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LOI CAM DOAN

To61 xin cam doan day 1a luan van do chinh ban than t6i lam dudi sy hudng

dan cua TS. Nguyén Trong Hoa, khong sao chép cua ai khac.



LOI CAM ON
Trong suot qué trinh hoc tdp va hoan thanh ludn van nay, t6i da nhdn
dwoC Sw hwong dan, gip d& quy bau cia cac thdy cd, cdc dong nghiép va cac
anh chj, em va cac ban bé than thiét.Véi 1ong kinh trong va biét on sdu sdc, toi

xin dwoC bay té 161 cdm on chdn thanh nhat téi:

Ban giam hiéu, Phong dao tao sau dai hoc va Khoa Todn truong Dai
hoc Sw pham Thanh phé Hé Chi Minh da tao moi diéu kién thudn loi givip do

toi trong qud trinh hoc tap va hoan thanh lugn van.

TS. Nguyén Treng Hoa, nguwoi thay kinh mén da hét long giip do, chi
bdo, ddng vién va tao moi diéu kién thudn lgi cho t6i trong suét quéa trinh hoan

thanh ludn van tot nghiép.

TS. Nguyén Ha Thanh- Té truéng bé mdn Hinh hoc khoa Todn truong
Pai hoc Sw pham Thanh phé Hé Chi Minh- mét nguwoi dang kinh trong cong
viéc ciing nhir trong cudc song. Thay di dong vién givip dé va hwéng dan cho toi

rat nhiéu dé toi co thé hoan thanh dwoc ludn van nay.

Xin gii 101 cam on t6i Ban giam hiéu, céc thay cd trong té Todn truong
PTTH chuyén Binh Long da tao diéu kién tot nhat cho tdi trong trong thoi gian

lam lugn van.

Xin cam on toi ban bé, cac anh chi em trong l6p Hinh hoc TOpo khoa 23

da dong vién va giup do toi trong nhirng luc toi gap kho khan.
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: Buong cong xa anh
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: Céc gia tri bi chat cua bac caa cuc diém tai p
: Khéng tinh boi

: Tinh ca boi



LOI MO DAU

Van dé xac dinh mot ham phéan hinh, ham da thtc, ham nguyén trén mot
truong dong dai s6, co dic sé 0 thdng qua anh nguoc cua cac tap hitu han da
duoc nghién ctu boi nhiéu nha toan hoc trén thé gidi. Cu thé, nam 1921, G.
Polya di chi ra rang ham nguyén khac hang trén C duoc xac dinh bai anh
nguoc, tinh ca boi, caa ba gia tri phan biét. Nam 1926, Nevanlinna da ching
minh rang hai ham phan hinh khac hang bat ky f,g chung nhau 5 gia tri phan
biét, (tuc la f*(a)=g*(a), voi i=1,...,5) thi chung tring nhau. Sau d6, Sauer
chang minh hai ham phan hinh khac nhau trén mét mat Riemann compact cé
gidng g>0 khéng thé chung nhau nhidu hon 2+ 2./g gi tri [6]. Con s nay
gan ddy da duoc 1am sau sic hon dén gid tri 2+./2g+2, va gidi han vé
gonality, 12 bac thap nhap caa mot anh xa hitu ty tir C dén mot duong thang xa

anh, cting dugc dua ra boi Schweizer [7].

M6t van dé ty nhién dugc dit ra ndm 1977 béi E. Gross, d6 1a khong xét anh
nguoc cua cac diém roi rac ma xét anh nguoc cua cac tap hop diém trong mot
truong dong dai s6 nao do. Gross dua ra khai niém tap xac dinh duy nhat cho
cac ham ma khi hai ham kh&c nhau chung nhau gia tri trén mot tap hop thay vi
trén mot vai gié tri [8]. Van dé nay thu hat sy chi y khong chi trong giai tich
phirc, ma con trong giai tich khong Acsimet va ly thuyét sd. Trong qué trinh
nghién ctu tap xac dinh duy nhat di dan dén viéc xac dinh da thirc duy nhat

manh tung ang véi tap xac dinh duy nhat do.
Mot da thirc P trong K[X] duoc goi 1a da thirc duy nhdat manh ddi vai ho
cac ham 7 néu ton tai hai ham khac hang f,ge# va hing s ¢ sao cho

P(f)=cP(g) thi ta phai c6 c=1 va f =g. Cac vin dé nay ciing dugc nghién



ctu trong 1y thuyét sé va dugc trinh bay theo nhiéu cach khac nhau. Viéc

nghién ctu da thirc duy nhat manh cho cac ham phan hinh, ham nguyén, ham

hitu ty, cac da thirc; cac ham phan hinh, ham nguyén khong Acsimet dugc trinh

bay sau day.

P(X)—P(Y)
X =Y

F.(X,Y,Z), c#0,1ek la sy thuan nhat hda ciia P(X)—cP(Y). Goi f,g lacac

Goi F(X,Y,Z) la sy thuan nhit hdéa cuoa va

ham phan hinh sao cho P(f)=bP(g) vdi b e C* nao d6. Khi d6 ta chirng minh
dugc @ :=(f,g,1):C —P? la mot ddng cu, va hon nita, anh cua nd thudc
[F(X,Y,Z)=0] néu b=1 hoic thuoc [F,(X,Y,Z)=0] néu b=c=1. Tir dinh
ly Picard, ching ta biét rang diéu nay khdng thé xay ra néu khong co duong
cong nao trong [F(X,Y,Z)=0] va [F.(X,Y,Z)=0], véi moi c=0,1, chira bét
ky thanh phan c6 gidng 0 hoic 1. Trong [3], diéu nay duoc thuc hién bang cach
xay dung hai 1-dang chinh quy doc 1ap tuyén tinh trén cac dudng cong nay. Doi
véi truong hop ham hiru ty hoac ham hoac ham phan hinh khéng Acsimet, ta
chi can xay dung mot 1-dang chinh quy trén cac duong cong nay la du. Néu f
va g la cac ham dai sb trong K, thi @ trg thanh mot ddng cau tir C vao mot
trong cac duong cong trén. Nho dinh Iy Hurwitz, ching ta biét rang diéu nay
khong thé xay ra néu cac duong cong nay khong c6 thanh phan cé giéng <g.
Khong thé giai quyét trudng hop nay bang cach xay dung (g+1) 1-dang doc lap
tuyén tinh khi g 16n. Khi g>2 va tat ca cac duong cong [F(X,Y,Z)=0] va
[F.(X,Y,Z)=0], v6i moi c#0,1 chi chia cc thanh phan c6 giéng g>2.
Chung ta khéng cho rang khéng ton tai dang cau gitra ching, ngoai ra, theo dinh
ly cua De Franchis, ching ta hy vong tn tai hitu han cac dang cdu nhu thé,

Trong truong hop nay, chdng ta c6 mot chan trén hiru han cta do cao cua f va



g. Chly ring néu céc hé s cia P(X) la c4c sé trong trudng Kk , thi theo phong
doan ctia Mordell (nay 1a dinh ly Faltings), véi mdi ¢ e k \{0}, chi ton tai cac

cap diém (x,y) e KxK véi x =y sao cho P(x) =cP(y) néu
(i) [F(X.Y,Z)=0] khi c=1 hoac
(ii) [F.(X.Y,Z) =0]khi c=0,1

khdng chitra cac thanh phan cé giéng 0 hoac 1.

Trong sudt luan van, ta ki hiéu P(X) 1a da thuc bac n trong k[X], | 1asé
cac nghiém phan biét cua da thuc P'(X) va «,«,,...,a, la cac nghiém nay, va

m,m,,....m, la sb boi tuong tng véi chung. Do do:
P'(X)=a(X —a)™(X —a,)™... (X —e,)™, véi a la hang s6 khac 0. (1)
Gia st rang: P(a;) # P(a;), khii# j (tagoi day la gid thiét I).

NOGi cach khéc, P 1a don anh trén tap cac nghiém cua P'. Bé y rang gia thiét
I 1a diéu kién chung, va sau nay, ta thay diéu nay gidp ta tinh toan dé dang hon.

Dé don gian, ta ki hiéu cac truong hop dac biét cia P(X) nhu sau:
(1A) 1=2 va min{m,m,}=1
(1B) I=2vam=m,=1,
(1C) I=2vam=m,=2;

(ID) I=3vam=m,=m,=1;



(1E) 1=3vam=m,=m,=1,vaton tai mot hoan vi ¢ cua {1,2,3} sao

cho ¢(i) =i véi i=12,3 va @ théa min o’ + w+1=0 sao cho

=) \eiiZ123.
P(ayq

Mot tap hop con U cia k duoc goi la cing affine néu khong ton tai mot
phép bién ddi tuyén tinh T sao cho T(U)=U .

Diéu kién can va du dé mot da thac 1a duy nhat manh 1a:
pinh Iy 2.1.4.1

Goi P(X) 1a mot da thie xac dinh nhu trén théa man gia thiét 1.

() (&) Khi g=0. P(X)Ila da thirc duy nhat manh trén K khi va chi khi tap
cac khong diém I/ cia P 1a cang affine va P khdng théa man (1A)
hoac (1E).

(b) Khi g=1. P(X)1a da thirc duy nhat manh trén K khi va chi khi tap
cac khong diém U/ cua P 14 cing affine va P khdng thoéa méan
(1A), (1C) hoac (1E).

(c) Khi g>2.Giasir ¢/ la cing affine. P(X) la da thitc duy nhat manh
trén K khi va chi khi 1 >2g+4

(1) Néu |S|=1thi P(X)1a da thic duy nhat manh trén O, khi va chi khi &/

la ctrng affine.



Pinh Iy 2.1.4.2

Goi P(X) la mot da thie xac dinh nhu trén thoa mén gia thiét | va tap céc
khong diém o/ cta n6 1a cing affine. Gia sir rang f,g la hai ham phan biét

khac hang trén K sao cho P(f)=cP(g) véi ¢ ek \{0} ndo d6. Khi do:
(@) h(f)=h(g)<8g—8 néu P khong théa man (1A), (1C) hoic (1D).

(b) h(f)=h(g)<6g—6+3|S| néu f va g la S—nguyénva P khong thoa
méan (1B) hoac (1D).

Nhu da néi dén & phan trudc, su xay dung cac 1-dang chinh quy khdng
thuc hién dugc cho cac truong ham néi chung. Ching ta giai quyét van dé nay
bang cach so sanh d6 cao caa cac ham. Mot thuan loi khac caa phuong phap
trinh bay trong luan vin nay 1a c6 thé giai quyét cung lac truong hop

S —nguyén, tuc la vanh O;, véi cac ham nguyén.

Phan tiép theo cua luan vin 1a dwa ra mot didu kién can va da dé mot tap 1a

tap xac dinh duy nhat.
Pé don gian cac dinh nghia, véi 7 e K, ta dat:
v, () = max{0,v, (M)}, g, () = min{Lv, (17)},
theo thir ty 14 bac cua khong diém tai p va céc gid tri bi chit caa no;
va v, (17) = -min{0,v, (1)}, o, () =min{L, v, (7)}

theo thir tu 14 bac cua cuc diém tai p va cac gia tri bi chat cua né;



Cho U la mot tap con cua k. Ta dinh nghia:

ED(F,u) = | J{(p,min{m,u0(f —2)}) [pe S},

ael
trong d6, m 1a s6 nguyén duong hoic .

Goi f,g la hai ham khac hang cua K. Ching ta néi rang f,g chung nhau
U trén S, tinh ca boi (goi 1a CM) néu EZ(f,U)=EZ(g,U) ; va f,g chung
nhau U trén S, khong tinh boi (goi 1a IM) néu EL(f,U) =EL(g,U).

Chung ta hiy dé y riang dinh nghia cua ching ta néi chung nhe hon cua
Gross vi S ¢d thé dugc chon 13 mot tap hitu han bat ky caa C. Mot tap U duoc
goi 1 tap xac dinh duy nhat trén S CM (twong tGng IM) ddi véi mét ho con 7
caa K (chang han, chon 7 1a K hoic O;) néu f va g chung nhau 2/ trén S
CM (tuwong tng IM) thi taphaico f =g.

Két qua chinh 1a:

Pinh 1y 2.2.2.3

Cho U ={u,,..,u,} la cing affine va ciing la mot tap con cua k. bat
P(X)=(X —u,)..(X —u.) thoa mén gia thiét | vd P'(X) nhu trén. Gia sit P
khéng théa man (1A), (1C) hoac (1D). Gia st thém rang | >2g+4 néu g>2.
Khi d6 U 1a tap xac dinh duy nhat trén S :

(@ IMtrén K néu n>max{2l +13,2l + 2+13g+ 2|S|};
(b) CMtrén K néu n>max{2l+7,21+2+7g+2[S|};

(c) IMtrén O, néu n>max{2l+6,21 —-5+13g+6|S|};



(d) CMtrén O, néu n>max{2l+3,21 -2+7g+3[S|}.

pinh Iy 2.2.2.4

Cho U ={u,,..,u,}1a cung affine va ciing la mot tap con cua k. bat
P(X)=(X —u,)..(X —u ) théa min gia thiét | va P'(X) nhu trén. Gia si P
khong thoa man (1A), (1C) hoac (1D).

()  Giasurang f va g chung nhau ¢/ trén S
(@ IM, khido h(f)+h(g)<26g—20+4S| néu n>2l+13;
(b) CM, khido h(f)+h(g)<22g-8+4|S| néun>2l+7.
(1)  Giaswrang f va g lacac S —nguyén chung nhau I/ trén S
(@  IM, khido h(f)+h(g)<26g-20+12|S| néun>2l+6;
(b) CM, khid6 h(f)+h(g)<22g—8+10[S| néun=21+3.

