 MHz. This difficulty is avoided by using a frequency
translation, or conversion, after the first multiplier (Fig. 5.10). The first mulnphf:augn b};1 64 E
results in the carrier frequency f,, = 200kHz x 64 = 12.8 MHzf and the carrier deviation
Afy, = 25 x 64 = 1.6 kHz. We now shift the entire spectrum using a frequency con;erter -
7 = = 1. . t ! a
m i i i Its in a new carrier frequency f, = *
i with carrier frequency 10.9 MHz. This resu : . =
(1(;r Sminl”(')) 9 = 1.9 MHz. The frequency converter shifts the entire spectrum w1tl_xqut altenlr-lé
A f .Hence, Af; = 1.6 kHz. Further multiplication, by 48, yields f, = 1.(9 x48 =91.2M
d Afs = 1.6 x 48 = 76.8 kHz. - _ o
and "ﬁﬁs scheme has an advantage of frequency stability, but it sufffars from mhe?rent n}(:lse .
caused by excessive multiplication and distortion at lower modulating frequencies, where
Af/fn is not small enough.

EXAMPLE 5.6  Discuss the nature of distortion inherent in the Armstrong indirect FM generator.
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Amplitude distortion occurs because the amplitude A E (¢) of the modulated waveform is
not constant. This is not a serious problem, because amplitude variations can be eliminated
by a bandpass limiter discussed in the next section (see Fig. 5.12). Ideally, (¢) should be
kra(?). Instead, the phase 6(z) in the preceding equation is
0(t) = tan"'[kra(n)]

and the instantaneous frequency ; (¢) is

kra(t)
1+ k3a2()
_ kem()
T 1+ K2a2(t)

0it) = (1) =

=kym@[1 — kfa* () + kja*(t) — -]
Ideally, theJ instantaneous frequency should be kym(t). The remaining terms in this
equation are the distortion.

Let us investigate the effect of this distortion in tone modulation, where m(t) =
@ COS Wnt, a(t) = asinw,t/w,, and the modulation index B = aks/w,. Hence,

;i (1) = Bwy cOs w,t(1 — ﬂz sin? Wyt + ﬂ4 sin? Ot —-++)

It is evident from this equation that this scheme has odd-harmonic distortion, the most
important term being the third harmonic. Ignoring the remaining terms, this equation

becomes
i (t) = By cos Wyt (1 — B2 sin? wpt)

2 3
= Bwn (1 — %) COS Wyt + ﬁ:)m cos 3w, t

3

,
22 Bw,, COS wpt + B om cos 3wy, t for B k1
N——
- [ —
desired distortion

The ratio of the third harmonic distortion to the desired signal is A% /4. For the generator
in Fig. 5.10, the worst possible case occurs at the lower modulation frequency of 50 Hz,
where g = 0.5. In this case the third harmonic distortion is 1 /16, or 6.25%.

Two kinds of distortions arise in this scheme: amplitade distortion and frequency distor-
tion. The NBEM wave is given by [Eq. (5.9)]

orm(t) = Alcos wct — kra(t) sinwct)
= AE(z) cos [wet + 0(1)]

E(t)=,/1+ka*()  and

25 Hz
* Tf we wish Af to be exactly 75 kHz instead of 76.8 kHz, we must reduce the narrow-band Af from
25(75/76.8) = 24.41 Hz.

where

0(r) = tan" {ksa(n)]
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Direct Generation

In a voltage-controlled oscillator (VCO), the frequency is controlled by an external voltage.
The oscillation frequency varies linearly with the control voltage. We can generate an FM
wave by using the modulating signal m(¢) as a control signal. This gives

@i (t) = o, + kpm(r)

One can construct a VCO using an operational amplifier and an hysteric comparatorS (such
as a Schmitt trigger circuit). Another way of accomplishing the same goal is to vary one of
the reactive parameters (C or L) of the resonant circuit of an oscillator, A reverse-biased
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semiconductor diode acts as a capacitor whose capacitance varies with the bias Voltﬁge. The
capacitance of these diodes, known under several trade names (such as varicaps, vaIactf)rs, or
voltacaps), can be approximated as a linear function of the bias voltage m(¢) over a limited
range. In Hartley or Colpitt oscillators, for instance, the frequency of oscillation is given by

1
Wy = —F—
0T JVIC
If the capacitance C is varied by the modulating signal m(z), that is, if
C = Cy— km(t)
1
“s km(t)
m(t
LCy l:l - ———-CO ]
_ 1
km (@) 12
VLCy [1 - ( )]
Co
~ 1 [ km(t):I km(t) «1
VLCy 2Cy Co
Here we have used the binomial approximation (1 + x)" & 1 + nx for |x| < 1. Thus,
1+ km(z) o — 1
w0= @ 2Co <= VLG,
ko,
— kr =
_a)c-i-kfm(t) 73 2C,
Because C = Cy — km(t), the maximum capacitance deviation is
2k; Comp
AC =km, = kfComp
w(.'
Hence,
AC  2km,  2Af
Co - [ fe

In practice, Af/f. is usually small, and, hence, AC is a small fraction of Co, which helps limit
the harmonic distortion that arises because of the approximation used in this derivation.

We may also generate direct FM by using a saturable core reactor, where the inductancf
of a coil is varied by a current through a second coil (also wound around the same core). Tl'{lS
results in a variable inductor whose inductance is proportional to the current in the second c.oﬂ.

Direct FM generation generally produces sufficient frequency deviation and requfreS
little frequency multiplication. But this method has poor frequency stability. In practice,
feedback is used to stabilize the frequency. The output frequency is compared with a constant
frequency generated by a stable crystal oscillator. An error signal (error in frequency) is detected
and fed back to the oscillator to correct the error.
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5.4 DEMODULATION OF FM

The information in an FM signal resides in the instantaneous frequency w; = w, + kym(z).
Hence, a frequency-selective network with a transfer function of the form | H ()| = aw-+b over
the FM band would yield anoutput proportional to the instantaneous frequency (Fig. 5.11a).*
There are several possible networks with such characteristics. The simplest among them is an
ideal differentiator with the transfer function jo.