Noi dung chinh cua luan van la chimg minh 4 dinh ly trén, duoc dua vao

tai liéu [1]. Cu thé gom 2 chwong nhu sau:
Chuong 1. Kién thirc chuén bi.

Chuong nay sé& trinh bay céc khai niém va tinh chat co ban, ching minh

mot s6 dinh ly va bé dé duoc dung trong luan vin, gom:
1. Truong dinh chuan khong Acsimet, truong sé phic p-adic.
2. Ham chinh hinh va ham phan hinh trén truong cac s6 phac p-adic.

3. Cac truong ham dai 6 va sb chiéu cua da tap xa anh.



4. Pudng cong dai $6. Gidng cua dudng cong dai sd.

Chuong 2. Pa thirc duy nhat va tap xac dinh duy nhat cho ham phan hinh

trén trweong khong Acsimet.

Noi dung cta chuong nay la dua ra cac diéu kién can va du dé mot da

thire 1a duy nhat manh va mét tap 1a xac dinh duy nhat.

Du da cb gang hét sic nhung do kién thic va thoi gian ¢6 han, luan van
kho tranh khoi nhirng sai s6t. Kinh mong quy thay cé va ban doc dong gop dé

luan van duoc hoan thién hon.



CHUONG 1. KIEN THUC CHUAN BI
1.1. Trudng dinh chuin khong Acsimet, truwong sb phire p-adic.
1.1.1. Cac dinh nghia

1.1.1.1. Pinh nghia

Cho X la mot tap khac rong. Mot khodng cach, hay metric, trén X la

mot ham d : X x X > R" thoa man:

(1) d(xy)=0=x=y,

(2) d(x,y)=d(y,x),
(3) d(x,y)<d(x,z)+d(z,y),voimoi ze X.

1.1.1.2. Pinh nghia
Cho k 1a mét truong. Mot chudn trén truong k 1a mot anh xa
| |-k —>R" thoa mén:
1) [x|=0<x=0
@ sl Iyl vy <k
@) [x+ vl <+l vxy ek
1.1.1.3. Vi du

(1) Trén Q va R, gia tri tuyét ddi thong thuong 1a chuan.

(2) Cho k la mot truong. Xét anh xa:
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Khi d6 || 1a mét chuan trén k, goi la chuan tim thuong.

1.1.2. Metric trén truong sb hiru ty

1.1.2.1. Pinh nghia

Cho p la mot s6 nguyén to. Vi so6 nguyén khong am a, dat ord ja la
liy thura cao nhat cua p chia hét a, tac 1a s6 m 16n nhat sao cho

a=0(mod p").

Qui wéc: ord 0=o0.
Véi s6 hitu ty x:i,ta dinh nghia ord x=ord a—ord b.
b p p p

1.1.2.2. Ménh dé
Cho p 1a mot s6 nguyén t6. Vi moi x,yeQ, taco:
(1) ord (xy)=ord x+ord y

(2) ord, (x+y)=min{ord x,ord y}

1.1.2.3. Ménh dé

—ord ,x

p",x#0

Anh xa | |p :Q — R" x4c dinh nhu sau: |X|'° :{0 0
L X:

Khi d6 | |plé chuéan trén Q.
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1.1.2.4. Pinh nghia

Mot chuén | || trén truong k duoc goi 1 chudn khdng Acsimet néu n6 thoa

man thém diéu kién: |x + y| < max(|x|.|y[), véi moi x,yek.

1.1.2.5. Vi du
Chuan tam thuong trén Kk 1a chuan khdng Acsimet trén k.
1.1.2.6. Ménh dé

| |p la chuan khong Acsimet trén Q.

1.1.3. Xay dung truong s6 phire p-adic

1.1.3.1. Binh ly (Pinh ly Ostrowski)

Moi chuan khong tam thuong trén Q twong duong voi | |pv<’yi p lasé

nguyén t4 hoic p=oo.

co:

Chirng minh
Gia st | | 1a mot chuan khéng tim thuong trén Q. Ta xét hai truong hop.
Truong hop 1: Ine N:|n|[>1.
Goi n, 1as6 ty nhién bé nhat sao cho |n,[>1. Ta dat
¢ =l (@=1og, |n)
Tas& ching minh [n|=n*,vneN.

Gia st n=a,+an, +..+an; , voi 0<a <nya =0;n;<n<n™ . Ta
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S
r]O

[ < o] + o] + - +
Mit khac do a, <n, nén |ja | <1, Vi=1.s
Suy ra

I <2+ |ng||+...+

s
nO

<l+ny +..4+n

:>||n||snga(1+is+...+ . ]

sa
nO nO

1 1 . ISR A A
bat C=1+—+..+— la hang s6 chi phu thuéc vao n,, khong phu
nO n0
thuoc vao n, ta dugc  |n|<C.ng” .

Ma n§ <n,vneN nén |n|<C.n“,VneN.

Khi d6, véi moi 6 tw nhién k, taco  [n*|<C.(n")* < |n|<¥/Cn"

Cho k — +oo ta dugc |n||<n* (1)
Mat khac, [Ins*=[ng™ —n+ nH <|nst - nH +[nl|= | = ng™|| —Ins™* - nH
Ma [ =ng nén ng™| =ng®?

Suy ra ||n||= g —Ing" - nH

a \
ns*l—nHS(ns”—n) vanxn; .

Theo chiing minh trén, ta c6 |n, 0

Tr céc két qua trén ta dugc
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il () {102y

0

bat C'zl—(l—ni] , ta dugc ||n||ZC'.ng(5+1)
0

Ma n<n;™ nén |n|>C"n
Do d6, véi moi s tu nhién k , ta co:
anH >C'n* < n|>4/C'n” .
Cho k — +o ta dugc |n|>n® (2)
Tu (1) va (2) ta dugc ||n||=n”

Viy ta da ching minh duoc |n||=n“,vneN.
r & m N
Do d6, véi x=—eQ,(m,n) e ZxN* thi
n

_m] _ m~

{5
A

RiEE
Truong hop 2: VneN,|n[<1.
Khid6 IneN,|n|<1.

Goi n, 1a 56 ty nhién bé nhat sao cho |n,| <1. Khi d6 ny=p véi p lasd

nguyén tb vi nguoc lai, ta co :
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Ny =N, (0<n, <n, <ng) = [no [ =[n] ||| <1

Suy ra [n[ <1 va |n,|| <1 ( méu thuan véi su lya chon n)

Tiép theo, ta chang minh v&i mdi s6 nguyén m ma (m, p) =1 thi ta cé
[m]=1.

Tht vy, gid s m] <1 thi ton tai ke N omlf <. plf <2

Mat khac, do (m, p) =1 nén (m*, p*)=1.Suyra Ju,veZ:um“ +v.p* =1

Do dé: 1=Jum’ +v.p|<m || <2+ =1 (vo 19)

Vay néu (m, p) =1 thitaco |m|=1.

Khi do6 véi moi x e Q,x = p“—, vdi ,ta duoc
n

|| || 0{

il

Nen ||~ |,
Tu do6, véi mdi xe Q' tacod

[ 11, =1
p

trong do [ [|x|, lay v&i moi s6 nguyén té trong Q , kéca p=+o.
p
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Déy du hoa Q bsi topd cam sinh tu |

)» ta thu dugc mot truong, dugc ki
hiéu 1a Q, , va chuan | |ptrén Q duoc mé rong thanh chuan khong Acsimet

trén Q,, van ki higu 13 | |p va thoa mén céc tinh chat sau :

(i) Ton tai phép nhiing Q — Q,, va chuan cam sinh bgi | |, trén Q
qua phép nhing la chuan p-adic. Do vay ta dong nhat Q V6i
anh cua nd qua phép nhing Q.

(i) Q tru mat trong Q.

(iii) Q, day du.

Truong Q, théa mén (i), (ii), va (iii) 1a duy nhat, sai khdc mot dang cau,
bao toan gia tri cua chuan p-adic, goi 1a #rong cac so p-adic.
Hon nira, Q ,con ¢6 tinh chat sau :

(iv) V6i mdi xe Q) =Q, \{0}, ton tai mot s6 nguyén v, (x) sao
cho |x| = p™*™, tic1a v, trong Q dugc mé rong Ién @, . Noi
cch khac, tap tat ca cac gia tri cuia Q va Q, qua | |p la tring
nhau va dé 1a {p" |n € N} U{0}.

T tinh chat (iv) ta thay

@p(x;r)=@{x;ﬂ, xeQ, reR" .
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Do d6 vanh dinh gia (’)Qp :Qp[O;l]:Qp(O; p) vua mo, vira dong va
duoc goi la vanh s6 nguyén p-adic, ki hiéu Z . V6i moi neZ*, vanh Z*

duoc phu boi
Q,[kip"]=k+p'R,, (k=01..,p"~1)

suy ra Z , compact va do d6 Q ; compact dia phuong. Nhu vay ta co
Z,1p%,=221p"Z, ,

vacac lép p'Z, trong Z  la cac qua cau trong topd p-adic.

Cac tap Qp[k; p‘”] = p'Z,, (neZ) tao thanh mdt hé co ban c4c lan can

cua 0€@Q bt
Khong gian Q, khong lién thong nhung la khong gian topod Hausdorff.
Kihiéu Q, 1a bao déng dai sé ciia Q.
Ta mé rong gia tri tuyét ddi p-adic trén Q, nhu sau.

Ly xeQ,, khi d6 x thude trudng mé rong hitu han Q ,(x) va do dé ta

c6 thé dinh nghia | ., bang céch sir dung sw mé rong duy nhat caa chuan
p-adic trén Q(x). Do d6 ta dugc ham

I :QTp —>R*
la sy mo rong cua chuan p-adic trén Q ,- Ta chung minh dugce ham nay cling
la mot chudn. Chuan | | trén Q cling goi 1a chuén p-adic. Tuy nhién, Q

khong day du vai chuan nay.
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Piy du hoa cua Q, Gng vsi topd sinh boi | |, 12 mot truomg, duoc ki

hiéu la C , chuan nay van duoc ki hiu 12 | |p, thoa méan cac diéu kién sau :

(i) Ton tai phép nhiing @, — C, va chuin sinh bsi | | trén Q, qua
phép nhang 1a chuan p-adic. Do vay, ta ddng nhat Q, véi anh
cua no qua phép nhing trong C .
(i) Q, trd mattrong C .
(iii) C, day du.
Trudng C, théa man cae didu kién (i), (ii), va (iii) 1a suy nhat, sai khac

mot dang cau, bao toan chuan |

» duoc goi 1a zruong céc sé phurc p-adic.
Ngoai ra, C con co cac tinh chat sau:

(iv) V6i mdi xeC, =C, \{0}, ton tai so hitu ty v, (x) sao cho
X = p® , tac 1a v, trong Q, dugc mé rong dén C, 1a anh
cua C, qua v, la Q.
(v) C, dong dai s6 nhung khong compact dia phuong.
1.2. Ham chinh hinh va ham phan hinh trén truwong cac sé phirc phirc p-
adic

1.2.1. Ham chinh hinh trén trudng cic so phire p-adic

Ta ki hiéu k 1a truong dong dai s, day du voi chuan khong Acsimet va

c6 dic s 0.



18

Cac khai niém vé day, chudi va sy hoi tu cua day, chudi trong trudng
khong Acsimet tuong tu nhu trong truong Acsimet. Tuy nhién, véi truong co

chuan khéng Acsimet, ta c6 mét sé tinh chat dic biét nhu sau:
1.2.1.1. Pinh Iy

Gia sir {x_} 1a mot day trong k. Day {x } 1a mot ddy Cauchy néu va chi

néu

Iim|x

nN—o0

—X,|=0

n+1
Ch#rng minh
Piéu kién du 14 hién nhién theo dinh nghia.
Ta chimg minh diéu kién can.

Va&imoi p,neN, ta co:

Xn+p — X = Xn+p - Xn+p—l + Xn+p—1 - Xn+p—2 o+ X X,
< maX{ Xn+p - Xn+p—1" Xn+p—1 - Xn+p—2"""|xn+1 — X |}
Vi lim|x,,, — x,|=0 nén ta c6 ngay diéu can chang minh,

n—

1.2.1.2. Pinh Iy 1.12

Chudi Y a,, a,ek hoi ty khi va chi khi lima,=0. Khi d6 ta co

N—o0
n=0

2.3,
n=0

<max|a,|
n

Chudi Ity thira ) a,z", a, ek hoi tu tai z khi va chi khi lim

nN—o0
n=0

=0

a,z"
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1.2.1.3. Ménh dé

Chuoi lily thira f(z)=> a,2", a,ek. Dt p= . Khi do:

1
n=0 Iimsupq/m

i) Néu p=0thi f(z) chihoi tutai z=0.
i) Néu p =+ thi f(z) hoitu véi moi zek.

iii) Néu 0< p < +oova limla,|p" =0 thi f(z) hoi tu khi va chi khi

|Z|Sp

iv) Néu 0 < p <+oova limla,| " =0 thi f (z) hoi tu khi va chi khi
z|<p

Khi do, p duoc goi la ban kinh hoi tu cua f(z).

Tép hop tat ca cac chudi lily thira voi f(z)=>"a,z", a, ek Véi hai phép
n=0
toan cong va nhan tao thanh mot vanh.
bat A (k) = { f(z)| ban kinh hoi tu p < r} :

A(k) = A_(k) - tap hop cac ham nguyén trén k.

Taco AK) =NAK).

S<r

1.2.1.4. Pinh nghia

Voi f(z) :Z:anzn e A (k) va 0<r < p, ta dinh nghia

n=0

+ Sb hang 16n nhét u(r, f) = me})x|an|r”
n=
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+ Chi s6 ung véi s hang 16n nhat 12 o(r, f) ={n| m;aox|an|r” = u(r, £)}.
V6i =0, ta dinh nghia (0, f) = lim u(r, f) ; v(0, f) = limo(r, )
r—0" r—0*

Ta c6 cac két qua sau :
1.2.1.5. Ménh d¢&
Véi r>0, ham u(r,.): A (k) > R" thoa man:

i) 4(r, £)>0; u(r, f)=0 khivachikhi f=0.
i) w(r, fg) = pu(r, F)u(r,g); p(r, A1) =|A|u(r, )
i) w(r, £ +9) <max{u(r, f);u(r,9)}

Khi d6 #(r,.) 1a mot chuan khong Acsimet trén A (k) va

iv) A (kK)day di véi chuan u(r,.)
v) Vanh da thirc K[z] trd mat trong A (k) theo chuan su(r,.).
1.2.1.6. Binh Iy

Voi feA(K)\{0}, r>0,tn tai da thic g(z)=b, +bz+...+b 2" ek[z]

véi v=u(r, f) vachudi lily thira h(z) =1+ c,z", ¢, ek thoa mén:

n=1

i) f(z)=h(z)g9(z)
ii) u(r, f)=|b,
iii) he A (K)

iv) z(r,h—-1)<1va u(f —g)<u(r, f)

rU




21

1.2.1.7. Pinh nghia

Véi U ckla tap mo, ham f:U — Kk duoc goi la kha vi tai z, ek néu

ton tai

Li”;‘ f(z, +hr)]— f(z,) —f(z,)

Ham f duoc goi lakha vitrén U néu f kha vi tai moi zeU .
1.2.1.8. Dinh nghia

Gia s D la tap vé han trong k, R(D) la tap cac ham hitu ty khong co

cyc diém trong D . Khi d6 véi moi h e R(D), dat |||, =sup|h(z)|
zeD

Ta ki hiéu H (D) la day du hoa cua R(D) theo t6pd sinh bai chuan hoi tu

déutrén D.

MJi phan tir cia H (D) duoc goi 1a mot ham chinh hinh trén D .

1.2.1.9. Pinh nghia

Gia sit D ck khong co diém co lap. Ham f :D —k duoc goi I chinh
hinh dia phuong néu véi moi ae D, tontai r e R",{a,}ck sao cho

f(z):ian(Z—a)n,Véi moi ze D nk[a;r]

n=0
1.2.1.10. Ménh aé
Néu ham f chinh hinh dia phuong trén tdp mé D thi n6 c6 dao ham moi
cap trén D. Diém z,eD la nghiém boi q caa f néu va chi néu

f™(z,)=0, vn<q va f¥(z,)=0.
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1.2.2. Ham phén hinh trén truong cac sé phirc p-adic

1.2.2.1. Dinh nghia

Gia st D ck khong co diém cd lap. Ham f : D — k u{w} duoc goi Ia
ham phan hinh trén D néu ton tai mot tap dém duoc S <D, S khéng co
diém gidi han trong D sao cho ham f chinh hinh trén D\S.

Ki hiéu M (D) la tap cac ham phan hinh trén D .

1.2.2.2. Pinh nghia

Gia st D ck khong c6 diém co lap. Ham f : D — k u{eo} dugc goi la

ham phan hinh dia phuong trén Dnéu VaeD,reR*,qeZ" va a, €K sao

cho

f(2)= i a,(z—a)", véimoi ze DnKla;r]

n=-q
bat M (k) =M (k(0;p)). Ta co cac két qua sau:

1.2.2.3. Ménh dé

Gidsit f eM (k). Khidotdntai g,heA, (k) sao cho f=%vé

y(r,f):% Vol 0<r<p

1
wu(r, 1)

Pc bigt, a(r, 1) =
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1.2.2.4. Ménh dé
Véi 0<r<p,ham u(r,.):M (k) > R" thoa mén:
i) u(r, f)=0 khivachikhi f =0,

i) u(r, f,+ f,) <max{u(r, f,); u(r, £,)},
i) pe(r, £ 6,) = pu(r, ) u(r, f,) .

1.3. Trudng cac ham dai so va so chiéu ciia da tap xa anh
1.3.1. Cac dinh nghia

1.3.1.1. Pinh nghia
Cho k 1a mot truong, A"(k) 1a khdng gian afin n chiéu trén k.
Pat V (F) la tap hop céac khong diém cua F, véi F e k[X,, X,,..., X, ]

Mot cach tong quéat, goi S 1a tap hop cac da thuc bat ky trong
K[X,, X, X, ], ta dat V(S) ={P € 4" | F(P) =0, VF e S}.

Mot tap X = A" duoc goi 1a mot tap dai sé afin néu ton tai S sao cho

X =V (S).
1.3.1.2. Pinh nghia
Mot tap dai sb afin V. < A" goi la kha quy néu V =V, UV,, véi V.V, la
Céc tap dai s6 trong A",V #V,,V #V,. Nguoc lai ta goi V 1a bat kha quy.
1.3.1.3. Dinh nghia
Mot tap dai s6 afin duoc goi 1a mot da tap affine.

1.3.1.4. Pinh nghia
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Cho vc A" 1a mot da tap khéc rong. Khi d6 1(V) 12 mot ideal nguyén té
trong K[X,, X,,..., X, 1, vi vay K[X,, X,,..., X_}/I (V) la mot mién nguyén. Dt
L(V)=K[X,,X,,... X J/1(V)Vva goi la vanh toa d6. Do d6 ta c6 thé tao ra mot
trrong cac thuong cua I'(V). Truong nay dugc goi la trrong cac ham hitu ty
trén V , ki hiéu k(V). M&i phan tir caa k(V) goi la mot ham hitu ty trén V .

1.3.1.5. Pinh nghia

Cho f 1a mot ham hitu ty trén V. Ta néi rang f xéac dinh tai P néu voi

abel(V), f =% thi b(P) = 0.

Pit O,(V)={f ek(V)| fxdc dinhtai P} va goi O,(V) la vanh dia

phuong cua V tai P.

1.3.2. S6 chiéu ciia da tap xa anh

1.3.2.1. Pinh nghia

Cho datap X, k(X) 1a mot mé rong hitu han cua k. S6 chiéu caa X , ki

hiéu dim X , 1a bac ma rong siéu viét caa k(X) trén k.
1.3.2.1. Ménh dé
(i) Néu U 1a mot tap con ma cia X thi dimU =dim X .
(i) Goi V™ 1a bao dong xa anh cua da tap affine V thi dimV™ =dimV .
(iii) Mot da tap c6 sé chiéu bang 0 khi va chi khi né 1a mot diém.
(iv) Moi da tap con dong that sy cia mot dudng cong 1a mot diém.

(v) Mot da tap con déng co sb chiéu bang 1 khi va chi khi nd 1a mot

dudng cong.
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1.4. Puong cong dai s6 va giong clia dwong cong dai sb
1.4.1. Puong cong dai so
1.4.1.2. Pinh nghia
Mot diém trong mat phang xa anh biéu dién dudi dang bo ba (x,, X, X,)
V6i X2 +x2 +x; >0, hay mot cach twong duong 1 (oX,, pX,, pX,) Vi p#0.
Gia sit F(X,, X, X,)ek[X,, X,, X,] 1a mot da thiac thuan nhat khéac

hang. Tap hop cac diém (x,,%,X,) sa0 cho F(x,,%,X,)=0 duoc goi la mot

duong cong dai s6.
1.4.1.3. Pinh ly

Mdi duong cong T’ xac dinh béi phuong trinh F =0 ¢d bac n cét dudng
thang L tai it nhat mot diém va tai t6i da n diém, trir truong hop L nam
trong T".

1.4.1.4. Hé qua
Néu moi diém ctia L nam trén T thi F chia hét cho a X, +a X, +a,X,.
1.4.15.Pinh Iy

Cho F(X,,X,,X,) la da thuc thuan nhat bat kha quy. Néu G 1a mot da
thac thuan nhat triét tiéu tai moi diém cua F =0 thi G chia hét F trong
k[X,, X, X,].

1.4.1.6. Binh Iy
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Néu duong cong I' dugc cho bsi phuong trinh F =0, Voi

F =CF F}..FM

m !

¢ la mot don vi cua vanh, F 14 cac da thic bat kha quy
khac don vi, F, # F, khong lién két voi i j va r,>0. Khi d6, mot phuong
trinh khac cia T' c6 dang G=0 vdi G=dF*F2...F." véi d 1a don vi va

s >0.

Dic biét, 1ay cac sé r =1, ta co:

1.4.1.7. Hé qua

Phuong trinh ctia I'cé bac nho nhat ¢6 dang cFF,...F, =0. Vi vay, néu
khdng ké dén cac nhan tir ¢, ta co thé ndi rang phuong trinh caa T’ véi bac

nhé nhét 12 duy nhét.
1.4.1.8. Pinh nghia

Mot duong cong ' duoc goi 1a kha quy néu né 1a hop that sy cua hai
duong cong khéc, tac 1a T'=T, UT, v6i T =T, T=T,. I'duoc goi la bat
kha quy néu n6 khdng kha quy.

1.4.1.9. Binh Iy

Mot duong cong I'1a bat kha quy khi va chi khi phuong trinh véi bac nho
nhit ciand F =0 1a da thirc bat kha quy.

1.4.1.10. Binh Iy

Cho I',,I', 1a duong cong bat kha quy c6 phwong trinh lan luot la
F,=0;F, =0 véi F,F, la cac da thic bat kha quy. Khi &6 I', =T, khi va chi

khi F,,F, 1a cac da thuc lién két.

1.4.1.11. Binh Iy



27

Cho T' 1a dudng cong c6 phuong trinh F =0 (khdng nhat thiét 1a c6 bac
nhé nhat) va A 1a duong cong bat kha quy c6 bac nho nhat véi phuong trinh
G =0.Khi d6 A chtatrong T' khi va chi khi F chia hét cho G, tac 1a G 1a
mot trong cac nhan tir bat kha quy caa F . Puong cong bat kha quy A chia

trong I', uT, U...uT khi va chi khi n6 chira trong mot duong cong T,
1.4.1.12. H¢ qua
Néu T, A 1a cac dudng cong bat kha quyva AcT thi A=T.
1.4.1.13. Pinh ly

Puong cong T’ ¢6 thé dugc viét dudi dang hop cua cac dudng cong bat

kha quy theo mét cach duy nhat.

1.4.1.14. Pinh ly

Cho F(X,, X,,X,)=0 la mot da thuc bat kha quy thuan nhat véi F =C.
Néu G(X,, X, X,)=0 la mot da thic thuan nhat khong chia hét F thi G chi
triét tidu tai mot s diém hiru han cua F =0.

1.4.1.15. Pinh ly

Cho G,F ek[Y,,Y,,...Y,] voi F bt kha quy. Néu G triét tiéu tai céc
diém ma F triét tieu thi G =0(F) (trong K[Y,,Y,,...,Y.]).
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1.4.2. Gidng ciia dwdng cong

1.4.2.1. Pinh nghia

Mot uéc trén X 1a mot tong hinh thac D= > n,P, n,eZ va n, =0
PeX
V6i hau hét cac diem trir mot s6 hitu han cac diém P.

1.4.2.2. Pinh nghia

Cho D= Z n.P 1a mot udc trén X . Ta dinh nghia:

PeX
L(D)={f eK|ord,(f)>-n, VP e X}.

Do d6 f eL(D) néu div(f)+D>0 hoic f =0.Khidé L(D) tao thanh

mot khong gian vecto hitu han chiéu, ki hiéu dimL(D) =1(D).
1.4.2.3. Pinh ly (Pinh ly Riemann)

Ton tai mot s6 nguyén g sao cho 1(D) >deg(D)+1—g v&i moi ugc D
cua X .S g nho nhit trong céc s6 d6 duogc goi la gibng cua X . Giéng la

mot s6 nguyén khong am.
1.4.2.4. H¢ qua
Néu 1(D,) = deg(D,) +1—g va D > D, thi (D) =deg(D) +1-g.
1.4.2.5. H¢ qua

Néu x e K,x gk thi g=deg(r(x),)—1(r(x),)+1 véi moisé r du lén.
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1.4.2.6. Hé qua

Ton tai s6 nguyén duong N sao cho tat ca cac woc cia D ¢d bac 16n hon
N va I(D)=deg(D)+1-g.

1.4.2.8. Ménh dé

Cho C 1a duong cong chi c¢6 diém boi thong thuong. Pat n=deg(C),

r, =m,(C). Khi d6 giéng ciia C duogc cho béi cong thirc

_ (n _1)(n - 2) _ rP(rP _1)
=7 ; 2

1.4.2.9. Hé qua

Cho C la duong cong co bac la n va dat r, =m,(C). Khi do6

~1)(n-2 (r, -1
g (100 )_;r(r2 )

1.4.2.10. Hé qua

NéU Z Lr-1) _(n —1)2(n -2)

PeC 2

thi C la duong cong hitu ty.

1.4.2.11. Pinh nghia

Cho C la mét duong cong xa anh, X la mo hinh khong ki di cua no, K
la truong cac ham trén C. bat Q=0Q, (K) la khong gian cac vi phan cua K
trén k , cac phan tir w € Q duoc goi 1a vi phan trén X , hodc trén C.