If we apply prv(?) to an ideal differentiator, the output is

Prm(t) = % {A cos [a)ct +kf/ m(a)da]}

1

= Alw, +‘\kfm(z)] sin [a)cl + &y / (5.23)

—o0

m(a) d(a)jl

The signal @ev(?) is both amplitude and fréquency modulated (Fig. 5.11b), the envelope being
Alw: + kgm(2)]. Because Aw = kym, < w., o + kem(t) > 0 for all ¢, and m(z) can be
obtained by envelope detection of @pm(?) (Fig. 5.11c¢).

The amplitude A of the incoming FM carrier is assumed to be constant. If the amplitade
A were not constant, but a function of time, there would be an additional term containing

~

Figure 5.11  (a) FM demodulator frequency response.
(b) Output of a differentiator to the input FM wave. (c)
FM demodulation by direct differentiation.

Alw, + kpm(D)]

NS

-

erm(t)
—_—

~
(b) -
d @rm(t) Envelope Alw, + kym(2)]
dt detector

http://jntu.blog.com

(c)

* Provided the variations of w; are slow in comparison to the time constant of the network.
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dA/dt on the right-hand side of Eq. (5.23). Even if this term were neglected, the envelope of
@rm (£) would be A(#)[w+ksm(2)], and the envelope-detector output would be propor;i\ona] to
m(r)A(r). Hence, it is essential to maintain A constant. Several factors, such as channel noise,
fading, and so on, cause A to vary. This variation in A should be removed before applying the
signal to the FM detector. ~

Bandpass Limiter

The amplitude variations of an angle-modulated carrier can be eliminated by what is known ag
a bandpass limiter, which consists of a hard limiter followed by a bandpass filter (Fig. 5.12a).
The input-output characteristic of a hard limiter is shown in Fig. 5.12b. Observe that the
bandpass limiter output to a sinusoid will be a square wave of unit amplitude regardless of
the incoming sinusoidal amplitude. Moreover, the zero crossings of the incoming sinusoid are
preserved in the output because when the input is zero, the output is also zero (Fig. 5.12b). Thus

an angle-modulated sinusoidal input v;(#) = A(z) cos 6(¢) results in a constant-amplitude, -
angle-modulated square wave v,(¢), as shown in Fig. 5.12c. As we have seen earlier, sucha
nonlinear operation preserves the angle modulation information. When v, (¢) is passed thrpugh 4

a bandpass filter centered at w,, the output is a constant-amplitude, angle-modulated wave. To
show this, consider the incoming angle-modulated wave

v; (t) = A(t) cos 0(z)

where
t

o(t) =wct+kff m(a)da

—00

The output v, () of the hard limiter is +1 or —1, depending on whether v; (f) = A(z) cos 6(2)

is positive or negative (Fig. 5.12c). Because A(z) > 0, v,(t) can be expressed as a function
of 6:

1 cosf >0

-1 cosf <0

0,(6) = |

Hence, v, as a function of @ is a periodic square-wave function with period 27 (Fig. 5.12d), '

which can be expanded by a Fourier series [see Eq. (2.76)],

4 1 1
v,(8) = — { cosf — = cos30 + —cos560 + - -
T 3 5

This is valid for any real variable 6. At any instant ¢, 6 = w.t +kf f m(a) de, and the outpul
is v,[wt + k¢ [ m(e) der]. Hence, the output v, as a function of time is given by

0] = v, [wct +kffm(a) doc]

= %{cos |:th +kf/m(oz) da] - %cosS I:wct +kf f m(a)da]
1
+ 3 cos5S |:th +kf/m((x)da} . }
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A(1) cos [wyt + 0(1)]
_—
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%cos [wt + 6(:)]

Hard Bandpass
T .

limiter filter

L ECH ST
2_J2 L2

-1

@

(@) Hard limiter and bandpass filter used to remove amplitude variations in FM wave. (b) imiter i
) H and bar . (b) Hard limiter input-
output characteristic. (c) Hard limiter input and the corresponding output. (d) Hard limiter output as a function of . -

The output, therefore, has the original FM wave plus a frequency-multiplied FM wave
with multiplication factors of 3, 5, 7, .. .. We can pass the output of the hard limiter through a
bandpass filter with a center frequency w, and a bandwidth Bgyy, as shown in Fig. 5.12a. The
filter output e,(#) is the desired angle-modulated carrier with a constant amplitude,

4
e,(t) = - cos I:wc(t) + kg /m(oz)da}

Although we derived these results for FM, this applies to PM (angle modulation in general)
as W.ell. The bandpass filter not only maintains the constant amplitude of the angle-modulated
carrier but also partially suppresses the channel noise when the noise is small.”
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A sin [z + 6,1)]

6,(1)

2B cos [yt + 6,(0)] | oscillator
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Practical Frequency Demodulators

One can use an operational amplifier differentiator as an FM demodulator. A simple tuneq
circuit followed by an envelope detector can also serve as a frequency detector because itg
frequency response | H (w)| below (or above) the resonance frequency is approximately linegy
of the form aw + b. Since the operation is on the slope of | H(w)|, this method is a189 called
slope detection. It suffers from the fact that the slope of | H ()] is linear over only a small bang
and, hence, causes considerable distortion in the output. This fault can be partially correcteq
by a balanced discriminator.

Another balanced demodulator, the ratio detector, also widely used in the past, offers
better protection against carrier amplitude variations than does the discriminator. For many
years ratio detectors were standard in almost all FM receivers.® .

Zero-crossing detectors are also used because of advances in digital integrated circuits,
These are the frequency counters designed to measure the instantaneous frequency by the
number of zero crossings. The rate of zero crossings is equal to the instantaneous frequency
of the input signal. ) -

Phase-Locked Loep (PLL): Because of their low cost and superior performance,

especially when the SNR is low, FM demodulation using PLL is the most widely used method
today. In Chapter 4, we saw how a PLL tracks the incoming signal angle and instantaneous
frequency. Consider the PLL in Fig. 5.13a. The output e,(¢) of the loop filter H(s) acts as
an input to the VCO (Fig. 5.13a). The free-running frequency of VCO is set at the carrier
frequency w,. The instantaneous frequency of the VCO is given by [see Eq. (4.25)]

wvco = @, + cey(t)

If the VCO output is B cos [w.t + 6,(¢)], then its instantaneous frequency is w, + é,,(t),

Therefore,

where ¢ and B are constants of the PLL.