Ly weQ, w0, va goi Pe X 1a mot vi tri. Ta dinh nghia bic cua

tai P, ki hiéu la ord, (@) nhu sau: Chon mot tham s don tri hda t trong

0,(X),w=fdt, f eK,vadat ord,(w)=ord,(f) .
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Lidy weQ, =0. Uéc cia o , ki hiéu div(w), duoc dinh nghia 1a

div(w) = > ord,(@)P . Khi do6 W = div(w) goi la mot udc chuan tic.

PeX

1.4.2.12. Ménh d@é

Gia sir C 1a dudng cong c6 bac 16n hon hoic bing 3 chi co cac diém boi

thong thuong. Bt E= " (r, ~1)Q va goi G 1a mot dudng cong phing bac
dex
n—3. Khi d6 div(G) — E 1a mot udc chan tic (Néu n=3 thi div(G)=0)
1.4.2.13. Hé qué
Néu W 12 mot ude chuan tic thi degW)=2g—2 va l(W)>g.
1.4.2.14. Pinh ly (Pinh ly Riemann-Roch)
Cho W 1a méot wéc chuan tac trén X . Khi d6 véi ude D tly y, ta co
I(D)=deg(D)+1-g+I(W —-D)
1.4.2.15. Hé qué
(W) =g néuW la mot udc chuan tic.
1.4.2.16. Hé qué
Néu deg(D) >2g -1 thi I(D)=deg(D)+1—g.
1.42.17. Hé qué

Néu deg(D) >2g thi I(D-P)=1(D)-1véimoi Pe X .
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Cho D la mét ude. Ta dinh nghia Q(D) ={w € Q| div(w) > D}. Khi d6
Q(D) la mot khong gian vecto trén k. Goi §(D)=dim, Q(D), goi la chi sb

cua D . Céc vi phan trong Q(0) duoc goi la vi phan cap 1.

1.4.2.18. Ménh dé
(i) 6(D)=1(W -D).
(i) Ton tai g vi phan cap 2 doc lap tuyén tinh trén X .

(iii) 1(D) =deg(D) +1— g+ 5(D) .
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CHUONG 2. PA THUC DUY NHAT VA TAP XAC PINH DUY
NHAT CHO HAM PHAN HINH TREN TRUONG KHONG
ACSIMET

2.1. Pa thirc duy nhét manh
Trong phan nay, goi P(X) la da thirc monic bac n trong k[X], va U 1
tap cac khong diém cua da thic P. Goi | 1a s6 cac nghiém phan biét cua
P'(X), va ki hiéu cac nghiém nay 1a a,,a,,...,a, cO sb boi twong tng la

m,,m,,...,m, trong P'(X). Do dé:
P(X)=n(X—a)" (X —a,)" (X —ct,)".
Tagoi P(a)=P(a;), khii= j lagiathiét|.
Khai trién cua P tai o; 1a:
P(X)=P(a;)=b, (X =) +..4b, (X —)"  (22)

Ta s& dwa ra mot s6 diéu kién du dé P 1a da thirc duy nhat manh trén O,
tac 12 trén S —nguyén trong K . Khi g>1, ta ciing dua ra diéu kién vé d6 cao
cua f va g néu ching thoa man phuong trinh P(f)=cP(g) véi cek \{0}
nao do.

2.1.1. Cac ménh dé

2.1.1.1. Ménh dé

Giasu U la cung affine.
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() Néu f va g la hai ham khac hang phan biét trong K sao cho
P(f)=cP(g) véi cek\{0} nao d6 thi f va g khéng cd quan
hé tuyén tinh, tic 1a g = Af + £ voi moi A, B ek.

(i) 1>2.

Ch#rng minh

Gia sir ton taid, S ek sao cho g=Af + 4. Khi d6 P(f)=cP(Af + f3).
Hién nhién la (1, 8) # (1,0) vi f #g.Pat U ={u,,...,u_}. Khi dé:

(f—u)..(f—u)=c(Af +p—-u)..(Af + f—-u,).

Vi f 1a ham khéc hang trong K nén A" =c va AU+ =U.Vivay U
khong phai la cing affine. Do d6 ta co (i).

Déi véi (ii), ta nhan thay rang néu 1 =1 thi P(X)=(X —a,)" +b voi
bek. Goi £#1 1a mot can bac n caa don vi, va f 12 mot ham khéc hang
trén K,vadat g=¢f —ea, + . Khi @6 P(f)=P(g) nén U/ khdng la cung

affine do (i). O

Cho [ f,g]eP'(K). Do cao cua [ f,g] duoc dinh nghia la:

h(f,g):= > —min{v,(f),0,(9)}

peC

Hién nhién, h(f)=h(f,1).

Pé don gian, véi i >1,te K \k va 7 e K, ta ki hiéu:

i . d'y
=" dpﬂ-sz

p
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Tir dinh ly Riemann-Roch va cong thic tinh tong, ta co:
2.1.1.2. Ménh dé

Cho 7 e K\{0} va [ f,g] e P'(K). Ta co:

(i) > u,(dn)=2g-2 néu n khong phai la ham hang.

peC

(i) Z v,(n7)=0.

peC

(i) h(nf,n9)=h(f,9).
2.1.1.3. B6 dé

Gia st f va g la cac ham khac hang phan biét tren K va P(f)=cP(g)
véi ¢ 12 hang sé khac 0. Khi d6 h(f)=h(g) va:

(i) h(P'(f),P'(g))+ Y. min{ui(d,f),00(d,9)} <2h(f)+2g-2.

peC

(ii) h(P'(f),P'(g))gh(f)+|S|+29—2,néu f va g lacac
S —nguyén.

(iii) h(f)>2,néu U lacang affine.
(iv) [S|>2,néu U lactng affineva f va g lacac S —nguyén.
Cha ¥: Tir (i) suy ra h(P'(),P'(g)) < 2h(f)+2g—2 Vi 02(d, f) >0 va
v°(d,g) > 0.

Ch#rng minh
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Vi P(f)=cP(g) véi p ma v,(f)<0,nén nu,(f)=u,(P(f))=nv,(g).
Do d6 h(f)=h(g).

Mat khéc, ta co d, fP'(f) =cd,gP'(g) véi te K\k. Va vi vay
h(P'(f),P'(g))=h(P'(f)/P'(g))=h(cdg/d,f)=h(d f,dg). (2.2
Tacod f=dfdrt, v,(d, f)=v,(d, f)-0v,(dt)

Néu v,(f)<0 thi v, (d f)=0v,(f)-1. Néu v,(f)=0thi v, (d,f)>0.
Do do:

h(P'(f),P*(g))=h(d,f,d,g)
= 3 —min{v,(d, f),0,(d,9)}

peC
- p;: s@D+ (Zf;<o—min{up(dp £),0,(d,0)}

> —min{u,(d, 1),0,(d,0)]

v ()20

=2g-2+ 3 (-0 (f)+1)= > min{u)(d,(f),00(d,(9)}

v ()<0 peC

<h(f)+#{peC|u,(f)<0}+2g-2
- " min{oy(d, (),05(d, (9)}

peC

Hién nhién, #{peC|u,(f)<0}<h(f) va #{peC|u,(f)<0}<[S| néu
f lamot S —nguyén. Vi vay ta co (i) va (ii).
Vi f va g khac hang, ching ta ludn c6 h(f)>1. Néu h(f)=1 thi f c6

dung mot cyc diém don. Hon nita, g ciing c6 dung mot cuc diém don vi

P(f)=cP(g). Tu khai trién Laurent cia f va g tai cuc diém don nay, ta co
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thé tim dugc hang s6 A sao cho f —Ag khéng cé cuc diém va do d6 f —Ag
1a hiang s6. Do ménh dé 2.1.1.1, diéu nay khong thé xay ra vi U la ctng
affine. Vivay h(f)>2.

Bay gio ta chung minh (iv). Gia st rang S chi chara mot diém, goi diém
dolaqeC,va f,g lahai S—nguyén sao cho P(f)=cP(g) vaoi cek\{0}
ndo d6. Goi @ 1a dong cau dugc dinh nghia béi [ f,g,1]:C — P?. Khi d6 anh
®(C) la mot trong cac thanh phan cua [F(X,Y,Z)=0] néu c=1 hoic
[F.(X,Y,Z)=0] néu c#1, vi mdt dong cau giita hai dudng cong bat kha quy
la mot toan anh. Hon nira, ®(C) N[Z =0]=d(q) Vi g la cuc diém duy nhat
cua f va g. Mic khac, ta c6 thiy raing F(X,Y,0)=(X"-Y")/(X -Y) va
F.(X,Y,0)=X"—cY" duoc phan tich thanh n—1 va n nhén ti tuyén tinh
tuong tng. Néu ®(C) khong phai 1a duong thang thi ton tai it nhat hai diém
trong ®(C)N[Z =0] (vo ly). O

Gia str rang hai ham phan biét khac hang f va g trong K théa man
P(f)=cP(g),cek\{0} nao d6. Tir bo d& 2.1.1.3, ta c6 mot chan trén cua
h((P'f),P'(g)). Mt khac, dé tim mét chan dudi cua h((P' f),P'(g)), tatim
mot phan tr G thuoc K sao cho do cao cia G khéng qué Ion va bac khong
diém cua G tai mdi diém trén dudng cong it nhat bang gié tri nho nhat cua
bac cac khong diém cua P'(f) va P'(g). Pé xay dung cac ham nay, ta can

dén ménh dé sau.
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2.1.1.4. Ménh dé

Gia str rang hai ham phan biét khac hang f va g trong K thoa man
P(f)=cP(g),c ek \{0} nio d6. Néu v,(f —;)>0 va v,(g-a;)>0 véi

peC thitacé:

() (M +Do,(f —ap)=(m, +Dv,(g ~a;) ;

(i) Up(bi,mi+l(f —a)"" _ij,mj+l(g _051')mj+l)Z (M +2)u,(f —;), khi
m=m..

! J

bic biét, néu c=1va j=ithi v (g-a)=0,(f —o;) va
(i) v, (f —9)2v,(f ~ )
(iv) Up((f _ai)miﬂ_(g _ai)mi+1)2(mi +2)Up(f —a;).

Ch#rng minh

Néeu o (f-a)>0 va ou(g-e,)>0 thi P(g)=cP(e,) Vi
P(f)=cP(g). Khi d6 khai trién cua P(X) tai ; va a;, ta duoc
0=P(f)-cP(g)
=D, . (f — @)™ +{céc s6 bac cao hon trong f —a,}

—C[bj,mﬁl(f - Ozj)mj+1 +{cdc s6 bac cao hon trong f — aj}}

Cac khang dinh (i), (ii) va (iv) duoc suy ra tir dang thic ndy. Khang dinh

(iii) suy ra tir sy biéu dién f —g=(f —a,)—(g-,) 0
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2.1.2. Phwong trinh P(f)=P(Q)
Ta nhac lai cac truong hop dac biét sau day cua P(X):
(1A) 1=2 va min{m,m,}=1
(1B) I=2vam=m,=1;
(1C) I=2vam=m,=2;
(ID) I=3vam=m,=m,=1.

de

>

B

Gia s rang P(X) 1a da thtc nhu trén thoa mén gia thiét I, va goi ¢/ 1a
tap cac khong diém cua nd. Gia st rang hai ham phan biét khac hang f va g

trong K thoaman P(f)=P(g).
() Khi g=0thi hoacla | =1 hodc la P thoéa mén (1A).
(I1) Khi g>1va U la cang affine thi
@ I<g+2;
(b)  h(f)=h(g) <8g—8 néu P khong thoa man (1A), (1C), va
(1D);
(©) h(f)=h(g)<6g—6+3|S| néu f va g lacac S —nguyén va
P khong thoa man (1B).



39

Ch#rng minh
Turbo d¢é 2.1.1.3, ta co
h(f)=h(g), h(P'(f),P'(g))S2h(f)+29—2 (2.3)
va
h(P'(f),P'(g))<h(f)+|S|+2g-2,néu f va g lacac S—nguyén. (2.4)

Vi P thoa man gia thiét I, chi cac khong diém chung caa P'(f) va P'(g)
1a cac diém peC ma (f (p),g(p)) = (o, &), 1<i<I. Vivay,

min{v, (P'()),u,(P'(9))} >0
néu u,(f —)>0 va v, (g—a;)>0 véi i=1..,1 nao do.

Dé c6 mot chan dudi cua h(P'(f),P'(g)), ta can xay dung mot phan ti
G=0 trong K voi cdp cua khong diém tai p thoa man diéu kién

v, (f —)>0 va v, (g—)>0, véi i=1,..,1. Bing cach sip xép lai cac sb

a;, ta co thé gia st m >m, >..>m,. Dau tién, ta chon G:=(f —g)™ vai
G=0 vi f=g. Gid st v (f-g)>0 va v,(g-a;)>0. Hien nhién,

v,(f—a;)=0,(g-a;)=0néu j=i.
Tuménhdé 2.1.1.4, v, (f —) =v,(g - ;) vati
0,(G)=mu, (f —g)=mo,(f —a)=v,(P'(f))=0,(P(g))-
Taco min{v,(P'()),0,(P'(@))}-1,(G) <0 néu u,(f)=0.

Mat khéc, néu o, (f) <0 thi v, (f)=0,(9), v,(f —g)>v,(f) va
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0, (P'(1))=0,(P'(9)) = (-, (f).
Ma: min{v, (P'()),u,(P'(9))} - 1,(G) < _Z':miup(f).

Do do:

h(P'(f),P'(9))=h(P'(f)/G,P(g)/G)
== > (min{v,(P'(1)).0,(P'(9))} -1, (G))

v, (F)<0

= Y (min{u,(P'(F)),0,(P'(9))} -1, (G))

v, ()20

>- % imiup(f):imih(f)

v, (f)<0 =2

Két hop vai (2.3), ta co:

(imi—Zjh(f)SZg—Z (2.5)

i=2

va (2.4) cho ta
I r
(Zmi—ljh(f)$|5|+29—2 néu f va g lacdc S—nguyén (2.6)
i=2

Néu g=0 thi (2.5)suyra | =1 hoic =2 va m, =1.

Vay (I) dugc chirng minh.

Tur day, gia sit g>1. Vi f duoc gia sir 1a khac hang va U 1a cang affine,
ta co h(f)>2. Khi d6 (2.5) suy ra imi <g+l,vavivay I <g+2. Vay ta

i=2

chuing minh dugc (11)(a).
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|
Tur phuong trinh (2.5) ciing suy ra rang h(f)<2g-2 néu > 'm >3 va
i=2

cling dung trong cac truong hop sau: (i) 1 >4, (ii) 1 =3 ngoai tra m, =m, =1,

hoac (iii) 1 =2 ngoai trr m, < 2.

Vi (11)(b), can xét thém cac truong hop (1) 1=3,m,=m, =1 va m >2,

va(2) I=2,m,=2vam >3.
Truong hop 1: 1=3m,=m,=1 vam >2
Pt Gi=(f —g)*((f —a)™" — (g —a)™)" .
Ta s€ ching minh:
(m, +1)min{o, (P'()),0,(P'(g))} - ,(G) <0, néu v, (f)=0.

Tur phan 1ap luan trudc, ta thay rang chi can xét d6i véi nhiing diém p ma

v,(f —;)>0 va v,(g —a;)>0vei =123 ladu.
Neu v, (f —a;) >0 va v, (g — o) > 0thi khi d6 tir ménh d¢ 2.1.1.4, ta c6
v,(f —a)=v,(9—)<v,(f -g),va
v, ((f =)™ = (g —a)™") = (M, + 2, (f —a,).
Vivay, 0,(G) 2 m,(m, +1u,(f —a;) = (m +min{v, (P'()),0,(P'(g))}.

Néu v (f —e;)>0 va v, (g—a;)>0, =23 thido f—g Iamot nhan tir

cua (f —a)™" —(g-a)™" va v, (f —g)>u,(f —¢;), néntaco:

0,(G) 2 (m, + Do, (f - ;) = (M +Hmin{v, (P'()),0,(P'(9))} .
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Vay khing dinh trén 13 ding.
M3t khac, dé thay rang néu v, (f) <0 thi

min{u, (P'(f))™*,0,(P'(9))""} - v,(G) < 3m, +1v, (f)
Vi vay, ta co

(m +Dh(P'(f),P'(g))=h(P'(f)™*P'(g)"")
=h(P(f)"™/G,P'(g)"™"/G)=(3m, +1)h(f)

m -1
m +1

Két hop vai (2.3), ta co: h(f)<2g-2.

Vim >2nén h(f)<3(2g-2).

Truong hop 2: 1=2,m, =2 va m, > 3.

bat G = (f _ g)m1+4((f _ al)m1+1 _ (g _ al)ml+1)m1—2
- A \ L. m1_2
Ly luan nhu truong hop 1, ta co: h(f)<2g-2.
m +1

Néu m, >3 thi h(f)<4(2g-2). Vay (II)(b) dugc chitng minh.

Gia s thém rang f va g 1a cac S —nguyén. Khi do, tir 1ap luan truéc

suy ra
h(f)=h(g)<3(2g-2),

ngoai trir cac truong hop (1) =3 vam=m,=m,=1,va(2) I=2,m,=1va

@) 1=2,m,=2.
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Véi truong hop (1), lay G=f —g.

Khi d6 do (2.4), tacé h(f)<2g—2+|9].

Vi truong hop (2), ta chi can xét khi 1 =2,m, =1, va m, >2.
Pgt G:=(f - g)" ((f —a)™* (g —a)™*)" .

m -1

Ly luan tuong tu (2.4), ta co
m, +1

h(f)<2g-2+|3).

Vim >2,tacé h(f)<3(2g-2+|S]).

my

Véi truong hop (3), ta dit G = (f —g)*((f - )™~ (g - &)™)

m -1

Tinh toan tuong tu nhu trén, ta c6
m +1

h(f)<2g-2+|9].

Vim =2, tacé h(f)<3(2g-2+[S|).
2.1.3. Phwong trinh P(f)=cP(g),c#0,1
Nhéc lai cac truong hop dic biét sau day cua P(X):
(1A) 1=2 va min{m,m,}=1
(1B) I=2vam=m,=1;
(1C) I=2vam=m,=2;

(ID) I=3vam=m,=m,=1;



44

(1E) 1=3 vam =m,=m, =1, va ton tai mot hoan vi ¢ cua {1,2,3}

sao cho ¢(i) =i v&i i=1,2,3 va @ théamin o*+w+1=0 sao

cho =) \ysii—123.
Py

2.1.3.1. B6 dé

Gia sir ring P(X) 1a da thtc nhu trén thoa man gia thiét | va tap céc
khong diém ¢/ cua P la cing affine. Gia st rang f,g la hai ham phan biét

khac hang trén K sao cho P(f)=cP(g) véi ¢ e K \{0} nao d6. Khi dé:
(I) Khi g=0 thi P théa man (1A) hoac (1E).
(1) Khi g>1thi | <2g+3.
Ch#rng minh
it I, =#{(i, j) | P(a;) = cP(;)}-

Vi P(X) théa man gia thiét 1, nén dé thay rang 0<I, <1 va I, =1 néu ton
tai mot hodn vi ¢ cua {L2,..I} sao cho (&,q,;1)eC, véi bat ky

1=12,..1, co nghia la

Ply) = Pla,) = _ Pl«)

P(a¢(1)) - P(a¢(2)) - P(aqﬁ(l)) )

Dé don gian ky hiéu, sau day ¢ ludn 1a mot hoan vi cua {1,2,...,1} sao
cho ¢(i) = j néu P(a;) =cP(a;). V&i mot hoan vi c6 dinh ¢ va 1<i= j<I,

ta dinh nghia Lf,(f,g)=L;; nhu sau:
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Loy ~ %s0i) (f —a) (2.6)

L =(9-a,) -
Hoic ciling c6 thé trinh bay dudi dang:

Ly =9 —ay) ———

—%;Z :Zi(j) (f -a,) (2.7)
Tai mbi diém peC, taco
v, (L ;) 2 min{v, (f —),0,(9 — )}
va v, (L ;) =2 min{o, (f —«;),v,(9 —a,;)} (2.8)
Vi P(f)=cP(g) nén tirbd dé&2.1.1.3, suy ra
h(f)=h(g), h(P'(f),P(9)) <2h(f)+2g-2, (2.9)
va

h(P'(),P'(g)) <h(f)+|S|+2g-2,néu f,g lacéc S —nguyén (2.10)
bt A ={i,1<i<I|P(a) =cP(a,g)}. l,=#A,
A={ieAlm=m,l L=#A,
A =lie Ajlm>my ot 1, =#A,

A=lie Alm<mgl, L=#A,.

Khéng mat tinh tong quat, ta dt A ={1,2,...,L},vam >m,>..>m, .

1
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bit G ::( f- A, )mll(ll_ZBD ﬁ( Lyi 12 )mZHH(g — %y )mﬂi) H( f-o )mi

i=1 ieA, iehy
thi khi dotaco G =0 vi ta da gia sir I/ la cang affine.
Tuong tu phan chitng minh bo dé 2.1.2, ta s& chang minh

min{v, (P'()),u,(P'(9))} - 1,(G) <0, néu v, (f)>0.
Déi véi bat dang thic nay, ta ciing chi can chimg minh ddi voi cac diém
pmau,(f-a)>0vauy,(g-a,)>0véiicA, ladi.
Néu ieA, thi v,(f-a)=0,(9-a,,) thi khang dinh trén suy ra ti

(2.8). Khang dinh trén ciing dung khi i € A, hoic i € A, Vi
min{o, (P'(£)),0,(P'(@))f = min{mu, (f —a,), M0, (9 — )}
N v,() <0 thi 0,(F) =0,(0) =0, (L 10) =, (g @) =1, ( — ).
Do d6

min{u, (P'(£)),0,(P'(9))} - v,(G)
0

< ZmZi + 2 (m—myp)+ > m; o, ()

ieA, ieh

Cudi cling, ta c6

h(P'(f),P'(9))=h(P'(f)/G,P'(g)/G)
[

> >m + > my + > (m —my,) |h(f)

ieA i=1 ich,



47

Két hop vai (2.9), ta co
[
2

—24 ) m+ > my + > (m—m,,) |h(f)<2g-2 (2.11)

ieA i=1 icA,

Tuong tu, ta co
[1]
2

—24 ). m+ > my + > (my,, —m) |h(f)<2g-2 (2.12)
igA i-1 icA,

Néu f,g lacac S —nguyén thi tir (2.10) suy ra

_ N _
—1+Zmi+im2i+2(mi—m¢(i)) h(f)<2g-2+|S| (2.13)
igA i=1 icA,
_ ! _
va 14> m 4> my + ) (my, —m) [h(f)<2g-2+|S|  (2.14)
izA i=1 icAq

Xét truong hop g=0. Vé phai cua (2.11) va (2.12) 1 cac s6 &m nén

A
[

domi+ > my + > (m —my,) <1,

igA i=1 ich,

L
51

DM+ my 4+ > (my,, —m) <1.

ieA i=1 ich,

Tur hai bat dang thac nay, ta suy ra I, >1—-1. Hon nita, néu |, =1-1 thi

l,=1,=0,l,=1 va m,=1. Do d6 =2 va min{m,m,}=1. Bay gio gia st
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l,=1.Khid6 I, <3.Néul, =3 thi my=m,=1val,=I,=0.Suyral=3 va
m =1.Néu I, =2 thi m=m,=1va l,=1,=0.Suy ra | =2. Ta ciing c6 thé
dé dang kiém tra duoc khéng thé xay ra truong hop 1, =0. Cubi cing, néu
l, =1thichicothe la I, =I,=1va m,—m,, =1m;—m, . =-1 neu ta gia su
A ={2}, A, ={3} ma khdng mat tinh tong quat. Trong trudng hop nay, ta
thay G boi L% (g —a¢(2))m¢‘2) va lap lai cac bude trén dé co duoc m, =1, ma
diéu nay mau thuan véi m, —m,,, =1. Vi vay truong hop nay khdng xay ra,

va (I) dugc chirng minh.

Xét truong hop tong quét khi g>1. Vi l, =1, +1, +1, nén

L] L]
5] 5]

Zmi +Zm2i +Z(mi _m¢(i))+zmi +Zm2i +Z(m¢(i) _mi)

izA i=1 ich, izA, i=1 icAs
> 21— 1)+ (L, ~D+ 1L+l =(—1)+1 -1>1-1

Do @0, tir (2.11) va (2.12) ta co
(-5+1)h(f)<4g-4. (2.15)

Vi f,g duoc gia su 1a khac hang, h(f)>2 néu ¢/ la cing affine. Tu
(2.15)suyra | <2g+3.

Nhu 14 hé qua cua (2.11), (2.12), (2.13) va (2.14), ta c¢6 cac diéu sau

2.1.3.2. Ménh dé

Goi P(X) la da thic thoa man gia thiét I. Gia su tap cac khong diém

U cua P la ctng affine. Goi ¢ 1a mot hoan vi cua {1,2,...,1} sao cho ¢(i) = j
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néu P(a;)=cP(«,). Gia st ton tai hai ham phan biét khac hang f,g trén K

sao cho P(f)=cP(g) vai cek\{0,1} nao d6. Khi do
(i) h(f)=h(g)<2g-2 néuton tai i sao cho ‘mi —m¢(i)‘23.
(i) h(f)=h(g)<2g-2+|S| néu f,glacic S—nguyén néu ton tai i
sao cho ‘mi — m¢(i)‘ >2.

2.1.3.3. B6 dé

Gia sir raing P(X) 1a da thtc nhu trén thoa man gia thiét | va tap céc
khong diém ¢/ cua P la cing affine. Gia st rang f,g la hai ham phan biét

khac hing trén K sao cho P(f)=cP(g) véi c ek \{0,1} nao d6. Khi dé:

(1) Khi g>1thi h(f)=h(g)<4g—4 néu P khong théa man (LA) hoic
(1D).

() h(f)=h(g)<4g-4+2|S| néu f va g lacac S—nguyén va khong
thoa man (1B).

Ch#rng minh

Néu v, (f)>0 thi
min{v, (P'()),u,(P(9))} = min{mu, (f — ), m, 0, (0 — )}
néu v, (f-a)>0 vau,(g-a,,)>0 véi 1<i<I nao dé.
Nguoc lai,  min{v, (P'().u,(P'(9))} =0

Giasu m, >m, >...>m,. Ta xét cac truong hop sau:
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Truong hop 1: m, > 3.

I
Pat G=L%][(f-a)" .
i=3

Khi d6
min{v, (P'(f)),u,(P'(9))} - v, (G) =m,u, (), néu v,(f)<0.
Tuong ty, ta co min{u, (P'(f)),0,(P'(9))} - v,(G) <0 néu v, (f)=0.