Figure 5.13  Phase-locked loop and its equivalent
Loop e,(1) circuit.
filter
H(s)

Voltage-
¢ controlled

(@)

http://jntu.blog.com

6,() = ce,(t) ) (5249 .T;
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Let the incoming signal (input to the PLL) be A sin [w.z + 6; ()]. If the incoming signal
happens to be A sin[w,t + ¥ (¢)], it can still be expressed as A sin [w.t + 6;(¢)], where
0;(t) = (w, — W)t + ¥ (#). Hence, the analysis that follows is general and not restricted to
equal frequencies of the inceéming signal and the free-running VCO signal.

The multiplier output is

. AB _ .
AB sin (wt + 6;) cos (.t + 6,) = T[sm(el- — 6,) + sin Qw.t + 6; + 6,)]

The sum frequency term is subpressed by the loop filter. Hence, the effective input to the loop
filter is %AB sin [6; (2) — 6,(1)1- If A () is the unit impulse response of the loop filter,

e, (t) = h(t) % %AB sin [6;(6) — 6,()]

t
= %AB / h(t — x) sin [6;(x) — 6,(x)] dx (5.25)
0
Substituting Eq.(5.24) in Eq. (5.25),
i
6,(t) = AK f h(t — x) sin 6,(x) dx (5.26)
0

where K = %cB and 6,(¢) is the phase error, defined as
0:(1) = 6;(t) — 6,(2)

These equations [along with Eq. (5.24)] immediately suggest a model for the PLL, as shown
in Fig. 5.13b.
When the incoming FM carrier” is A sin [w ¢ + 6;(1)],

0;(t) = kf/ ) m(x)do (5.27)

o0
Hence,
1
0,(t) = kff m(a)doa — 0,
—00

and, assuming a small error 6,
1. k
&(®) = ~,0) = Lm(@) (5.28)

Thus, the PLL acts as an FM demodulator. If the incoming signal is a PM wave, 6,(z) =
0:(t) = kpym(zr) and e,(t) = kpriv(t)/c. In this case we need to integrate e, (f) to obtain the
desired signal. A detailed analysis of PLL is given next for two special cases.

Smali-Error Analysis _
In this case, sinf, ~ 6,, and the block diagram in Fig. 5.13b reduces to the linear (time-
invariant) system shown in Fig. 5.14a. Straightforward calculation gives

* Here we are using sin [ + 6; (¢)] rather than the usual cos [w.t +6; (r)]. This is really immaterial, because a cosine
can be expressed as a sine with a 77 /2 phase addition. Because the final step [Eq. (5.28)] involves differentiation of
the angle, the constant phase vanishes.
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®,(s)  AKH(s)/s AKH(s)

®;(s)  1+[AKH(s)/s] s+ AKH(s)
Therefore, the PLL acts as a filter with transfer function AK H (s)/[s + AK H(s)], as showy
in Fig. 5.14b. The error ©,(s) is given by

0,(s)
T 0is)

i (s) (530)

Oc(s) = 0;(s) — O,(s) = [1 ] ®;(s)

s

T ST AKH(s)

One of the important applications of the PLL is in the acquisition of the frequency and the

phase for the purpose of synchronization. Let the incoming signal be A sin (afot + o). We wish

to generate a local signal of frequency wo and phase® gy. ASSHIIlil.ig the quiescent frequency
of the VCO to be w,, the incoming signal can be expressed as A sin [t + 6;(#)], where

6:(t) = (wo — @c)t + ¢o

(529 : ;

and
(wo—wc) | o
Ois) = — 5+
Consider the special case of H(s) = 1. Substituting this equation into Eq. (5.30),
s Wy — W Yo
e = + =
©es) s+AK|: 52 s}

(@ — @)/AK (w0 — @) /AK Do

= K s+ AK s+ AK
Hence, ;

(w0 — @) _ _AK :

0.(t) = —Oﬁ—(l —e€ AK’) + poe 4! - (53ly)

Observe that
; _ 90— @ (5.31b) :
Jim 6.() = =2 .
6,(1) 6.(1)
AKH(s)
6,() ; 60 [ akne | %9
° s+ AKH(s)
s
(a) (b)

Figure 5.14  Equivalent circuits of a linearized PLL.

* With a difference 7 /2.
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Hence, after the transient dies (in about 4/AK seconds), the phase error maintains a constant
value of (wp — @;)/AK. This means the PLL frequency eventually equals the incoming
frequency wy. There is, however, a constant phase error. The PLL output is

B cos [woz + @0 — woA;ch]

For a second-order PLL using /.

H(s) =" JSF“ (5.322)
BO(s) = m&‘@) (5.32b)
— sz l:wo — We n @
T 2+ AK(s +a) 52 s

The final-value theorem directly yields®
lim 6,(t) = lim s®,(s) =0 (5.33)
=00 s—=>0

In this case, the PLL eventually acquires both the frequency and the phase of the incoming
signal.

Using small-error analysis, it can be shown that a first-order loop cannot track an
incoming signal whose instantaneous frequency is varying linearly with time. Moreover, such
a signal can be tracked within a constant phase (constant phase error) by using a second-order
loop [Eq. (5.32)], and it can be tracked with zero phase error using a third-order loop.10

It must be remembered that the preceding analysis assumes a linearmodel, which is
valid only when 6, (¢) <« 7/2. This means the frequencies wy and @, must be very close for
this analysis to be valid. For a general case, one must use the nonlinear model in Fig. 5.13b.
For such an analysis, the reader is referred to Viterbi'® or Lindsey.!!

To analyze PLL behavior as an FM demodulator, we consider the case of a small error
(linear model of the PLL) with H(s) = 1. For this case, Eq. (5.29) becomes

O,(s) =

K
©;
s+ AK )
If E,(s) and M (s) are Fourier transforms of e, () and m(¢), respectively, then from Egs. (5.27)
and (5.28) we have

o) = LX)

and $O,(s) = cE,(s)

Hence,

_ (%) _Ax

Thus, the PLL output e, (¢) is a distorted version of m(¢) and is equivalent to the output of a
single-pole circuit (such as a simple RC circuit) with transfer function krAK [c(s + AK) with
m(t) as the input. To reduce distortion, we must choose AK well above the radian bandwidth
of m(t), so that e,(2) = kem(z)/c.
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In the presence of small noise, the behavior of the PLL is comparable to that of 4
frequency discriminator. The advantage of the PLL over a frequency discriminator appears
only when the noise is large. .

First-Order-Loop Analysis )
Here we shall use the nonlinear model in Fig. 5.13b, but for the simple case of H(s) = 1. For
this case 2 (t) = 8(¢)," and Eq. (5.26) gives

6,(t) = AK sin6,(z)

Because 8, = 6; — 0,, .
6, = 0; — AK sin 6,(2) S (539

Let us here consider the problem of frequency and phase acquisition. Let the incoming
signal be A sin (wo? + @), and the VCO has a quiescent frequency w.. Hence,

8:(t) = (@0 — @) + 9o /]

and ‘
6, = (w0 — w) — AK sin8,(t) (535 \

For a better understanding of the PLL behavior, we use Eq. (5.35) to sketch 6, vs. B,.
Equation (5.35) shows that 6, is a vertically shifted sinusoid, as shown in Fig. 5.15. To satisfy
Egq. (5.35), the loop operation must stay along the sinusoidal trajectory shown in Fig. 5.15.
When 6, = 0, the system is in equilibrium, because at these points, 6, stops varying with time,
Thus 8, = 61, &>, 65, and 0, are all equilibrium points. . i

If the initial phase error 6,(0) = 6.0 (Fig. 5.15), then 6, corresponding to this value -
of 6, is negative. Hence, the phase error will start decreasing along the sinusoidal trajectory :
until it reaches the value 63, where equilibrium is attained. Hence, in steady state, the phase - }
error is a constant 83. This means the loop is in frequency lock; that is, the VCO frequency is - -
now wy, but there is a phase error of 6;. Note, however, that if |y — @.| > AK, there areno- o4

6

e

6, 6,

(0o - ) —AK f—— =

Figure 5.15  Trajectory of a first-order PLL.

* Actually A (¢) = 2B sinc (27 Bt), where B is the bandwidth of the loop filter. This is a low-pass narrow-| -band ﬂ;tﬂ
which suppresses the high-frequency signal centered at 2,. This makes H (s) = 1 over alow-pass narrow band of
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equilibrium points in Fig. 5.15, the loop never achieves lock, and 6, continues to move along
the trajectory forever. Hence, this simple loop can achieve phase lock provided the incoming
frequency wy does not differ from the quiescent VCO frequency o, by more than AK.

InFig. 5.15, several equilibrium points exist. Half of these points, however, are unstable
equilibrium points, meaning that a slight perturbation in the system state will move the
operating point farther away from these equilibrium points. Points 6; and 5 are stable points,
because any small perturbation in the system state will tend to bring it back to these points.
Consider, for example, the point 65. If the state is perturbed along the trajectory toward the
right, 6, is negative, which tends to reduce 6, and bring it back to 65. If the operating point
is perturbed from 65 toward the left, 6, is positive, 6, will tend to increase, and the operating
point will return to 6;. On the other hand, at point 6, if the point is perturbed toward the right,
6, is positive, and 6, will increase until it reaches 65. Similarly, if at 6, the operating point is
perturbed toward the left, 6, is negative, and 6, will decrease until it reaches 6;. Hence, 6, is
an unstable equilibrium point. The slightest disturbance, such as noise, will dislocate it either
to 8 or to 65. In a similar way, we can show that 6, is an unstable point and that 6; is a stable
equilibrium point.

The equilibrium point 65 occurs where 6, = 0. Hence, from Eq. (5.35),

C .1 @Wo—
93; = sin AK

If 6; « /2, then .
Wy — W¢
AK
which agrees with our previous result of the small-error analysis [Eq. (5.31b)].

The first-order loop suffers from the fact that it has a constant phase error. Moreover, it
can acquire frequency lock only if the incoming frequency and the VCO quiescent frequency
differ by not more than AK rad/s. Higher order loops overcome these disadvantages, but they
create a new problem of stability.!

Another important class of detectors, the FM demodulator with feedback (FMFB),
uses feedback in the FM demodulator to narrow the bandwidth of the FM signal, which, in
turn, reduces the noise power. This type of demodulator is discussed in Sec. 13.3.

63~

5.5 INTERFERENCE IN ANGLE-MODULATED SYSTEMS

Let us consider the simple case of the interference of an unmodulated carrier A cos w,f with
another sinusoid I cos (w, + w)t. The received signal 7 (¢) is

r(t) = Acos w.t + I cos (@, + w)t

= (A + I cos wt) cos w.t — 1 sin wt sin w.t

= E,(t) cos [w:t + ¥4(1)]
where
I sin wt
f)=tan ! ———
Ya() A + I coswt
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‘When the interfering signal is small in comparison to the carrier (I < A),
I N
Ya(t) = - sinert - (5.36)

The phase of E,(¢) cos [w.t + Y4(¢)] is ¥4(¢), and its instantaneous frequency is w, + 1/},,(;).
If the signal E, () cos [w.t + 4(z)] is applied to an ideal phase demodulator, the output y,(r)
would be ¥, (¢). Similarly, the output y,(¢) of an ideal frequency demodulator would be Ya(t).
Hence,

ya(t) = % sin wt for PM (5.37

; :
a(@) = Twcoswt for FM (5.38)