Tur sy lya chon G, ta thay rang chi can chung minh khi o, (f —;)>0
va up(g —am) >0véi i=1,2. Trong cac truong hop ndy, khang dinh nay la

mot su suy ra cua (2.8). Vi vay, ta co
h(P'(f),P'(g))=h(P'(f)/G,P'(g)/G)=m,h(f)
Két hop véi bo dé 2.1.1.3, tasuy ra h(f) <(m,—2)h(f)<2g-2.
Truong hop 2: m, =2,m, > 3.

Néu m >5 thi m —m,, >3. Vi vay, trong truong hop ndy thi khang

dinh trén la ding.
|
Pat G =L [ [(f -a)"
i-3

Néu v, () <0 thi min{o,(P'(f)),0,(P'(g))} - v,(G) =3v,(f).
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Tuong ty, néu o,(f)=0 thi min{v,(P'()),0,(P'(9))}-v,(G) <0,
ngoai trir diém pma v, (f —c;)>0 va v,(g-a,;)>0 véi i=1 hoic i=2.
Déi véi cac truong hop ngoai 16 ndy, ta s& chiang minh rang:

min{u, (P'(f)),0,(P'(9))} - v,(G) <min{v)(d, f),00(d,9)}.  (2.16)
Khi d6 ta co

h(P'(f),P'(g))=h(P'(f)/G,P(g)/G)
>3h(f) - min{v(d, f),05(d,0)}"

pec
Két hop vai bo dé 2.1.1.3, ta thu duoc h(f)<2g-2.
Bay gio ta chung minh (2.16) véi cac diém peC théa man
v,(f-a)>0 vau,(g-a,,)>0véii=12.
Véi i=1, thr ménh dé 2.1.1.4, ta c6
(m +1)o, (f —al):(m¢(1) +1)up(g —a¢(1)). (2.17)
Tur do6 suy ra

min{u, (P(£)),0,(P'(@))} —0,(G) < v, (f — @)~ 40

M +1

Vi 02 (d, f)=0,(f —a,)-1 nén phan con lai la ching minh

Piéu nay duoc thuc hién nhu sau.
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Néu (my,m,,)=(3,2) hodc (m,m,,)=(4,2) thi tr (217) suy ra
A N ml_m¢(1) IS \
v, (f—a)=3. Neu (ml,m¢(1))=(3,1) thi mzl. Cha y rang truong
o)
hop (m,,m,,,)=(4,1) duoc suy ra tir ménh d& 2.1.3.2.
Tuong tu, voi i1 =2 tacd
3u, ( f _“2):(m¢(2) +1)Up((g _%(2)) (2.18)
Néu m,,, <2 thido (2.8)vam >3 taco:
min{v, (P'()),0,(P'(9))} <20, (f —a,) < (m, ~1)v, (f - a,)=0,(G)
Néu m, .,y >2thi m,, =mva u, (L, ) =0, (9 -, ) <, (f —a,).
Vi vay

min{u, (P(1).0, (P (@)} ~1,(8) =0, (- 20 )~ 250, (9 )

Vi v, (d2g)=0,(9 - @,y )~ 1 nén phan con lai la ching minh

m, —2
3

Up(g_%(z))Zl'

Ma diéu nay dé dang suy ra tir (2.18) Ia v, (g - a,, ) >3 néu m, =3 hoac

m, =4.

Truong hop 3: m,=2,m =2 va | >3.

|
Néu m, =2 thitaldy G:=L,L L, JJ(f-a)".

i=4
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Khi d6 ta chi can xét truong hop m, =1. Néu m,,, =m,,, =2 thi hoc la
(i) 1=3 va P(a,)%cP(a) Véi i tly V, (tic 1 I, <2), hoic 1a (i) 1 >4 va

m,, =1.

My3y = My

|
Déi véi truong hop (i), ta dit G=L,[[(f-&)"

i=4

|
Déi véi truong hop (ii), tadat G:=L,L, [ [(f-a)".

i=5

Céc truong hop con lai, khdng mat tinh tong quét, gia sir m,,, =1. Ta lay
|
G:= L1,2L1,3H(f _ai) |
i—4

Ta bo qua phan chirmg minh cho cac truong hop ndy, vi chung tuong tu
truong hop 2.

Truonghop 4: m,=2,m =2 va l=2.

Néu I, =2 thi dé thay rang c=-1 vda X +Y —¢, —a, la mot nhan ta
tuyén tinh cua P(X)+ P(Y). Tir d6 suy ra ¢ khoéng la ciang affine. Do d6 ta

chi can xét |, <2. Néu 1, =0, ta lay G=1. Néu I, =1, ta c6 thé gia st rang

P(a,) # cP(a,) v P(e,) = cP(a,) . Tadit G:=b,(f —a,)’ —cb,(g-a,)’ .
T ménh dé 2.1.1.4(ii), ta c6
v,(G) 2 4min{v, (f - a),u,(9 - a,)}, néu v,(f)20.

Khi d6 dé dang kiém tra rang
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h(P'(f),P'(g))%h((f ~a)'(f ~ ) 1G,(g - )" (g -a,)' 1 G)

5
>~h(f)

va h(f)<4g-4.
Truong hop 5: m, =1.

Trong truong hop ndy, m =1 véi moi i>2, va | >3 do gia thiét caa bo

de.

Theo ménh dé 2.1.3.2 ta chi can xét truong hop m, <3. Khdng mét tinh

tong quét, gia sir m,,, =m,. Khido m,. =1 néu i = 2. Néu m, =3, ta dat

$(2) #(i)

Gi=(g -2y )(f —O‘z)Ll,zl—z,g'—s,llij(f ).
Vivay néu v, (f) <0 thi

2min{u, (P'()),0,(P(9))} - 1,(G) =50, (f)
Ta ciing d& dang kiém tra duoc

2min{v, (P'(f)),0,(P'(9))} —1,(G) <0, néu v, () 20.
Do d6 ta co

h(P'(f),P'(g))=§h((P'(f»2/G,(P'<g»2/G)

zgh(f)

va khi do h(f)<4g—-4.
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|
Néu m=2,ta Iéy G= L1,2|—2,3L3,1H( f-e )2

Mot cach tuong tu, néu v,(f) <0 thi
2min{v, (P'()),0,(P(9))} - 1,(G) =50, (f)

Néu v,(f)=0, Kiém tra tuong tu nhu truong hop 2 thi ta c6

min{u, (P'()),u,(P(9))} —%up(c;) <min{vf(d, f),02(d,9)}.

Khi do ta cting co h(f)<4g—-4.

|
Néu m, =1 va |25, thi taldy G = L,L, L, L, L, [(f—e) va cing
i=6
thu duoc
h(f)<4g—4.

Néu m =1va l=4 val <I-1, tagid su P(a,)#CcP(a;) véimoi j.Ta
lay G :=L,,L,,L,, vakhidé h(f)<d4g-4.

Néu m =11=4 val, =1 thi P(X)—cP(Y) c6 mot nhan tir tuyén tinh, do
d6 U khong phai 1a cing affine, diéu nay trai vai gia thiét.

(11) c6 thé co duoc tir 1ap luan phan (1) bang cach thay viéc dung (2.9) boi
(2.10). Vi vay, phan con lai 1a xét truong hop (1) 1=2,m, =1 va m, > 2 hoic

(2)I=3vam=m,=m,=1.
Truong hop 1: I=2,m,=1va m >2

Trong truong hop ndy, talay G:=L,.
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Néu v, (f —a,)>0,0,(g—a,)>0 thi

20, (9 —a,)=3v,( f —a1)=3up(L1,2).
Do d6

min{up(P'(f)),up(P'(g))}—up(G):%up(f )

<u,(f —al)—lzug(dpf)
Tuong ty, néu v, ( f —a2)>0,up(g —a¢(2))>0, ta co

min{u, (P'(f)),u,(P'(9))} - v,(G) <v2(d,9)
Vi vay,
h(P'(f),P'(g))=h(P'(f)/G,P'(g)/G)

>20(f) - 3 min{u(d, ),00(d, )}

s
Khi @6 h(f)<2g-2+|S|, theo b6 dé 2.1.1.3.
Truonghop 2: =3 vam =m,=m, =1.
Lay G:=L,,L,,L,,. Khidé
h(F"(f),F"(g))=%h((P'(f))2 /G,(P'(g))zlG)zgh(f)-

T do suy ra h(f)<4g—4+|S|. Vay (II) duoc ching minh.
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2.1.3.4. Ménh dé

Goi P(X) la da thirc nhur trén thoa man gia thiét 1. Giast 1 =4, m =1 va

ton tai mot hoan vi cua {1,2,3,4} sao cho P(e;) =cP(a,;) voi mdi 1<i<4.

4(i
Khi @6 U khong la ctrng affine.

Ch#rng minh

Gia sir U la cung affine. Xét dwong cong C, =[F,(X,Y,Z)=0] trong P’
duogc xac dinh boi su thuan nhat hoa cia P(X)—cP(Y). Khi d¢, ta co (i) F,
khong c6 nhan tir tuyén tinh néu 2/ 1a cung affine; (ii) duong cong C_chi c6
bon diém ky di thuong boi 2, va do do6 s khuyét cua né 1a &, =2. Khi do C,
hozc 1a dudng cong bét kha quy c6 giéng bang 2, hoic 1a F. = AB, trong d6
A va B 1a c4c thanh phan bat kha quy c6 bac twong ung 12 2 va 3.

Mit khéc, ta c6 thé xay dung ba 1-dang chinh quy trén C_ nhu sau:

o =nH,,H;,, w, =nHH,,  @y=nH H, s,

trong do, n = ZdZ —zdY vaH, ;= -a,,Z) —M(X -aZ).
[T(X-aY) %
i=1

Hon nita, cac 1-dang nay l1a khéng tim thuong trén mdi thanh phan caa
C. vi C, khdng c6 cac thanh phan tuyén tinh. Sy ton tai cac 1-dang suy ra C,
khdng c6 thanh phan nao cé giéng bang 0. Két hop vai ly luan ¢ phan trudc,
ta thy rang C, la dwong cong bat kha quy c6 giéng bang 2. Do d6 cac 1-
dang phu thudc tuyén tinh trén k. Vi vay, ta c6 mot quan hé tuyén tinh trén

C .

c*"
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aH1,2H3,4+ﬂH1,3H2,4+7/H1,4H2,3:0’ voi a, B,y K.

Phuong trinh nay xac dinh mét duong cong bac 4, va nd cling thoa man
Vv6i moi diém trong C.. Piéu nay trai véi gia thiét C_ 1a dudng cong bat kha

quy bac 4. Vivay U khong la cieng affine.
2.1.3.5. Ménh dé
Néu ton tai (1, 8) ek xk\{(1,0)} sao cho ¢/ =AU+ B, tac 1a U khdng
la cting affine thi P(f)=2"P(2(f - B)) véi f eK tlyy.
Cha#ng minh
bat U ={u,,...,u,}. Khi do tr U=AU + B suy ra

P(X)=(X =t,)..(X —u_ ) = (X = Au, — B)..(X = AU — B)
=A"P(A(X - B))
Do d6 P(f)=A"P(A(f - B))vsi f eK tuyy. O
2.1.4. Pa thirc duy nhit manh
Sau ddy ta s& dua ra diéu kién can va du dé mot da thiee 12 duy nhat manh.
2.1.4.1. Pinh Iy
Goi P(X) 1a mot da thire thoa man gia thiét |.

() (@ Khi g=0. P(X)la da thirc duy nhat manh trén K khi va
chi khi tap cac khong diém U/ caa P la cung affine va P
khong théa man (1A) hoac (1E).
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(b) Khi g=1. P(X)Ia da thirc duy nhat manh trén K khi va chi
khi tap cac khong diém ¢/ cua P la cang affine va P khong
thoéa man (1A), (1C) hoac (1E).

(c) Khi g>2. Gia su U la ctng affine. P(X) la da thuc duy
nhatmanh trén K khi va chi khi 1 >2g+4

(1) Néu |S|=1thi P(X)Ia da thic duy nhat manh trén O khi va chi

khi ¢/ la cing affine.
Ch#rng minh

Khi g=0, ta d& ching minh trong b6 dé 2.1.1.2 va 2.1.3.1 1a P(X) la da
thizc duy nhat manh néu ¢/ 1a cang affine va P khong thoa man (1A) hoic
(1E). Mat khéc, néu U khong la cang affine thi P(X) khong 1a da thic duy
nhat manh. Hon nita, cling d& dang kiém tra dugc néu P thoa man (1A) thi
[F(X,Y,Z)=0] la dudng cong bat kha quy c6 giong bang 0, va néu P thoa
méan (1E) thi [F (X,Y,Z)=0] ciing 1a duong cong bét kha quy c6 giong
bang 0. Vi vay, ton tai hai ham dai s6 phan biét f va g trong K dan dén
mot dong cau tr C vao [F(X,Y,Z)=0] hoic [F,(X,Y,Z)=0] theo tht tu
d6. Biéu nay chiing minh ring P khong 1a da thic duy nhat manh néu P
théa man (1A) hay (1E). Vay ta chirng minh duoc 2.1.4.1(1)(a).

Pinh I 2.1.4.1(1)(b) suy ra tir dinh I 2.1.4.2(a).

Pinh Iy 2.1.4.1(1)(c) suy ra tir b6 d&2.1.1.2 va 2.1.3.1.