Observe that in either case, the interference output is inversely proportional to the carrier
amplitude A. Thus, the larger the carrier amplitude A, the smaller the interference effect. This
behavior is very different from that in AM signals, where the interference output is independent
of the carrier amplitude.” Hence, angle-modulated systems suppress Weak interference (I < 4)
much better than do AM systems. )
Because of the suppression of weak interference in FM, we observe what is known
as the capture effect. For two transmitters with carrier-frequency separation less than the
audio range, instead of getting interference, we observe that the stronger carrier effectively
suppresses (captures) the weaker carrier. Subjective tests show that an interference level as low . |
as 35 dB in the audio signals can cause objectionable effects. Hence, in AM, the interference
level should be kept below 35 dB. On the other hand, for FM, because of the capture effect, -
the interference level need only be below 6 dB.
The interference amplitude (I /A for PM and 7w/ A for FM) vs. o at the receiver output
is shown in Fig. 5.16. The interference amplitude is constant for all  in PM but increases |
linearly with w in FM.T -

Interference Due to Channel Noise

The channel noise acts as interference in an angle-modulated signal. We shall consider the
most common form of noise, white noise, which has a constant power spectral density. Sucha
noise may be considered as a sum of sinusoids of all frequencies in the band: All components
have the same amplitudes (because of uniform PSD). This means 7 is constant for all w, and
the amplitude spectrum of the interference at the receiver output is as shown in Fig. 5.16. The
interference amplitude spectrum is constant for PM, and increases linearly with o for FM.

* For instance, an AM signal with an interfering sinusoid 7 cos (&, + )t is given by
r(t) =[A+ m@t)]cosw.t + I cos (w. + w)t
=[A+m(t) + [ coswt] cos w.f — I sin wt sin w,t
The envelope of this signal is
E@) ={[A+m(@) + Icoswt? + Psin ot} 2 ~ A+m@t) + Tcoswt [ <A
Thus the interference signal at the envelope detector output is I cos wt, which is independent of the carrier amplitude :
A.'We obtain the same result if synchronous demodulation is used. We come to a similar conclusion for AM-SC systems..

t The results in Eqs. (5.37) and (5.38) can be readily extended to more than one interfering sinusoid. The system
behaves linearly for multiple interfering sinusoids provided their amplitudes are much smaller compared to the carrier
amplitude.
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V2 Figure 5.16 = Effect of interference in
//FM PM, FM, and FM with preemphasis-
deemphasis.

/ PM

Interference —s
N

Y, FM with PDE

Wy —-

Preemphasis and Deemphasis in FM Broadcasting

Figure 5.16 shows that in FM, the interference (the noise) increases linearly with frequency,
and the noise power in the receiver output is concentrated at higher frequencies. A glance at
Fig. 4.19a shows that the PSD of an audio signal m(¢) is concentrated at lower frequencies
below 2.1 kHz. Thus, the noise PSD is concentrated at higher frequencies, where m(%) is
weakest. This may seem like :a/disaster. But actually, in this very situation there is a hidden
opportunity to reduce noise grea\tLy\. This process, shown in Fig. 5.17, works as follows: At the
transmitter, the weaker high-frequency components (beyond 2.1 kHz) of the audio signal m (t)
are boosted before modulation by a preemphasis filter of transfer function H,(jw). At the
receiver, the demodulator output is passed through a deemphasis filter of transfer function
Hy(w) = 1/Hp(jo). Thus, the deemphasis filter undoes the preemphasis by attenuating
(deemphasizing) the higher frequency components (beyond 2.1 kHz), and thereby restores
the original signal m(¢). The noise, however, enters at the channel, and therefore has not been
preemphasized (boosted). However, it passes through the deemphasis filter, which attemiates
its higher frequency components, where most of the noise power is concentrated (see Fig. 5.16).
Thus, the process of preemphasis-deemphasis (PDE) leaves the desired signal untouched, but
reduces the noise power considerably.

It may appear that we are gaining something for nothing. Not quite so! Boosting the
higher frequency components of m(f) increases its peak value m »» which, in turn, increases
Af = kpm,. Thus, the preemphasis may seem to increase the transmission bandwidth. But the
increase is minuscule because the (high-frequency) components that are boosted are so weak
that even large amplification does not increase their absolute amplitude much. It is somewhat
like a thousandfold increase in the salary of an unemployed person. A thousand times zero is
still zero. Thus, preemphasis causes such a small increase in the signal power that the change
in m,, is imperceptible, and we pay practically no price.

Preemphasis and Deemphasis Filters

Figure 5.16 indicates an approach to preemphasis. The FM has smaller interference than PM at
lower frequencies, while the opposite is true at higher frequencies. If we can make our system
behave like FM at lower frequencies and behave like PM at higher frequencies, we will have
the best of both worlds. This is accomplished by a system used in commercial broadcasting
(Fig. 5.17) with the preemphasis (before modulation) and deemphasis (after demodulation)
filters H),(w) and Hy(w) shown in Fig. 5.18. The frequency f; is 2.1 kHz, and f; is typically
30 kHz or more (well beyond audio range), so that f, does not even enter into the picture.
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These filters can be realized by simple RC circuits (Fig. 5.18). The choice of fi = 2.1kH, |
was apparently made on an experimental basis. It was found that this choice of f; mamtalned
the same peak amplitude m,, with or without preemphasis. 12 This satisfied the constraint of a
fixed transmission bandwidth. .

The preemphasis transfer function is

jw+ w " ,
Hy(w) = K222 . (53%)

Jo+ wy
where K, the gain, is set at a value of wy/w,. Thus,
wr\ jo+ o
=\—)77- . (5.3%
Hp(w) (a)1) jo+w )
For v « w1, .
Hy(w) =1 (5.39¢) :
For frequencies w) € o < ws,
j ;
Hy(w) ~ 2 G390 |
w1 . L

Thus, the preemphasizer acts as a differentiator at intermediate frequencies (2.1 to 15 kHz),
which effectively makes the scheme PM over these frequencies. This means that FM with PDE

Frequency . Frequency H o) km(t)
modulator demodulator 4

m(t)
- H,w)

Figure 5.17  Preemphasis-deemphasis in an FM system.

20 log | H (@)}

° ° "I’l wy W —>

(@) (b)

20 log IHd(w)lf
Wy
o—AMAN———4—0 ! 4
+ + w—>
) 7~ km(1)

° : o

(c) (d)

Figure 5.18 = (a) Preemphasis filter. (b) Its frequency response. (c) Deemphasis filter. (d) Its frequency response:
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is FM over the modulating-signal frequency range of 0 to 2.1 kHz and is nearly PM over the
range of 2.1 to 15 kHz as desired.
The deemphasis filter H;(w) is given by
]
H =
a(@) jo+w;

Note that for o < @, Hy(w) = (jw + w1)/w;. Hence, Hy,(w)H;(w) =~ 1 over the baseband
of 0 to 15 kHz.

Optimum PDE filters are discussed in Chapter 12. For historical and practical reasons,
optimum PDE filters are not used in practice. It can be shown that the PDE enhances the SNR
by 13.27 dB (a power ratio of 21.25). )

The side benefit of PDE is improvement in the interference characteristics. Because the
interference (from unwanted signals and the neighboring stations) enters after the transmitter
stage, it undergoes only the deemphasis operation and not the boosting, or preemphasis. Hence,
the interference amplitudes for frequenmes beyond 2.1 kHz undergo attenuation that is roughly
linear with frequency.

The PDE method of noise reductlon is not limited just to FM broadcast. It is also used
in audiotape recording and in (analog) phonograph recording, where the hissing noise is also
concentrated at the high-frequency end. Sharp hissing sound is caused by irregularities in
the recording material. The Dolby noise reduction systems for audiotapes operates on the
same principle, although the Dolby-A system is somewhat more elaborate. In the Dolby-B and
Dolby-C systems, the band is divided into two subbands (below and above 3 kHz instead of
2.1 kHz). In the Dolby-A system, designed for commercial use, the bands are divided into four
subbands (below 80 Hz, between 80 Hz and 3 kHz, between 3 and 9 kHz, and above 9 kHz).
The amount of preemphasis is optimized for each band.

We could also use PDE in AM broadcasting to improve the output SNR. In practice,
however, this is not done for several reasons. First, the output noise amplitude in AM is
constant with frequency, and does not increase linearly as in FM. Hence, the deemphasis does
not yield such a dramatic improvement in AM as it does in FM. Second, introduction of PDE
would necessitate modifications in receivers already in use. Third, increasing high-frequency
component amplitudes (preemphasis) would increase interference with adjacent stations (no
such problem arises in FM). Moreover, an increase in the deviation ratio (modulation index)
at high frequencies would make detector design more difficult.

5.6 FM RECEIVER

The FCC has assigned a frequency range of 88 to 108 MHz for FM broadcasting, with a
separation of 200 kHz between adjacent stations and a peak frequency deviation Af = 75 kHz.

A monophonic FM receiver is identical to the superheterodyne AM receiver in Fig. 4.28,
except that the intermediate frequency is 10.7 MHz and the envelope detector is replaced by
aPLL or a frequency discriminator followed by a deemphasizer.

Earlier FM broadcasts were monophonic. Stereophonic FM broadcasting, in which two
audio signals L (left microphone) and R (right microphone) are used for a more natural effect,
was proposed later. The FCC ruled that the stereophonic system had to be compatible with
the original monophonic system. This meant that the older monophonic receivers should be
able to receive the signal L + R, and the total transmission bandwidth for the two signals (L
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and R) should still be 200 kHz, with Af = 75 kHz for the two combined signals. This woulq
ensure that the older receivers could continue to receive monophonic as well as slereophornc
broadcasts, although in the latter case the stereo effect would be absent.

A transmitter and a receiver for a stereo broadcast are shown in Fig. 5.19a and c. At the
transmitter, the two signals L and R are added and subtracted to obtain L + R and L —R. Thege
signals are preemphasized. The preemphasized signal (L — R) DSB-SC modulates a carrier

L+R

(L+ Ry

Preemphasizer

Frequency @ + CZ FM
doubler pilot modulator|
+ : +
DSB-SC
modulator

()

Composite
baseband

spectrum

(L — R) cos w.

1519 23
L kHz
() °
LPF
0-15 kHz
| Limiter- NBF Frequency
discriminator 19 kHz |p;ot| doubler
BPF Synchronous| .
23-53 kHz demodulator Deemphasizer
(L — R) cos wy (L—RY (L—R)
(©)
Figure 5.19  (a) FM stereo transmitter. (b) Spectrum of a baseband stereo signal. (c) FM stereo receiver.
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of 38 kHz obtained by doubling the frequency of a 19-kHz signal that is used as a pilot. The
signal (L + R)’ is used directly. All three signals (the third being the pilot) form a composite
baseband signal m(¢) (Fig. 5.19b),

m(t) = (L + R)' + (L — R) cos w,t + a cos %Cl (5.40)
The reason for using a pilot of 19 kHz rather than 38 kHz is that it is easier to separate the pilot
at 19 kHz, because there are no signal components within 4 kHz of that frequency.

The receiver operation (Fig. 5.19c) is self-explanatory. A monophonic receiver consists
of only the upper branch of the stereo receiver and, hence, receives only L 4 R. This is of
course the complete audio signal without the stereo effect. Hence, the system is compatible.
The pilot is extracted, and (after doubling its frequency) it is used to demodulate coherently
the signal (L — R) cos w,t.

An interesting aspect of stereo transmission is that the peak amphtude of the composite
signal m(z) in Eq. (5.40) is practically the same as that of the monophonic signal (if we ignore
the pilot), and, hence, A f—which is proportional to the peak signal amplitude for stereophonic
transmission—remains practically the same as for the monophonic case. This can be explained
by the so-called interleaving effect as follows.