Dinh Iy 2.1.4.1(11) suy ra tir b6 dé 2.1.1.3 va ménh dé 2.1.3.5.
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2.1.4.2. Binh Iy

Goi P(X) la mot da thic thoa man gia thiét | va tap cac khong diém
U cta no 1a cang affine. Gia st rang f,g 1a hai ham phan biét khac hang

trén K sao cho P(f)=cP(g) vai ¢ e k \{0} nao d6. Khi do:
(@) h(f)=h(g) <8g—8 néu P khong thoa man (1A), (1C) hoac (1D).
(b) h(f)=h(g)<6g—6+3|S| néu f va g la S—nguyénva P khong
thoa mén (1B) hoac (1D).
Ch#rng minh
Dinh ly 2.1.4.2 duoc suy ra tir bd d¢6 2.1.1.2 va 2.1.3.2.

2.2. T4p xac dinh duy nhat
bat U ={u,,...,u,} 1a mot tép con cua k, va f,g la hai ham phan biét
khac hang trén K. Tandirang f va g théa man (Cmoyg) néu
> min{mg,o0(f —u)}=> min{m,, 07 (g -u;)}, véi mei peS,
i=1 i=1

trong d6, m, 1a s6 nguyén duong hoic m, =co. Khi m, =1, diéu nay twong
dwong voi f va g chung nhau ¢/ ngoai S khong tinh boi. Khi m, = oo diéu

nay tuong dwong véi f va g chung nhau U ngoai S ké ca boi. Pat
P(X) = (X —u,)..(X —u,) (3.1)
1a da thuc lién két vsi U, va dat

P'(X)=n(X—a)"..(X —,)" (3.2)
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VGi cac hé s6 a; phan biét.
2.2.1. Mot s6 két qua vé trwdng cac ham

Trong phan nay, ta gia® sir rang t(e K) duoc chon nhu sau. Chon mot
diém qe S, va xét k —khong gian vecto

L(g+Da) :={n K| (n), - (n)., 2 -(g +1)a}

Tur dinh ly Riemann- Roch, suy ra s chiéu cua khong gian vecto ndy it
nhat bang 2. Vi vay, ton tai mot ham khéc hing t trong khong gian vecto
nay. Hon nita, tir viéc xay dung nay ham t chi c6 mot cuc diém tai q co bac

cao nhat 1a g+1. Do d6 ta co
2.2.1.1. Ménh dé

()  h®<g+l,

i) Yo (dt)<3g.

peS
Ch#rng minh
(i) r6 rang duoc suy ra tur viéc chon t.

Vi (ii), T dinh ly Riemann- Roch ta c6

> o (dt)=2g-2-> v,(d)
peS peS
<2g-2-(v,(t)-1) <2g-1+h(t) <3g
2.2.1.2. Ménh dé

Cho 7 1a mot ham khéc hang trén K. Khi d6
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D v3(dm)<2h(n)+2g-2.

peC

Hon nira, néu » 12 S —nguyén thi > v(dn) <h(n) +2g-2+|S|.

peC
Ch#rng minh

Khiang dinh dau tién dugc suy ra tir cac phép tinh sau

2. 0= 2, vdm= 2 vdm+ Y v,

peC U, (17)20 U, (17)20 Uy (17)20
=— Z v, (d,77) + Zup(dpt) <— Z (v, (7)-D+2g-2
v, (17)<0 peC v, (17)<0

<2h(n)+2g-2

Néu 7 l1a S —nguyén thi s cac diém p ma v, (77) <0 nhiéu nhat 1 |S|.

Do d6
= 2 (5 -1)<h(n)+[3|
v, (1)<0
Tir d6 suy ra khang dinh tht hai. 0

Cho 7 #0. Ham dém bi chat trén S duoc dinh nghia nhu sau

Ng(7) =Y min {1, 03(77)} , Ns(7):= 2 min {1’ Jpo(”)}

pes peS
2.2.1.3. B6 @& (Pinh Iy co ban thtr hai bi chit)

Cho f la ham khac hang trén K va goi u,U,,...u, la n phan ta phan

biét trong k . Khi do

(n- 1h(f)szn: N (f —u)+ N (FH— 3 o (d,f)+2g-2+[3|.

peCM§
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trong d6, Cls ={p S|u,(f —u;)=0 véi moi1<i<n}

Charng minh
Viu ek nénd f=d(f-u) (2.2.1)
vad f=-f%f". (2.2.2)

Du tién, xét v, (f) <0.
Trong trudng hop nay ta c6, v, (f ) =—-v,(f) >0 va v, (f —u;) =v,(f).
Tu (3.4) tacd

(f —u)..(f—u)  F(f-u).(f-u)
d, f - —fd

-1
A mw) (T
—fd f g

(2.2.3)

Do v, (fd, f*)=u,(d, 7/ ) z=min{Lo,(f)}.
Nén tir (2.2.3) ta co
anup(f —u;) = 0,(d, f) < (n=Do, () +min{Lo, (f )} +0,(d,b).

Do do6
—(n-1)min{0,u,(f)}

" (2.2.4)
S—Zup(f —u;)+0,(d, )+ min{Lo, (f )} +0,(d,t)

Bay gio ta xét truong hop v, (f) >0.
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Chon {z(1),...z(n)} ={L,...,n} va

up(f —U”(l))ZUp(f —U”(z))Z...ZUp(f —u”(n))zo.
D& dang kiém tra dugc up(f —u”(z)):...:up(f —u”(n)):o.
T (2.2.1) taco

(f—u)..(f—uy) _(f-u).(f-u) (F-Up)(f-up) d.t
d f d(f-u,y) (f _uzz'(l))ildp(f —U,q) -

Tuong ty, taco Y u,(f —u)—v,(d, f)<min{Lo,(f —u_ )} +u,(d,t).

i=1

Vi vay, ta c6 hai bat dang thirc sau

OS—Zn:Up(f —ui)+up(dtf)+zn:min{1,up(f —u)l+u,dh)  (22.5)

OS—Zn:Up(f —u))+0,(d f)+1+0,(d t) (2.2.6)

i=1
Cong (2.2.4) voi moi p ma v, (f)<0, (2.2.5) véi moi p ma pgS va
v,(f —u;))>0 véi 1<i<n, va (2.2.6) véi moi p ma peS va v,(f)=0, ta
duoc

(-Dh(F) <= o (f-u)+ ¥ v,(d,f)

i=1 peC peClls

+ZH:NS(f —u)+ Ng(F D) +[S[+ D o (dt)

i=1 PeCls

(2.2.7)
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Vi bat ky phan tir ndo trong truong ham cd cing sb cac khong diém va
cyc diém, ké ca boi, > v (f —u;)=0 va

peC

3 0, f)== 0@ f)==> v, )+ > v(d).

Hon nita, vi D_u,(dt) =2g—2 va (2.2.7) nén ta duoc

peC

(N-Dh(F) <N (f—u)+ N (f )= Y u,(d, F)+|s|+2g-2 ©
i=1 peCls
Ké tir nay, gia st rang f va g la cac ham khéc hang phan biét trén K

thoa man (Cm0,§) . Goi P(X) la da thirc dugc dinh nghia nhu trén, ta dat

_ t

F=——, G=——, vaH: .
P(f) P(9) dF dG

t

2 2
1 _ 1y OF_dG

2.2.1.4. Bo dé
Gia sir P(X) thoa man gia thiét |. Gia st rang f va g la cac ham khéc
hang phén biét trén K thoa man (C_ ), va H xac dinh nhu trén. Néu

H =0 thi

1 C,
= +C
P(f) P(9)

Véi ¢, #0 va ¢, ek, h(f)=h(g). Hon nira, gia st rang (i) 1>4, (ii) 1 =3 va
max{m;,m,,m;} >2 hoac (iii) 1=2 va min{m,m,}>2. Khi d6 hoac la

¢, =0 hoac la cac ménh dé sau ding:

(i) h(f)<10(2g—2+|S)) ;
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(ii) n<max{5,4g+2|S|}.

Chirng minh
g 2 d’F d’G
bit F::i, G:=L, H ::dt—F_dtG va Hp;:p__ P
P(f) P(g) dF dG dF dG
Do quy luat ham hop, taco H, =H.d t (2.2.8)

Tinh toan truc tiép, ta c6

" :{P"(f)dpf ) P"(g)dpg}
PI(f) " P(g)

_Q{Pl(f)d P, gHﬂ_@}
P(f) P P(g) " d,f dg

Néu H =0 thi d’Fd,G =d’Gd,F , suy ra d,(d,F /d,G) =0.

(2.2.9)

Do d6 d.F =c,d,G vdi ¢, ek.

Vay F =c,G+c, V6i ¢, ek nén khang dinh dau tién 1a 16 rang. Luu y

rang ¢, =0 vi f va g khac hang.

Khang dinh h(f)=h(g) duoc suy ra tir viéc tinh toan nhu sau

[EARE
P(f) P(9)

CO _ —
- h[ P(g)} =h(P(g))=nh(g)

nh(f)=h(P(f))

Gia st rang ¢, #0.
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Xét da thirc Q(X):= P(X) +2, va dt
C

1
Q(X)=(X —&)"(X —&,)™..(X —¢)*
la sy phan tich nguyén té cua no.

Khi do

P(X)=Q(X) va 9 _ (g_g)*(g-e,)"..(g-e)" (2210)
cP(1)

Do d6 r =1 vi néu nguoc lai, taco | =1.

Vi P(e)) =% va tu gia thiét | suy ra tn tai nhidu nhat mot e, nhu trén 1
Cl

khong diém cua P'(X)=Q'(X). R& rang, néu e, khong la khong diém cua
Q'(X) thi n =1. Sau khi sap xép lai cac chi s, ta c6 thé gia sir rang

n,=n,=..=n, =1.

Ta chang minh r = 2.
Néu r=2 thi Q(X)=(X —g)"(X —e,). Diéu nay suy ra
P(X)=Q'(X)=(X —e)"*(nX —e,—(n-1e,)
vado dé I =2, min{m,,m,} =1, trai véi gia thiét.

Vay ta chi can xét khi r>3. Tir (2.2.10) va P(e,) # 0 ta suy ra dugc néu
Up(g—ei)>0 thi Up(P(f))=—niUp(g—ei)<0. Tu do ta thu dugc v,(f) <0

va v, (P(f))=no,(f). Do do
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0,9 -8) =0, (1).

Vay v)(g—-e)=no)(g—g),véi 2<i<rvin,=n,=..=n, =1.
\ \ . n_n
Man+(r-1)=nvar>3nén —> >1.
n n-2

Do dé up(g—el):—nﬂup(f)zz.

1
Khi d6 v; (9 —€)>20,(9—¢).

Bay gio ta ap dung dinh ly chinh tha hai bi chat, ta duoc

(r-2)h(g) <> Ns(g-¢)+2g-2+|S]
i=1
1 1
§§N§(g —e1)+HZNS(g —e)+2g-2+|9]
i=2

S(l+r—_1Jh(g)+29—2+|S|
2 n

Khi do (n—_lr—§+1jh(g)£29—2+|8|.
n 2 n

Vi r >3 nén ”2;4h(g)szg—2+|s| (2.2.11)
n

Tur gia thiét suy ra n>5. Do d6 h(g) <10(2g-2+S|).

Vi g —e, khdng la ham hang nén v,(g —e,) >0 Véi p nao d6. Theo phan
truéc, ta 6 v, (g—e,) =n. Khi d6 h(g—e,)=n, vi nd bing s6 cac khong

diém, ké ca boi.
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Vay h(g)=h(g —e,)>n.

T (2.2.11) va n>5 suyra n<4g+2|S|.

2.2.1.5. Ménh dé

Néu v, (F) =0, (G) =1 thi v, (H,)>0.

Ch#rng minh

Tadit F =t,'F,G =t,'G Vi v, (F) =0, (G) = 0. Khi d6

td2F t d?G £ -
H —_ P __ PP c6 bac duong tai p.

p ~ ~
td, F-F td G-G

2.2.1.6. Ménh dé
v (H,)<1, véimoi peC.

Ch#rng minh

d,7)
n

Piéu nay duoc suy ra tir up[ j > -1, véi n e K\{O}tuy y.

Nhéc lai rang Cugz{p¢8|up(f ~u)=0 vé’iinlsisn}.

Pit Us={peS|u,(f-u)>01<i<n}

. |LpeCly, ., |Lpels
& = . vaeg® = )
0, ngugc lai 0, ngugc lai
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2.2.1.7. Ménh dé
Gia st f va g la hai ham phan biét khac hing thoa man C,.s)- LAy
pesS.
(i) Néu m, =co thi
|

op (Hy )<Y (05 (F —a)) + 05 (9 - a))) + {7 () + ;7 (9)}

P
i=1

+e5% {Up (d f)+ ap(dpg)}
(if) Néu 0<m, < oo thi

ug(Hp)sZ(apO(f —a;)+0,(9 - a;))+ {7 () + 57 (9)]
> {v,(d,T)+0,(d,0)}

&
mO

+e5% {ap (d,f)+ Ep(dpg)} +

v6i m'y = max{l,m, —1}.