The L' and R’ signals are very similar in general. Hence, we can assume their peak
amplitudes to be equal to A,. Under the worst possible conditions, L’ and R’ will reach their
peaks at the same time, yieldirig-fEq. (5.40)]

m(0)lmex = 24, +

In the monophonic case, the peak amplitude of the baseband signal (L + R) is 2A,. Hence,
the peak amplitudes in the two cases differ only by «, the pilot amplitude. To account for this,
the peak sound amplitude in the stereo case is reduced to 90% of its full value. This amounts
to areduction in the signal power by aratio of (0.9)> = 0.81, or 1 dB. Thus, the effective SNR
is reduced by 1 dB because of the inclusion of the pilot.
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5.1-1 Sketch gry(?) and ¢py(¢) for the modulating signal m(t) shown in Fig. P5.1-1, given w, =
108, k; = 10°, and k, = 25.

I [\ [
,_//—\\ Y

L

Figure P5.1-1

5.1-2 A baseband signal m(z) is the periodic sawtooth signal shown in Fig. P5.1-2. Skctch.gaFM(t) and
@en(2) for this signal m(¢) if w, = 27 x 10, kg = 20007, and k, = /2. Explain why it i
necessary to use k, < 7 in this case. .

07—

NN S
VvV

Figure P5.1-2

5.1-3 Over an interval || < 1, an angle modulated signal is given by
@em(2) = 10 cos 13, 000¢

It is known that the carrier frequency w, = 10, 000.
(a) If this were a PM signal with k, = 1000, determine m () over the interval |¢| < 1.
(b) If this were an FM signal with k; = 1000, determine m(¢) over the interval |¢| < 1.

5.2-1 For a modulating signal
" m(t) = 2cos 1007 + 18 cos 20007 ¢

(a) Write expressions (do not sketch) for pm(#) and grym () when A = 10, o, = 106,‘ kf
10007, and k, = 1. For determining gv(?), use the indefinite integral of m(f), that is, tak

the value of the integral at # = —co to be 0..
(b) Estimate the bandwidths of ey () and gpv(?).
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5.2-2 An angle-modulated signal with carrier frequency w, = 27 x 10° is described by the equation
@rm(?) = 10 cos (w.t + 0.1 5in 20007 7)

(a) Find the power of the modulated signal.
(b) Find the frequency deviation Af.

(¢) Find the phase deviation A¢.

(d) Estimate the bandwidth of ggy ).

5.2-3 Repeat Prob. 5.2-2 if
@em () =5 cos (.7 -+ 20 sin 10007¢ + 10 sin 200077

5.2-4 Estimate the bandwidth for gopM(}) and @ry(¢) in Prob. 5.1-1. Assume the bandwidth of m(t) in
Fig. P5.1-1 to be the third—harmot}iq frequency of m(z).

5.2-5 Estimate the bandwidth of gen(r) and g (r) in Prob. 5.1-2. Assume the bandwidth of m(t) to be
the fifth harmonic frequency of m(t)

526 Givenm(t) = sin 20007, kr = 200, 0007, and &, = 10.
(a) Estimate the bandwidths of gy (¢) and opm(t).
(b) Repeat part (a) if the message signal amplitude is doubled.
(c) Repeat part (a) if the message signal frequency is doubled.
(d) Comment on the sensitivity of FM and PM bandwidths to the spectrum of m(z).

527 Givenm(t) = e, f, = 10* H, ks = 60007, and k, = 80007
(a) Find Af, the frequency deviation for FM and PM.

(b) Estimate the bandwidths of the FM and PM waves. Hinr: Find M (w) and observe the rapid
decay of this spectrum. Its 3-dB bandwidth is even smaller than 1 Hz (B & Af).

5.3-1 Design (only the block diagram) an Armstrong indirect FM modulator to generate an FM carrier
with a carrier frequency of 98.1 MHz and A f = 75kHz. A narrow-band FM generator is available
at a carrier frequency of 100 kHz and a frequency deviation Af = 10 Hz. The stock room also
has an oscillator with an adjustable frequency in the range of 10 to 11 MHz. There are also plenty
of frequency doublers, triplers, and quintuplers.

5.3-2 Design (only the block diagram) an Armstrong indirect FM modulator to generate an FM carrier
with. a carrier frequency of 96 MHz and Af = 20 kHz. A narrow-band FM generator with
Je = 200 kHz and adjustable Af in the range of 9 to 10 Hz is available. The stock room also has
an oscillator with adjustable frequency in the range of 9 to 10 MHz. There is a bandpass filter with
any center frequency, and only frequency doublers are available.

5.4-1 Show that when m(z) has no jump discontinuities, an FM demodulator followed by an integrator
(Fig. P5.4-1a) acts as a PM demodulator, and a PM demodulator followed by a differentiator
(Fig. P5.4-1b) serves as an FM demodulator even if m(?) has jump discontinuities. Hint: For an
input A cos [w,t + ¥ (2)], the output of an ideal FM demodulator is v/ (r) and that of an ideal PM
demodulator is ¥ (z).
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FM
demodulator

(a) PM demodulator

PM d

demodulator dt

(b) FM demodulator

Figure P5.4-1

5.4-2 A periodic square wave m(t) (Fig. P5.4-2a) frequency-modulates a carrier of frequency fo=
10 kHz with Af = 1 kHz. The carrier amplitude is A. The resulting FM signal is demodulated,
as shown in Fig. P5.4-2b by the method discussed in Sec. 5.4 (Fig. 5.11). Sketch the waveforms - |

at points b, ¢, d, and e.

m(t) I‘_' To '—.l
1

e
l—
-t
(a)
m M d Envelope DC
@ modulator L’-_C;) dt © detector E(D blocking ®
v J
Demodulator
(b)

Figure P5.4-2

5.4-3 Using small-error analysis, show that a first-order loop [H(s) = 1] cannot track an i.ncomjng
signal whose instantaneous frequency is varying linearly with time [6; (z) = k¢?]. This signal can
be tracked within a constant phase if H(s) = (s + a)/s. It can be tracked with a zero phase error
if H(s) = (s> + as + b)/s>.
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SAMPLING AND PULSE
CODE MODULATION

- pis

A%
s seen in Chapter 1, analog signals can be digitized through sampling and quantization.
A The sampling rate must be sufficiently large so that the analog signal can be recon-
structed from the samples with sufficient accuracy. The sampling theorem, which is
the basis for determining the proper sampling rate for a given signal, has a deep significance
in signal processing and communication theory.

6.1 SAMPLING THEOREM

We now show that a signal whose spectrum is band-limited to B Hz [G(w) = O for |w| > 27 B]
can be reconstructed exactly (without any error) from its samples taken uniformly at a rate
R > 2B Hz (samples per second). In other words, the minimum sampling frequency is
fs =2BHz*

To prove the sampling theorem, consider a signal g(r) (Fig. 6.1a) whose spectrum is
band-limited to B Hz (Fig. 6.1b)." For convenience, spectra are shown as functions of & as
wellas of f (Hz). Sampling g(z) at a rate of f; Hz (f, samples per second) can be accomplished
by multiplying g(7) by an impulse train 87, (£)(Fig. 6.1¢), consisting of unit impulses repeating
periodically every T; seconds, where T, = 1/f;. This results in the sampled signal g(¢) shown
in Fig. 6.1d. The sampled signal consists of impulses spaced every T seconds (the sampling
interval). The nth impulse, located at ¢ = nT;, has a strength g(nT;), the value of g(¢) at
t = nT;. Thus,

30 = g7, (t) = Y g(nT,)8(t —nTy) 6.1)

5

* The theorem stated here (and proved subsequently) applies to low-pass signals. A bandpass signal whose spectrum
exists over a frequency band f; — B/2 < | f| < f.+ B/2has abandwidth B Hz. Such a signal is uniquely determined
by 2B samples per second. In general, the sampling scheme is a bit more complex in this case. It uses two interlaced
sampling trains, each at a rate of B samples per second (known as second-order sampling). See, for example, the
references 1, 2.

1 The spectrum G(w) in Fig. 6.1b is shown as real, for convenience. However, our arguments are valid for complex
G(w) as well.
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Sampled signal and its Fourier spectrum.

Because the impulse train 87, (7) is a periodic signal of period T, it can be expressed as
a Fourier series. The trigonometric Fourier series, already found in Example 2.9 [Eq. (2.77)],

18

5

2 .
81,(t) = Tl[1 +2c0s 051 +2¢08 2051 +2008 3oyt o] @y = - =2fs 62)
5

Therefore,

8(1) = g1, (@)

- —;—[g(t) +2g(#) cos a1 + 2g(f) cos 2wt + 2g(1) cos 35t + -1 (63)

To find G(w), the Fourier transform of g(), we take the Fourier transform of the right-hand

side of Eq. (6.3), term by term. The transform of the first term in the brackets is G(w). T}{e
transform of the second term 2g(¢) cos ws? is G(w — wy) + G (@ + w;) [see Eq. (3.35.)]. ThlS
represents spectrum G (w) shifted to w; -and —e. Similarly, the transform of the third ?eg ",
2g(2) cos 2wt is G(w — 2w;) + G(w + 20;), which represents the spectrum Q(w) shift ;
to 2w, and —2wy, and so on to infinity. This means that the spectrum G (w) consists of G :
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repeating periodically with period w; = 27/ T, rad/s, or f, = 1/T, Hz, as shown in Fig. 6.1e.
There is also a constant multiplier 1/ 7 in Eq. (6.3). Therefore,

G(w) = Ti > Glo—nw,) 6.4)

$ n=—00

If we are to reconstruct g(¢) from g(z), we should be able to recover G(w) from G(w). This is
possible if there is no overlap between successive cycles of G (w). Figure 6.1e shows that this
requires

fs > 2B (6.5)
Also, the sampling interval 7y = 1/ 'fs. Therefore,
1

T T, < T (6.6)

Thus, as long as the sampling frequency f; is greater than twice the signal bandwidth B (in
hertz), G(w) will consist of nonoverlapping repetitions of G(w). When this is true, Fig. 6.1
shows that g(#) can be recovered from its samples g(¢) by passing the sampled signal g(r)
through an ideal low-pass filter of bandwidth B Hz. The minimum sampling rate f; = 2B
required to recover g(¢) from its samples g(¢) is called the Nyquist rate for g(t), and the
corresponding sampling interval T; = 1/2B is called the Nyquist interval for g).”

6.1.1 Signal Reconstruction: The Interpolation Formula

The process of reconstructing a continuous-time signal g(z) from its samples is also knows as
interpolation. In Sec. 6.1, we saw that a signal g(¢) band-limited to B Hz can be reconstructed
(interpolated) exactly from its samples. This is done by passing the sampled signal through an
ideal low-pass filter of bandwidth B Hz. As seen from Eq. (6.3), the sampled signal contains
a component (1/75)g(#), and to recover g(¢) [or G(w)], the sampled signal must be passed
through an ideal low-pass filter of bandwidth B Hz and gain T;. Thus, the reconstruction (or
interpolating) filter transfer function is

H(w) = T, rect (%) 6.7)

The interpolation process here is expressed in the frequency domain as a filtering
operation. Now, we shall examine this process from a different viewpoint, that of the time
domain.

Let the signal interpolating (reconstruction) filter impulse response be % (¢). Thus, if we
were to pass the sampled signal g(¢) through this filter, its response would be g(r). Let us now
consider a very simple interpolating filter whose impulse response is rect (¢/T;), as shown
in Fig. 6.2a. This is a gate pulse of unit height, centered at the origin, and of width 7, (the

* We have proved that the sampling rate R > 2B. However, if the spectrum G(w) has no impulse (or its derivatives)
at the highest frequency B, the signal can be recovered from its samples taken at a rate R = 2B Hz (Nyquist rate).
In case G(w) contains an impulse at the highest frequency B, the rate R must be greater than 2B Hz. Such is the
case when g(7) = sin 2z Bt. This signal is band-limited to B Hz, but all of its samples are zero when taken at a rate
fs = 2B (starting at ¢ = 0), and g(¢) cannot be recovered from its Nyquist samples.