Ch#rng minh

Tir ménh dé 2.2.1.6, vy (H,)=1 néu v,(H,)<0. Tir (2.2.9) ta thay néu
v,(H,) <0 chinéu (a) v,(f)<0,0,(9) <0, (b) v,(P'(f))>0,0,(P'(g))>0,
(©) v, (P(f))>0,0,(P(g))>0, hodc (d) v,(d,f)>0, hoac v,(d g)>0. Do
d6, hai s6 hang dau tién trong cac bat diang thac (i) hoic (i) khéng ké dén tur

(a) va (b). Chl y rang
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p'(f)dpf_P'(g)dpg:dp(P(f)J,P(f) VA
P(f) " P(9) P(9)) P(9)

6 4o, (ﬂ],ﬁ
. :
df dg dg) dg

Néu m, = oo thi (C,, s)suyrauy, K% =0 vado do

g|=0

. (P'(f)d G
"\P(H)™ P

Hon nira, néu v, (f —u;)>0 thi v (g -u;)=v,(f —u;)>0 véi j nao do.
2

Vivay, v (d f)=v,(d g). Suyra Up[dpf —@)20
df dg

Do d6, s6 hang cudi cuing trong (i) chi dwoc tinh dén khi p e Cl .

Bay gio, xét trudng hop m, 1a mot s6 nguyén duong. Néu v, (P(f))>0
thi v, (f —u;)>0 vé&i i nao do va u,(g—u;)>0 vé6i j nao do do (Cm0,§)'
Néu Up(dpf)zup(dpg):O thi up(f —u;)=1va z)p(g —uj):l. Tur d6 suy ra
v,(H,)>0 theo bd dé 2.2.1.5. Do d6 ta chi can xét khi v (d, f)>1 hogc
v,(d,g)=0. Khong mat tinh tong quét, ta chi xét v (f —u;)>2. Trong
truong hop nay, v, (d f)>1, vi vdy (ii) dang khi m;=1,2. Gia su m; > 3.
Néu 2<u,(f —u;)<m, va 0<uv,(g—u;)<m, thi truong hop nay tuong ty
nhu m; =o. Ngugc lai, hodc 1a v,(d,f)>m, -1hodc la v,(d,g)>m,-1.

Diéu nay chimg minh duoc (ii).
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2.2.2. T4p x4c dinh duy nhat

2.2.2.1. Bo dé
Cho P(X), f,g va H nhu bo dé trén. Giastrang H = 0.
(1) (@ Néu m,=1thi

(i) n<max{21+13,21+2+13g+2[3|} ;

(i) h(f)+h(g) <26g-20+4|S|, néu n>21+13.

(b) Néu m,>2 thi

(i) n< max{ZI +7+

4 ,2I+2+[7+ 4 Jg+2|8|}.
1 m, —1

m, —

(i) h(f)+h(g)<[14+ 8 jg—[8+ 8 ]+4|S|,néu
m, -1 m, -1

4

m, -1

n>21+7+

(1) Néutagia s thémrang f va g 1a cac S —nguyén thi
(@) Néum, =1 thi
(i) ngmax{ZI+6,2I—5+139+6|S|};
(ii) h(f)+h(g)<26g—20+12|S|,néun>21+6.

(b) Néu m,>2 thi
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(i)

nSmax{2I+3+ ,2I—2+[7+

4 2
- _Jg+(3+ - _J|S|}

m, —1

(ii) h(f)+h(g)<[14+m8

néun>2l+3+

m, -1

Ch#rng minh

Theo dinh ly chinh thi hal, ta co

(n—l)h(f)gzn:NS(f —u)+ N (F = 3 u(d f)+2g-2+[3]. (3.14)

pECZ/{§

Pau tién, ta khang dinh rang

Zn:'qs(f ~u)< Y D) (H)+ D> o (d f)+5> u(dg)  (3.15)

peS pells pells
trong @6 5 =1 néu m,=1va 6§ =0 néu m, > 2.
Xét truong hop m, > 2.
Gia st rang p¢S va u,(f—u,)>0 véi 1<i<n nao do. Tir d6 suy ra
v, (f —u,)=0 véi moi m=i.Néu v, (f —u,)=1thi u,(g—u,)=1Vs6i j nao
d6 vi f,g thoa man (C, )va my>2. Do d6 v,(P(F))=u,(P(g) =1. Tu

ménh d¢ 2.2.1.5 suy ra v,(H,)>0. Néu v (f —u,)>2thi u,(d f)>1. Vi

vay (3.15) dung.
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Véi truong hop my=1. Néu v, (f —u;)>0 thi ta chi két luan rang (a)
0,(d,f)>0 hozc u,(d,g)>0, hoic (b) v,(d,f)=0,(d,g)=0. Mét céch

tuong tu, truong hop sau dugc suy rater v, (H,) > 0. Vay ta cd (3.15)
Th hai, ta khang dinh rang

ZUF?(HD) <I(h(f)+h(g))+Ng(f )+ Ns(g7™)

" . (3.16)
+ Y (0,(d, F)+0,(d,0)) +— " (v,(d, ) +,(d,0)) +|S|+ 39
peClz m 0 pels
Taco

Yoy (H,) < Y (09 (H) +0,(d,))

<> 0F(H)+ D o, (dt) <D oi(H)+|S|+3g
<> (Ng(f —a))+Ne(g-a)))+ . (v,(d, ) +0,(d,0))

FNL(F Y+ Ns(g-l)+mi, S (0,(d, )+, (d,0))+]3|+ 30

0 pEZx{g

<I(h(f)+h(@))+ Ns(F )+ Ng(g ™)+ Y (1,(d, ) +1,(d,0))

peCH§

+ 23 (1,(d, 1) +1,(d,0)) +]3| + 3

0 peUs
Theo (3.14), (3.15) va (3.16), ta co

(n-Dh(f)
<I(h(f)+h(g) + 2N (F )+ No(g )+ Y (v,(d, ) +0,(d,9))

peCZ/{§

5 0,(0,0)+ = 3 (1,(d, 1) +0,(0,0)) + Sg-2+2[8

pEMg 0 pEU§
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Mot cach tuong tu, ta co

(n—Dh(g)
<I(h(F)+n(9))+ Ns(f™)+2Ns(g™)+ X (0,(d, ) +0,(d,0))

pECZ/{§

83 0,0, 1)+ == ¥ (56, 1) +v,(d,9)) +5a -2+ 2]

peZ/{§ 0 peL{§
Cong hai bat dang thire nay, ta duoc

(n-1(h(f)+h(9))
<21(h(f)+h(g))+3(N,(f )+ Ny (g ™))

+£mi'+l+5}(203(dpf)+Zu§(dpg)]+1Og—4+4|S| (3.17)

0 peS peS

S(ZI+5+i,+25J(h(f)+h(g))+[14+il+45]g
m m

0 0

—(8+i|+45j+4|8|
mO

Vi vay

[n—ZI —6—mi|—25J(h(f)+h(g))

0

S[14+i|+4j59—(8+i|+45]+4|8|
m

0 0

NEU n>21+ 74— 425 thi
mO

h(f)+h(g)S[14+i|+45jg—(8+i|+45j+4|8|.
mO mO

Vi f,g la cac ham khac hiang nén h(f)+h(g)>2.Suyra
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n£2l+2+(7+i'+25]g+2|8|.
mO

Doi véi truong hop f,g 1a cac S —nguyén, No(f*) =N (g™)<|[S], ta

co
S {(d, F)+ Y 0l(d,g) <h(f)+h(g) +4g - 4+2]3].
peS peS
Khi d6 (3.17) cho ta
2
(H_ZI_Z__._5](h(f)+h(9))
mO
3(14+i.+45jg[8+i.+45j+(6+i.+25j|3|
mO mo mo
X 2 .
Neu n>2l +3+—+0 thi
mO
h(f)+h(g)
S[14+i|+45]g—E8+il+45j+(6+i|+25J|S|'
mO mo mO
Vi f,g la cac ham khac hang nén h(f)+h(g)>2. Bat ding thic nay
cling cho ta

n<2|—z—i,—5+£7+il+25jg+(3+i|+25]|s|.
mO mO mO

2.2.2.2.Dinh Iy

Goi U={u,..u,j la mot cing affine, tap con cua k, dat

P(X)=(X —u,)...(X —u,) thoa man gia thiét I, P'(X) nhu trong (1) va (i)
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| >4, (i) 1=3 va max{m,m,,m,}>2 hoac (iii) =2 va min{m,m,}>2.

Giasut f va g la hai ham phan biét khac hang trén K thoa man (Cmo,§)'

(I) () Néumy=1va n>2l+13 thi h(f)+h(g) <26g—20+4|S|.

(b) N\umy>2van>2l+7+ thi

m, —1
h(f)+h(g) <22g-8+4|3).

(c) Néum,=1, f va g lacac S —nguyén, vanéu n>2l+6 thi

h(f)+h(g) <26g—20+12|S].
(d) Néu my>2, f va g lacac S —nguyén, vanéu

n>2l+3+

2 i h(f) +h(g) < 220-8+10[8].

-
(1) Giasirthém | >2g+4 néu g>2.
(@) Néu m,=1thi n<max{2l+13,2l+2+13g+2[S|}.

(b) Néu m,>2 thi

ngmax{2I+7+

4 ,2I+2+(7+ 4 jg+2|8|}.
1 m, —1

m, —

(c) Néu m, =1, f va g lacac S —nguyén thi

n<max{2l +6,21 -5+13g+2[S|}

(d) Néu m,>2, f va g lacac S —nguyén thi
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n<max-< 2l +3+ 2 21 —2- 2 |7+ 3 g+|3+ 2 S|
m, -1 m, -1 m, -1 m, -1

Ch#rng minh

Néu H =0 thi tir bo dé 2.2.9 suy ra 1 % ¢ voi ¢, 20 va

P(f) P(g)

¢, ek, h(f)=h(g).
Néu ¢, =0 thi (i) h(f)<10(2g—2+|S|), va (i) n<max{5,4g+2|S[}.
Néu ¢, =0 thi P(g)=c,P(f). Tir dinh ly 2, ta c6 h(f)<8g-8, va

h(f)<6g—6+3|S| néu f va g lacac S—nguyén. Ngoai ra, néu ta gia st

thém 1> 2g+4 khi g>2 thi mau thuan véi dinh ly 2.11. Vay chi can xét khi
H = 0. Trong truong hop nay, dinh 1y dugc suy ra truc tiép tir bo dé 2.2.8.

Sau ddy, ta s& dua ra diéu kién can va du dé mot da thic 1a duy nhat.
2.2.2.3.Pinh ly

Cho U={u,..u,}la cing affine va la tap con cua k. Dat
P(X)=(X —u,)...(X —u,) thoa man gia thiét | va P'(X) nhu trong (1). Gia
s P khong thoa man (1A), (1C) hoic (1D). Gia sir thém riang | > 2g+4 néu
g>2.Khi dé U latap xac dinh duy nhat trén S :

(a) IM trén K néu n>max {2l +13,21 +2+13g +2|S|};
(b) CM trén K néu n>max{2|+7,2I+2+79+2|S|};

(©) IM trén O, néu n>max{2l +6,2l -5+13g+6|S|};
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(d) CM trén O; néu n>max {2l +3,21-2+7g+3|S}.
Chirng minh

Tu 2.2.2.2(11)(a) va do U/ 1a tap xé&c dinh duy nhat trén S nén ta c6
2.2.10(a).

Véi 2.2.2.3(b), do m, >2 nén >0, két hop véi 2.2.2.2(11)(b) ta c6

m, -1

duogc 2.2.2.3(b).

Lap luan twong tu, tir 2.2.2.2(I1)(c) va 2.2.2.2(11)(d) ta cé 2.2.2.3(c) va
2.2.2.3(d).

2.2.2.4.Pinh Iy

Cho U={u,..,u}a cang affine va la tap con cua k. Dat
P(X)=(X —u,)...(X —u,) thoa man gia thiét | va P'(X) nhu trong (1). Gia
su P khong thoa mén (1A), (1C) hoac (1D).

() Giastrrang f va g chung nhau ¢/ trén S
(@) IM, khido h(f)+h(g) <26g—20+4S| néu n>2l+13;
(b) CM, khido h(f)+h(g)<22g-8+4|S| néun=2l+7.
(1) Giastrrang f va g la cac S —nguyén chung nhau ¢/ trén S
(@) 1M, khido h(f)+h(g)<26g—20+12|S| néu n>2l+6;
(b) CM, khid6 h(f)+h(g)<22g—8+10[S| néun=21+3.

Chang minh
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Tir 2.2.2.2(1)(a) ta c6 2.2.2.4.(1)(a).

Véi 2.2.2.4(1)(b), do m,>2 nén >0, két hop véi 2.2.2.2(1)(b) ta

m, -1

c6 2.2.2.4(1)(b).

Lap luan tuwong tu, tor 2.2.2.2(1)(c) va 2.2.2.2(1)(d) ta suy ra dugc
2.2.2.4(11)(a) va 2.2.2.4(11)(b)
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KET LUAN

Luén vin trinh bay mot sé van dé vé tap xac dinh duy nhat va da thuc duy
nhat cho cac ham phan hinh trén truong khéng Acsimet. Cac két qua chinh cua

luan van nhu sau:

1. Trinh bay céc khai niém, va céc tinh chit co ban, can thiét cho viév
nghién ctu tap xac dinh duy nhat va da thic duy nhat cho cac ham
phan hinh trén trudng khong Acsimet. Cu thé gom: Truong dinh chuan
khong Acsimet, truong s p-adic. Ham chinh hinh va ham phan hinh
trén trueong cac sé phic p-adic. Cac trudong ham dai s6 va s6 chiéu cua
da tap xa anh. Pudng cong dai s6. Gidng cua dudng cong dai sd.

2. Dua ra cac diéu kién can va du dé mot da thwc 12 duy nhat manh: Céc

dinh Iy 2.1.4.1 va 2.1.4.2, va cac diéu kién can va du dé mot tap 1a xac
dinh duy nhat: Cac dinh ly 2.2.2.3 va 2.2.2.4.
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